MA 751
Part 4

Measurability and Hilbert Spaces
1. Measurable functions and integrals

Let C be the set of continuous functions on R. Let M be the
set of measurable functions:

Def: The set M of measurable functions on R (or an interval
of R) is the set of functions that are limits of continuous
functions, i.e.



Measureable functions
M ={f(z): f(z)=Ilim f,(z), where f,(x) iscontinuous,

for all z € R}.



Measureable functions
Vi

Fig. 1: the function f(z) as a limit of continuous functions

In fact, lots of functions (even discontinuous ones) can be
viewed as limits of continuous functions.



Measureable functions
For example

B 1 ifzelo,1]
f(@) = xpa(z) = { 0 otherwise

IS a discontinuous but measurable function.

Note: ordinary notion of integral is difficult to use for functions
as complicated as measurable functions.

To integrate measurable functions (Lebesgue integral):



Measureable functions
Theorem: Given a non-negative measurable function
f:RP - R , there is always an increasing sequence
{f.(x)},—, of continuous functions (i.e. with the property
that f,.1(X) > f.(x) for all x) which converges to f(x).

Def.. If f(x) > 0is a positive measurable function, define

f@)de=1lim | f,(z)dz,
RP Rp

n—oo

where f,(r) is any increasing sequence of continuous
functions which converges to f.



Measureable functions
[note we know the value of the integrals of the continuous
functions f,,(x) - they are ordinary Riemann integrals on R”]

Fig. 2: sequence of continuous functions f,,(x) increasing to f(x)



Measureable functions
Def: To find the integral of a negative measurable function f,
we just compute the integral of — f (which is positive), and
put a minus sign in front of it. Since every function f is the
sum of a positive plus a negative function

[ =h+f,

the integral of f is defined as

[ fde = [7 fide + [ fod.

[Thus we now know how to define the integral of an arbitrary
function]



Measureable functions

Ex 5: if f(z) looks like:
/

—

T

fig 3: f(x) has positive and negative part

Then integral of f(z) isintegral of a positive plus a negative
function:
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Measureable functions
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fig 4. now sum the areas between f; (or f5 ) and the x axis



Measureable functions
Note we can show pretty easily all the properties of integrals
we are used to also hold for this more general Lebesgue
integral. For example, we still have

/(f+g) d:c=/fda:+/gda:, etc.

[For now we will assume the above fact.]



Hilbert spaces of functions
2. New Hilbert spaces:

Consider the space

H = L?| — m,7] = {measurable real functions f(z) on
[—m, @] with [ f?(z)dz < oo}.

Can show that if f,g € H then f+gand cf arein H if cis a
constant (exercise). More generally H is a vector space.

Further, we can define an inner product on H (known as the
L? inner product):



Hilbert spaces of functions

(f,9)=(fr9=)", fx
This satisfies conditions (1) - (4) of an inner product.

Can also show that H is complete (i.e., every Cauchy
sequence {f,} converges to a function f in H).

Thus H is a Hilbert space.

Note: we always consider two measurable functions the same
if they differ just at a finite number of points



Hilbert spaces of functions

r

fig 5: two functions f; and f> which differ at a finite collection of points.



Hilbert spaces of functions
Can show: such functions f; and f,; have the same integral
[certainly area is unchanged]; equivalently,

(1) [Ifi = foldz =0

Def 6: More generally we will consider two functions to be the
same or equivalent if (1) holds



Function space basis expansions

Ex 6: LetH = L* —x,n] ,with its usual inner product

(f,q) = (f,q)r2 = |”_f(x)g(z)dz.  Consider the set of
vectors

B = {{sin nz| n =1, 2,... } together with {cos nx|n =0,1,2,...
= {1, cos z, sinz, cos 2x, sin2z, ...}

We will show this is an orthogonal set. First: show that 1 is
orthogonal to all other vectors:

(1, cos nz) :ffﬂCOSna:da::O Vn=12,...



Function space basis expansions
(1, sinnz) = ffﬂsinnxd:v =0 Vn=1,2,...

Now show that (for example) cos 5z is orthogonal to all other
vectors:

(cos bz, sin nz) = [T cos5xsin ne =0 V n=12,...



Function space basis expansions
To show above we use the trig identities:

1
COS a COS b = 5[cos (a+b)+cos (a—10)]
and

1
sin acos b = 5[sin (a4 b)+sin(a—b)]

. i 1
sinasinb = —5[005 (a +b) —cos (a — b)].



Function space basis expansions
[Similarly for any other cos mz.]
(cos bz, cos nx) = [ _cosbxcosnzdr =0V n#5

Can similarly show that sin mxz is also orthogonal to all other
vectors.

Thus these vectors form a orthogonal set of vectors. Are they
orthonormal?
|cos nx||* = (cosnz, cos nz) = [*_cos’nzdx

__ ™ 1+4co0s 2nx
- f—ﬂ' 2 dx

=T



Function space basis expansions
Thus:

|cos nz| = \/=.

Thus ﬁ cos nz has length 1.
Similarly, ﬁ sin nz has length 1

. 1
And: ﬁ'l has length 1.



Function space basis expansions
Thus:

1 1 1 ; 1 1 ; 1
{7 J= cos @, = sin z, 2 cos 2z, —- sin 2z, - cos 3z,
ﬁ sin 3z, ...}

= {1)1,2}2,1}3,...}

Are an orthonormal (and hence lin ind) set for the space of
cont. functions.

Can show: they are a basis. So any vector f(x) can be
written in the form:



Function space basis expansions

f(x) = crvg 4+ cove + ...

1 . 1
COS x + c3——= SInx + ¢4—— COS 2x

/7 /7

1 1
= +
“ o O m

1 .
+c5 —=SIN2x + ...
7

7

= %+a1c03x+blsinx+agcos 2+ bysin2z + ...

[Fourier series of a function]



Function space basis expansions

Notice that
cy = (f(z), \/L;cos 2z) = [T _f(z 77 C0s 2z dx
= ﬁ [T _f(z)cos 2z dx
= ay = G = 17 f(z)cos 2z dx
Generally:

a, =1 [T f(z)cos nzdx

by =1 [T f(z)sinnz dz.



Function space basis expansions

[Now: no need to do advanced calculus for theory of Fourier
series!]



Function space basis expansions
Ex: f(x) =2z

fig 6



Function space basis expansions

233:%—|—a1COSx—|—b13in$+a2COS233—|—b23in233—|—...

N ™ cos 5
+/ 5 xd:z;

N >4
~

0

T ) 7'(' 5)

1 [7 ) 2 cos 5
b5:—/ 2xS|n5:1:d:1:{H




Function space basis expansions

Generally:
if n even

if n odd

4
n

1 T
by = — f_w 21 COS nx = 4
n

Can show a, = 0.



Function space basis expansions
Thus
2¢ = by Sinx + by Sin2x + bssin3x + ...

=4[1-sinz — 5 -sin2z + 3 -sin 3z +...]
[can draw pictures of first three terms (see earlier); all divided

by 2 for the function «]



