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Abstract. In modelnetworksof E-cellsandI-cells(excitatoryandinhibitory neu-

rons), synchronousrhythmic spiking often comesaboutfrom the interplay be-

tweenthetwo cell groups:theE-cellssynchronizetheI-cellsandvice versa.Un-

deridealconditions— homogeneityin relevantnetwork parameters,andall-to-all

connectivity for instance— this mechanismcan yield perfectsynchronization.

Whathappensunderlessideal conditions?We find that approximate,imperfect

synchronizationis possibleevenwith very sparse,randomconnectivity. Thecru-

cialquantityis theexpectednumberof inputspercell. As longasit is largeenough

(moreprecisely, aslongasthevarianceof thetotal numberof synapticinputsper

cell is smallenough),tight synchronizationis possible.Thedesynchronizingef-

fect of randomconnectivity canbe reducedby strengtheningtheE� I synapses.

Moresurprisingly, it cannotbereducedby strengtheningtheI � E synapses.How-

ever, thedecaytime constantof inhibition playsan importantrole: Fasterdecay

yieldstightersynchrony. In particular, in modelsin which theinhibitory synapses

areassumedto beinstantaneous,theeffectsof sparse,randomconnectivity cannot

beseen.
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1 Introduction

In networks of E-cells (excitatory neurons)andI-cells (inhibitory neurons),syn-

chronous,rhythmicspikingoftenresultsfromtheinterplaybetweenthetwocell groups,

with theE-cellssynchronizingtheI-cellsandviceversa.Thismechanism,calledPING

(PyramidalInterneuronalNetwork Gamma)(Whittingtonetal.,2000)or γ-II (Tiesinga

et al., 2001),hasbeenobserved in modelingstudies,andtherearereasonsto believe

thatsomeexperimentallyobservedgammarhythmsarein factbasedonthismechanism

(Traubetal., 1999;Whittingtonetal., 2000;Tiesingaetal.,2001).

The conditionsunderwhich PING occursarenot completelyunderstood,though

we discussthemheuristicallyin Section6. We focushereon the effectsof random

connectivity onPING.Thiseffect is illustratedby Fig. 1. Detailsaboutthis figurewill

begivenlater. For now, it sufficesto saythatFig. 1A shows theemergenceof PINGin

amodelE/I network with all-to-all connectivity, andwithoutany kind of heterogeneity

in network parameters.The figure indicatesspike times. Both cell groups(E andI)

synchronizetightly. If theconnectivity is madesparseandrandom,Fig. 1A turnsinto

Fig.1B. Thetwo cell groupsnow fire spikevolleysof brief but positivedurations.(The

spikevolleysof theI-cellsaresobrief thatthey appeartohavezerodurationin theplot.)

Themaingoalof thispaperis to analyzethedurationsandshapesof thesevolleys,and

theirdependenceonnetwork parameters.

Synchronizationin the presenceof randomconnectivity hasbeenstudiedprevi-

ouslyfor excitatorynetworks(Barkaietal.,1990),for inhibitory networks(Bruneland

Hakim,1999;WangandBuzśaki, 1996),andfor E/I networks(Brunel,2000;Bushand

Sejnowski, 1996;GolombandHansel,2000;HanselandMato, 2001;vanVreeswijk

andSompolinsky, 1996; van Vreeswijk andSompolinsky, 1998; Wanget al., 1995).

This literatureis aimedat understandingeitherthestability of theasynchronousstate,

or transitionsfrom asynchrony to rhythmsandviceversa.We donotconsidertheseis-

sueshere,but focusinsteadonadetailedunderstandingof thenear-synchronousstate.
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We briefly outlinethepaper. In Section2, we review thethetamodel(Ermentrout

andKopell,1986;Gutkin andErmentrout,1998;HoppensteadtandIzhikevich, 1997),

anidealizationof a largeclassof conductancebasedneuronalmodels.Our arguments

andsimulationsin this paperarebasedon this model.We alsointroduceour modelof

synapsesin Section2, anddescribetheconnectivity of ourmodelnetworks. In Section

3, we presentnumericalexperimentsdemonstratingthat thedesynchronizingeffect of

sparsenessandrandomnessin theconnectivity primarily originatesfrom thevariancein

thenumberof inputspercell,notfrom therandomnessperse. Thesynchronizationof a

populationof cellsby aninhibitory inputpulseis analyzedin Section4, first assuming

thatall cellsreceivethesameinputpulse(Section4.1),andthen,motivatedby theresult

of Section3, assumingthat differentcells receive input pulsesof differentstrengths

