
Bayesian Distributions:  Prior and Posterior

We will discuss the details of the derivation of equation (8.27) as a brief summary of the
Bayesian approach to statistics.

The probability model is that, for a given parameter    the distribution of a random"
dataset   (  are considered fixed) is   Z zœ Ö × œ ÖB ß C ×3 3 3 3œ"

R B3

C œ 0ÐB Ñ  œ 2 ÐB Ñ  œ3 3 3 4 4 3 4

4œ"

:

% " %� hX
3 3ÐB Ñ " %  ,

where   are iid   random variables and% 53
#RÐ!ß Ñ

hX
" :ÐBÑ œ Ð2 ÐBÑß ÞÞÞß 2 ÐBÑÑ,

with the right side consisting of the spline basis elements.  Thus given   (and the fixed"
location  ), the probability distribution of   isB C3

ÐC l ß B Ñ µ RÐ3 3" hX #
3ÐB Ñ ß" 5  ,

so that   

TÐC l ß B Ñ œ /
"

Ð# Ñ
3 3 "Î#

ÐC "
1 5

3 hX # #
3ÐB Ñ ÎÐ# Ñ" 5 . 

Note that conditioning on   at the end means only that we are treating the   as fixedB B3 3

in the calculation.
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Thus the posterior density function of   (i.e. its new probability density given the"
information in the dataset  )  isZ
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We now rearrange the exponent as

Ðy H y y y H H H Ñ ÎÐ# Ñ  Î# œ Ò  #  Ð Ñ Ð  Î#
"

#
" 5 " D " " " " " D "

5
# # X " X X X X "

#
)]

œ Ðy y y H H HX X X X # "
#

 #  Ð ÎÐ# Ñ  Î#Ñ
"

#
" " 5 D "

5
)  

œ y y H H y HX X X # " X
# #

" "

# #
 Ð ÎÐ# Ñ  Î#Ñ  #

5 5
" 5 D " "  

   œ E "X B C" " X

  œ E  Ò   Óðóóóóóóóóñóóóóóóóóò ðóóóóóóóóñóóóóóóóóòÐ Ñ Ð ÑÎ% Ð Ñ Ð ÑÎ%B C B B C B C B B C" X " " X "

cancel cancel

" " "X XB C

   œ E  Ò  Î#Ó Ò  Î#ÓßÐ Ñ Ð ÑÎ%B C B B C" X " " "B C B B C" X "

where we have defined  ,   ,  andE œ y y B H HX # X # "ÎÐ# Ñ œ ÎÐ# Ñ  Î#5 5 D
C y H B B C C CX X # X X Xœ # Ñ œ œ/(25 " ".  Note that  , and   , given that    and    are"
vectors.  Note that in the last two lines we have just completed the square in the variable
".



Thus

 T Ð l" Z
Z

Ñ œ † /
" "

T Ð Ñ Ð# Ñ l lðóóóóóóóóóóóóóóóóóóóóóóóóóóóñóóóóóóóóóóóóóóóóóóóóóóóóóóóò1 D 5ÐR:ÑÎ# "Î# R
EÐ Ñ Ð GÑÎ%B C B B" X "

´HœNormalization constant (no dependence on "Ñ

/Ð  Î#Ñ Ð  Î#Ñ" "B C B B C" X "

.(2)

Notice that since the distribution must integrate to 1, the terms before the last exponential
(none of which involve  ) must just form the proper normalization constant (so the"
distribution integrates to 1 in  ), and the above is just a normal distribution.  By"

matching its form with the usual density   for the normal / RÐ ß ÑÐ  Ñ Ð  ÑÎ#" . D " .X "
fin  . D

(without the normalization constant) we see that the mean for    must be"

. „ "œ Ð lZ B C H H H yÑ œ Î# œ Ð ÎÐ# Ñ  ÎÐ# Ñ" X # " X #5 D 5  

œ ÐH H H yX " # " X ÑD 5 .

The covariance matrix     of    isD "fin

D • "fin ´ Ð lZÑ, 

and by matching to (2) must be given by  , so that   DfinÎ# œ B

Dfin œ Ð#B H H H HÑ œ Ð ÎÐ# Ñ  Î#Ñ œ Ð  Ñ
"

#
" X # " " X # " " #5 D 5 D 5  .

Finally, again including the unnecessary but convenient  parameter as part of the
covariance (by replacing   by  ), we haveD 7D
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