
Suggestions for Problem Set 5

1.  (a) Recall that a function  is defined to be piecewise linear on a region  in  if  0 V V‘:

consists of a finite disjoint collection  of sub-regions  such restricted to anyV œ ∪V V
3

3 3

V 0  −3
X :,  is a linear function of the form , with  a constant vector." "B , ‘

To prove this it may be worthwhile to first prove:

Lemma:  The maximum  of two continuous functions on a7Ð Ñ ´ Ð0 Ð Ñß 0 Ð ÑÑB B Bmax " #

region  is continuous.V § ‘:

To prove this, you can show that at any fixed  at which ,  byC C C− 0 Ð Ñ  0 Ð Ñ‘:
" #

continuity it follows  for  sufficiently close to , and so clearly0 Ð Ñ  0 Ð Ñ" #B B B C
7Ð Ñ ´ 0 Ð Ñ 7 ÐB B C C" near , so  is continuous at the point why?).  Simiarly show the same
holds at any where C C C0 Ð Ñ  0 Ð ÑÞ" #

Finally, if  at some point , then you can use the - definition of0 Ð Ñ œ 0 Ð Ñ" #C C C % $
continuity to show  is continuous at .  That is, show for any  there is a 7  !  !C % $
such that if  then Do this by first finding a such that ifl  l  l7Ð Ñ 7Ð Ñl  ÞB C B C$ % $"
l  l  l0 Ð Ñ  0 Ð Ñl  l  l B C B C B C$ % $ $" " " # # then , and then a  such that if  then
l0 Ð Ñ  0 Ð Ñl # #B C % (why do these exist?).

Then show that if  thenl  l  Ð ß ÑB C min $ $" #

l7Ð Ñ 7Ð Ñl Ÿ Ðl0 Ð Ñ  0 Ð Ñlß 0 Ð Ñ  0 Ð ÑlÑ B C B C B Cmax | ." " # # %

Thus you should have found the  you needed for , namely   Now why$ $ $ $7 œ Ð ß ÑÞmin " #

is  continuous?7

Lemma:  The maximum of two linear functions  and  on a region  is piecewise0 0 V" #

linear and continuous.

To prove this, note that , where , andV œ V ∪V V œ Ö À 0 Ð Ñ   0 Ð Ñ×" # " " #B B B
V œ V µ V 7Ð Ñ œ 0 ÐBÑ V 7Ð Ñ œ 0 ÐBÑ V# " " " # #.  Show that in  and  in , and hence thatB B
7Ð ÑB  is piecewise linear.

To prove the theorem, for ,  piecewise linear you can consider the collection of0 0" #

regions  with  such that  is linear on each  (why does this exist?), andV ∪V œ V 0 V3 3 " 3
3

the collection  with  such that  is linear on each , so that each  is piecewiseW ∪ W 0 W 04 4 # 4 3
4

linear. Why is  linear on each domain ?  How does that prove the result?7ÐBÑ W ∩ V4 3

(b) To show  is continuous piecewise linear, try a similar argument0  0" #

(c)  To show  is continuous linear, this time consider the collection  of0 Ð0 ÐBÑÑ V# " 3

regions on which  is linear, and the collection  of regions on which  is linear.  Note0 W 0" 4 #



that here each  is just a line segment, since we assume  maps into , so the domainW 04 " ‘
of  is  (why?).0# ‘

Try to show that for each , the set  is a region  inW § 0 ÐW Ñ œ Ö À 0 Ð Ñ − W × X4 4 # 4 4#
"‘ B B

‘:
3 4 # ".  Show then that on the each nonempty set , the function  is linear.V ∩ X 0 Ð0 Ð ÑÑB

How does that prove piecewise linearity?

Finally, you may assume the result from calculus which says that the composition of two
continuous functions is continuous, but please state this (known) fact precisely.

2.  For a simple introduction to the use of Tensorflow, take a look at
https://www.tensorflow.org/tutorials?authuser=1