(Section4.2). Similarly, thesynchronizationof a populationof cellsby anexcitatory

inputpulseis analyzedin Section5, first assumingthatall cellsreceive thesameinput

pulse(Section5.1), thenassumingthatdifferentcells receive input pulsesof different

strengths(Section5.2). The resultsof Sections4 and5 arecombinedin Section6 to

analyzePING in E/I networks. In Section7, we summarizeour resultsandput them

into thecontext of otherrecentwork on thesamesubject.

2 Review of theta neurons

2.1 Equation of a single theta neuron

In theHodgkin-Huxley model,aperiodicallyspikingspace-clampedneuronis rep-

resentedby a point moving on a limit cycle in a four-dimensionalphasespace.Anal-

ogously, in the thetamodel (Ermentroutand Kopell, 1986; Gutkin and Ermentrout,

1998; Hoppensteadtand Izhikevich, 1997), a neuronis representedby a point P ��
cosθ � sinθ � moving on the unit circle S1. In the absenceof synapticcoupling, the
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differentialequationgoverningthemotionis

dθ
dt
� 1

τ
�
1 � cosθ ��� I

�
1 � cosθ �	� (1)

HereI shouldbe thoughtof asan input “current”, measuredin radiansperunit time.

Thetimeconstantτ 
 0 is neededto makeEq.(1) dimensionallycorrect;it is analogous

to a membranetimeconstant.

WhenI � 0, Eq.(1) hasthetwo fixedpoints

θ �0 ��
 2arccos
1�

1 � τI
�

θ �0 is stable,andθ �0 is unstable.For I � 0, the vectorfield on the circle is shown in

theleft panelof Fig. 2A. If θ is perturbedslightly from θ �0 , it returnsto θ �0 . However,

if θ is raisedbeyondθ �0 , a largeexcursionoccurs,with thepoint P moving aroundthe

entirecirclewhile θ increasesto θ �0 � 2π. Thestablefixedpointθ �0 is theanalogof the

stableequilibriumof a neuron.Theunstablefixedpoint θ �0 is theanalogof a spiking

threshold.

As I approaches0, thefixedpointsapproacheachother. A saddle-nodebifurcation

occurswhenI � 0. Thetwo fixedpointscometogetheratθ � 0; seethecenterpanelof

Fig. 2A. WhenI 
 0, dθ � dt 
 0 for all t, sothereis no fixedpoint; seetheright panel

of Fig. 2A.

The transitionfrom I � 0 to I 
 0 is theanalogof the transitionfrom excitability

to spikingin a neuron.Neuronalmodelsarecalledof typeI if this transitioninvolves

a saddle-nodebifurcationon a limit cycle, of typeII if it involvesa subcriticalHopf

bifurcation(Ermentrout,1996;Gutkin andErmentrout,1998;RinzelandErmentrout,

1998). This classificationgoesback to Hodgkin (1948). Thus the thetamodel is a

typeI neuronalmodel. It hasbeenshown to becanonical, in thesensethatothertype

I modelscanbe reducedto it by coordinatetransformations(ErmentroutandKopell,

1986;HoppensteadtandIzhikevich, 1997).
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If 0 � I � 1� τ, themotionis muchslowernearθ � 0, i.e., nearthe“ghost” of the

fixedpointannihilatedin thesaddle-nodebifurcation,thanelswhere.This is illustrated

in Fig. 2B, which shows sinθ as a function of t for τ � 1, I � 0 � 02. As the point

P � �
cosθ � sinθ � movesslowly past

�
1 � 0� , sinθ changesslowly. As P movesrapidly

aroundthecircle,sinθ rapidlyrisesto 1, thenfalls to � 1, thenreturnsto valuesslightly

below 0. Thegraphof sinθ resembles,to someextent, the voltagetraceof a spiking

neuron.1 Whenθ crosses
�
2l � 1� π, l integer, with dθ � dt 
 0, we saythat theneuron

spikes.

If I 
 0 and � π � θ1 � θ2 � π, thetime it takesfor θ to risefrom θ1 to θ2 equals� θ2

θ1

dθ�
1 � cosθ ��� τ � I

�
1 � cosθ � ��� τ

I � arctan
tan
�
θ � 2��
τI � θ2

θ1

� (2)

Settingθ1 ��� π andθ2 � π in this formula,wefind thattheperiodequals

P � π � τ
I
� (3)

We denotethe time it takesfor θ to rise from π � 2 to 3π � 2 by W, andcall it thespike

width. Applying formula (2) with
�
θ1 � θ2 ��� �

π � 2 � π � and
�
θ1 � θ2 ��� � � π ��� π � 2� and

addingtheresults,wefind

1Someauthorsthink of � cosθ, not sinθ, asthe“voltage-like” quantityin thetheta

model.Whichof thetwo wecall “voltage-like” is of noconsequencefor thispaper, and

neitheris “voltage-like” in any precisesense.However, we preferto think of sinθ as

the“voltage-like” quantityfor thefollowing aestheticreason.Considera thetaneuron

driven slightly above threshold. Near the “ghost” of the equilibrium point (θ � 0),

sinθ is slowly increasing,while � cosθ hasa local minimum.On theotherhand,for a

Hodgkin-Huxley-typeneuronof typeI drivenslightly above threshold,themembrane

potentialV is slowly increasingnearthe“ghost” of theequilibriumpoint. In thissense,

V is moresimilar to sinθ thanto � cosθ.
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W � � π � 2arctan
1�
τI � � τ

I
� (4)

For physiologicalrealism,wewish to ensureW � P � 1. By Eqs.(3) and(4),

W
P
� 1 � 2

π
arctan

1�
τI
�

ThereforeW � P � 1 meansthesameasτI � 1. Sincearctan
�
1� ε ��� π � 2 � ε � O

�
ε2 �

asε � 0,Eq.(4) impliesW � 2τ whenτI � 1. Thusin theparameterregimeof interest

to us,τ is approximatelyhalf thespikewidth. Motivatedby thisdiscussion,andby the

factthatspikewidthsin realneuronsareon theorderof milliseconds,weset

τ � 1

for theremainderof this paper, think of time asmeasuredin milliseconds,andalways

considerinputcurrentsI � 1.

2.2 Synapses between theta neurons

We modelsynapsesby addingtime dependentinput currentsto Eq. (1). Whenthe

pre-synapticneuronspikes,thepost-synapticneuronreceivesaninputcurrent(positive

or negative,dependingonwhetherthesynapseis excitatoryor inhibitory) whichjumps

to its maximumvalueinstantaneously, thendecaysexponentially. This is themodelof

Sec.2.1.5of Izhikevich (2000);seealsoErmentrout(1996)for adiscussionof synapses

betweenthetaneurons.

Thusa network of N coupledthetaneuronsis describedby a systemof differential

equationsof theform

dθ j

dt
� 1 � cosθ j �! I j � N

∑
i " 1

αigi jsi j #�$ 1 � cosθ j % � 1 � j � N �
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I j denotesthe external input to the j-th neuron,which can be positive or negative.

Theconstantαi equals� 1 or � 1, dependingon whetherneuroni is excitatory (E) or

inhibitory (I). Theconstantgi j & 0measuresthestrengthof thesynapsefromneuroni to

neuron j, andsi j � si j
�
t � is thesynapticgatingvariableassociatedwith this synapse.

The value of si j always lies between0 and 1. It jumps to 1 when neuroni spikes.

Betweenspikesof neuroni, it decaysexponentially, following thedifferentialequation

dsi j

dt
�'� si j

τi j
�

Thedecaytimeconstantsτi j arepositive.

Thejumpsof si j occurringwhenneuroni spikescausedifficultiesin thenumerical

simulationof the network, and are, of course,not physiologicallyrealistic. In our

simulations,we thereforereplacethe jumpsby rapid but smoothrises,letting si j be

governedby adifferentialequationof theform

dsi j

dt
�'� si j

τi j
� e� η ( 1� cosθi ) 1 � si j

τR

with τR � 0 � 1 andη � 5. Theterme� η ( 1� cosθi ) � 1 � si j ��� τR is verycloseto zerounless

θi � �
2l � 1� π, l integer, anddrivessi j towards1 rapidly whenθi � �

2l � 1� π. The

parameterτR is reminiscentof a synapticrisetime. Fig. 3 showssi j for τi j � 2 and10,

with theinputof thepre-synapticneuronchosensothatits periodequals25.

2.3 Sparse, random E/I networks

Throughoutthis paper, thedecaytime constantsτi j areassumedto dependon the

typeof i only (excitatoryor inhibitory). Sotherearetwo distinctvaluesof τi j , denoted

τE andτI . Wealsoassumethatall excitatoryneuronsreceivethesameconstantexternal

inputdrive IE, andall inhibitory neuronsreceive thesameconstantexternaldrive II .

In later sections,we will considernetworks of coupledthetaneuronsincluding

NE � 4N � 5 excitatoryandNI � N � 5 inhibitory neurons.Theseproportionsaremoti-
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vatedby the fact that in large portionsof the cortex, thereareaboutfour timesmore

excitatorythaninhibitory neurons(Braitenberg andScḧuz,1998).

Thestrengthsgi j of thesynapsesarechosenat random.For a givennetwork, they

arechosenonceandfor all, i.e., they do not dependon time. To describethechoiceof

thegi j , thefollowing notationis useful.Let *,+.- 1 �/�0�0�1� N 2 denotethesetof all indices

of excitatoryneurons,andsimilarly 3 thesetof all indicesof inhibitory neurons.For

i 45* and j 463 , wedefine

gi j � gEI

pEI NE
wi j � (5)

with

wi j �87 1 with probabilitypEI ,

0 otherwise,
(6)

wheregEI & 0 andpEI 4 � 0 � 19 areconstants.

For j 4:3 , wedefine

wE j � ∑
i ;=< wi j � (7)

NotethatwE j is abinomiallydistributedrandomvariable.Wealsodefine

gE j � ∑
i ;=< gi j � gEI

pEI NE
wE j � (8)

Fromtheformulasfor themeanandstandarddeviation of binomially distributedran-

domvariables,weseethatgE j hasmeangEI andstandarddeviation

σEI � gEI
1 � pEI

pEI NE
� (9)

By theCentralLimit Theorem,gE j is approximatelynormallydistributedif pEI NE is

large.AssumingpEI � 1,asis physiologicallyrealistic(Braitenberg andScḧuz,1998),

Eq.(9) showsthat
σEI

gEI
� 1�

pEI NE
� (10)

8



Theleft-handsideof (10) is thecoefficientof variation (thestandarddeviationdivided

by themean)of gE j , j 4>3 . TheexpressionpEI NE appearingon theright-handsideis

theexpectednumberof excitatoryinputsperI-cell.

Formulasanalogousto (5)–(10)apply to the I � E, E� E, andI � I synapses.In

particular,

σIE � gIE
1 � pIE

pIENI
� (11)

andtherefore
σIE

gIE
� 1�

pIENI
(12)

for pIE � 1. Theleft-handsideof (12) is thecoefficientof variationof gI j , j 4?* . The

expressionpIENI appearingontheright-handsideis theexpectednumberof inhibitory

inputsperE-cell.

Several authorshave pointedout that pEI NE and pIENI aremuchmoreimportant

thanpEI , NE, pIE, andNI in isolation(GolombandHansel,2000;Tiesingaetal.,2002;

Wangetal.,1995).

3 Loss of tight synchrony is attributable to variance in
the number of inputs per cell

Before consideringnetworks with sparse,randomconnectivity, we considerone

with all-to-all connectivity (pEI � pIE � 1 � 0). Fig. 1A showsanexampleof a simula-

tion with

IE � 0 � 1 � II � 0 � gEI � gIE � 0 � 25� gEE � gI I � 0 � τE � 2 � τI � 10 � (13)

Fig. 1A shows spike times,with the horizontalaxis indicatingtime, andthe vertical

axiscell index. Eachof the two cell groups(E andI) synchronizesvery rapidly, with
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the synchronouspopulationspikesof the I-cells slightly laggingbehindthoseof the

E-cells.Thesynchronizationmechanismseenin Fig. 1A is PING,briefly describedin

theIntroduction,anddiscussedin moredetailin Section6.1.

Wecommentbrieflyonourparameterchoices.A neurondrivenwith IE � 0 � 1spikes

periodicallywith aninterspikeinterval equalto π � � I � 9 � 93. Sincewethink of timeas

measuredin milliseconds,thiscorrespondsto afrequency of
�
1000� 9 � 93� Hz � 100Hz.

Thusthe E-cellsaredrivenso hardthat they would spike above gammafrequency if

they werenot subjectto any inhibition. TheI -cellsaredrivenat threshold,i.e., they do

not spike without additionalexcitatoryinput, but any excitatory input, regardlesshow

weak,will make themspike. The valuesof gEI andgIE canbe variedconsiderably

without any qualitative changein Fig. 1A. However, for small valuesof gEI (roughly� 0 � 1), two or morepopulationspikesof theE-cellsoccurbeforethe I-cells respond.

For large valuesof gEI (roughly 
 0 � 7), two or morepopulationspikesof the I-cells

occurin responseto apopulationspikeof theE-cells.For smallvaluesof gIE (roughly� 0 � 1), theE-cellsarenotsynchronized.For largevaluesof gIE, therhythmis slow, but

notqualitativelydifferentfromthatin Fig.1A. For simplicity, weassumeherethatthere

areno E� E or I � I synapses,i.e., gEE � gI I � 0. In our experience,E� E synapses

(with a brief synapticdecaytime suchasτE � 2) do not affect PING rhythmsmuch.

However, I � I synapsesarecrucial in someparameterregimes;this will bediscussed

in Section6.1. Our choicesof τE � 2 andτI � 10 aremotivatedby the decaytime

constantsof excitatorysynapsesinvolving AMPA receptors(approximately2 ms)and

inhibitory synapsesinvolving GABAA receptors(approximately10ms);recallthatwe

think of timeasmeasuredin milliseconds.

WhenpEI andpIE arereducedfrom 1 � 0 to 0 � 5, Fig. 1A turnsinto Fig. 1B. Thetwo

cell groupsnow fire spike volleys of positive durations.As statedin the Introduction,

themaingoalof thispaperis to understandthedurationsandshapesof thesevolleys.

In thenetworkunderlyingFig.1B,eachE-cellreceivesinputfromarandomnumber

of I-cells. Theexpectedvalueof thisnumberis 50. Similarly, eachI-cell receivesinput
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from arandomnumberof E-cells,with expectation200.Wenow repeatthesimulation

of Fig. 1B with a network in which the connectivity is still sparseandrandom,but

thevariancein thenumberof inputspercell hasbeeneliminated.That is, eachE-cell

receivesinput from a randomsetof exactly 50 I-cells, andeachI-cell receivesinput

from a randomsetof exactly 200 E-cells. The network is like that of Fig. 1B in all

otherregards.Theresultis shown in Fig. 4A — tight synchrony is restored.

Whenthenumberof inputspercell is fixed,tight synchronizationis possibleeven

for muchsparsernetworks. Fig. 4B shows a simulationin which eachE-cell receives

input from oneI-cell, andeachI-cell receivesinput from four E-cells. Althoughsyn-

chronizationis achieveda little lessrapidly thanin Fig. 4A, it becomestight within a

few oscillationperiods. A four timeslarger network, againwith oneinhibitory input

into eachE-cell andfour excitatoryinputsinto eachI-cell, showssimilarbehavior; see

Fig. 4C.

If the numberof excitatory inputs per I-cell is reducedagain,from four to one,

thereappearsto be no synchronizationany more;seeFig. 4D. Thusthereappearsto

be a minimum numberof inputsper cell neededfor synchronization,a “percolation

threshold”.However, thisnumberis verysmallin oursimulations.In previouswork on

differentmodels,similarthresholdshavebeenfound(GolombandHansel,2000;Wang

andBuzśaki, 1996; Wanget al., 1995). In all threeof thesereferences,asynchrony

wasfoundto becomeunstablewhenthenumberof inputspercell exceededathreshold

valueindependentof network size.

A cell in a humanbrain typically receives input from thousandsof other cells

(Braitenberg andScḧuz,1998).Our numericalexperimentssuggestthatwith somany

synapses,theimpactof sparse,randomconnectivity on synchronizationis attributable

to the variancein the numberof inputsper cell, not to the percolationthreshold.We

will assumethis to bethecasefrom now on.

11



4 Synchronization of a population of theta neurons by a
single strong inhibitory pulse

4.1 Synchronization by an inhibitory pulse of uniform strength

Weconsiderapopulationof N identical,uncoupledneuronswith commonconstant

externaldrive above threshold,receiving a commoninhibitory synapticinput pulseat

time0. Following Section2, wemodelthispopulationby theequations

dθ j

dt
� � 1 � cosθ j �@� � I � gs

�
t ��� � 1 � cosθ j �A� 1 � j � N � (14)

with I 
 0, g 
 0, and

s
�
t �B� 7 e� t C τI if t 
 0

0 if t � 0

with τI 
 0. If theinhibitory pulseis strong,it bringsthepopulationcloseto synchrony.

An exampleis shown in Fig. 5A, whichdisplaysresultsof asimulationwith

N � 100� I � 0 � 05� g � 0 � 25� τI � 10 � (15)

Thesynchronizationbroughtaboutby theinhibitory pulseat time 0 is immediateand

nearlyperfect.

To understandthesynchronizationshown in Fig.5A, considertheinitial valueprob-

lem

dθ
dt

� 1 � cosθ �ED I � ge� t C τI F � 1 � cosθ �G� t 
 0 � (16)

θ
�
0�H� θ0 � (17)

with � π � θ0 � π. We define

J
�
t �I� I � ge� t C τI �
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Eqs.(16)and(17)canthenbere-writtenin theform

dθ
dt

� 1 � cosθ � J
�
1 � cosθ � (18)

dJ
dt

� � J � I
τI

(19)

θ
�
0�J� θ0 (20)

J
�
0�J� I � g (21)

The phaseportrait for the two-dimensionaldynamicalsystem(18), (19) is shown in

Fig. 5Cfor I � 0 � 05andτI � 10. Thedashedline in Fig. 5Cis thenullclinedθ � dt � 0.

The nullcline dJ � dt � 0 is the horizontalline J � I , the upperedgeof the window

shown in Fig. 5C.Thefigureshouldbeextendedperiodicallyin θ with period2π. The

flow is upward,in thedirectionof increasingJ.

The most striking featureof Fig. 5C is the existenceof strongly attractingand

stronglyrepellingtrajectories.Trajectoriesof this kind exist in many systemsof ordi-

narydifferentialequations,andarecalled“ri vers”(Diener, 1985a;Diener, 1985b).The

figurerevealsa“stableriver”, i.e.,a trajectory
�
θs � Js� thatis attractingin forwardtime,

indicatedasa bold line in Fig. 5C, with
�
θs � Js�K� � � π ��� ∞ � ast � � ∞, dθs� dt 
 0,

and

Js
�
t �I� I � ge� t C τI (22)

for all t. We denoteby T thetimewhenθs
�
T �L� π, anddefine

J MK� Js
�
T �K4 � 0 � I �A� (23)

Eqs.(22)and(23) imply

T � τI lng � τI ln
�
I � J MN�O� (24)

NotethatthephaseportraitdependsontheparametersI andτI , but notong. Therefore

thevalueof J M dependson I andτI , but notong.

13



Thesynchronizationseenin Fig. 5A canbeunderstoodfrom Fig. 5C in thefollow-

ing way. For g sufficiently large (that is, J
�
0� sufficiently negative), andfor θ0 suffi-

ciently far from π,
�
θ
�
t �N� J � t ��� is rapidly attractedto

�
θs
�
t �N� Js

�
t ��� . At the time when

θ � π, we thereforehave J � J M , or t � T. Thusthefirst spike after time zerooccurs

approximatelyat time T. For θ0 sufficiently closeto π, θ
�
t � quickly passesthroughπ,

andis thenrapidly attractedto
�
θs
�
t �P� 2π � Js

�
t ��� . Whenθ

�
t � reaches3π, J � J M and

thereforet � T. Thusa spike occurssoonaftertime zero,followedby a spikeapprox-

imately at time T. Only for valuesof θ0 in a narrow transitionregime is
�
θ
�
t �Q� J � t ���

attractedneitherto
�
θs
�
t �Q� Js

�
t ��� , nor to

�
θs
�
t �@� 2π � Js

�
t ��� .

Eq. (24) gives the time of the first approximatelysynchronouspopulationspike.

Sincewe have no explicit formula for J M , Eq. (24) is not an explicit formula for T.

However, sinceJ M doesnot dependon g, Eq. (24) doesgive theprecisedependenceof

T on g. This dependencewill beof primaryinterestto us in theremainderof Section

4. For laterreference,wenotehow (24) is modifiedwhenthesynchronizinginhibitory

pulsearrivesnotat time0, but at sometimeT0:

T � T0 � τI lng � τI ln
�
I � J M �R� (25)

4.2 Approximate synchronization by an inhibitory pulse of non-uniform
strength

MotivatedbySection3,weareinterestedin theeffectsof variablesynapticstrengths.

We thereforelet theconstantg in Eq.(14)dependon j:

dθ j

dt
� � 1 � cosθ j �S� $ I � g js

�
t � % � 1 � cosθ j �A� 1 � j � N �

That is, differentneuronsreceive inhibitory pulsesof differentstrengths.We assume

thattheg j areindependent,normallydistributedrandomvariables,with meang 
 0and

standarddeviationσg 
 0. If g is largeenough,andσg is smallenough,thepopulation
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is still synchronizedapproximately. This is illustratedin Fig. 5B, which shows results

of asimulationsimilar to thatof Fig. 5A, with

N � 100� I � 0 � 05� g � 0 � 25� σg � 0 � 025� τI � 10 � (26)

(Comparetheseparameterswith thosein Eqs.(15).) Insteadof thenearlysynchronous

populationspikesof Fig. 5A, wenow seespikevolleysof brief but positivedurations.

To analyzethe durationsof thesespike volleys, let us considerthe initial value

problem(16), (17) with a randomg 
 0. Let ρg � ρg
�
γ � , γ 
 0, be the probability

densityof g, andlet g 
 0 andσg 
 0 beits meanandstandarddeviation. Let

X � lng � (27)

CombiningEqs.(24)and(27),

T � τIX � τI ln
�
I � J M �T� (28)

Theonly randomquantityon theright-handsideof Eq. (28) is X. We will discussits

distribution first. Let ρX � ρX
�
ξ � , � ∞ � ξ � ∞, be theprobabilitydensityof X. For� ∞ � a � b � ∞,� b

a
ρX
�
ξ � dξ � P

�
X 4 � a � b���U� P

�
lng 4 � a � b�/�6� P

�
g 4 � ea � eb ���

� � eb

ea
ρg
�
γ � dγ � � b

a
eξρg

�
eξ �/� dξ �

Therefore

ρX
�
ξ �I� eξρg

�
eξ � (29)

for all ξ. For smallσg, thestandarddeviationof X is

σX � ln V � g� σg � σg

g
� (30)
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FromEqs.(28)and(29),we seethattheprobabilitydensityfunctionof T is

ρT
�
t �B� 1

τI
e( t � τI ln ( I � J W )X) C τI ρg D e( t � τI ln ( I � J W )X) C τI F � (31)

For later reference,we notehow formula (31) changesif the approximatelysynchro-

nizing inhibitory pulsearrivesnotat time0, but at sometimeT0:

ρT
�
t �I� 1

τI
e( t � T0 � τI ln ( I � J W )X) C τI ρg D e( t � T0 � τI ln ( I � J W )X) C τI F � (32)

UsingEqs.(28)and(30),weseethatthestandarddeviationof T is

σT � τI σX � τI
σg

g
(33)

for smallσg. We think of σT asa measureof thedurationof thespike volleys. Thus

the durationof the spike volleys is proportionalto the productof τI , the decaytime

constantof inhibition, andthecoefficientof variationσg � g of g.

To verify theseresultscomputationally, wereturnto theexampleof Fig.5B.Strictly

speaking,the precedingdiscussiondoesnot apply to this example,sinceg, which is

assumedto benormallydistributed,isnotguaranteedto bepositive.However, formulas

(29), (31), and (33) are well-definedif ρg is a normaldensity. Sinceg � 0 � 25 and

σg � 0 � 025,theprobabilityof g � 0 is extremelysmall.Wethereforeexpect(29),(31),

and(33) to holdwith goodaccuracy.

We defineT ( j ) to bethetime of thespike of the j-th neuronwithin thefirst nearly

synchronousspikevolley. Weset

T̂ � ∑N
j " 1 T ( j )

N
and σ̂T � YZZ[ ∑N

j " 1 D T ( j ) � T̂ F 2

N � 1
� (34)

Hereandfor theremainderof thispaper, hatsindicateresultsobtainedfrom numerical

simulations.In theexampleof Fig. 5B, we find

σ̂T � 1 � 02
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We seethat σ̂T is indeedcloseto τIσg � g, which equals1 � 0 in this example. If we

doubleτI in thisexperiment,σ̂T risesfrom 1 � 02 to 2 � 04, in agreementwith Eq.(33).

To verify Eq. (31) numerically, we mustknow the valueof τI ln
�
I � J M � . Taking

expectationsonbothsidesof Eq.(28),wefind

τI ln
�
I � J M �I� τI E

�
X �A� E

�
T �L� τI E

�
lng�A� E

�
T �R�

For sufficiently smallσg, this implies

τI ln
�
I � J M �L� τI lng � E

�
T �T�

suggestingtheapproximation

τI ln
�
I � J M �L� τI lng � T̂ � (35)

Fig. 5D shows the densityρT , asdefinedin Eq. (31), using the approximation(35),

with τI � 10,andassumingthatρg is a normaldensitywith g � 0 � 25 andσg � 0 � 025.

Thehistogramin Fig. 5D indicatestheactualspike time density, determinedfrom the

numericalsimulation.Theagreementbetweenthetheoreticalpredictionandtheactual

spike timedistribution is excellent.

For laterreference,wenotehow Eq.(35)changeswhentheinhibitory pulsearrives

notat time0, but at sometimeT0. FromEq.(25),we thenobtain

τI ln
�
I � J M �I� τI lng � T0 � T̂ � (36)
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5 Synchronization of a population of theta neurons by a
single strong excitatory pulse

5.1 The synchronous population spike triggered by an excitatory
pulse of uniform strength

We next considera populationof N identical, uncoupledneuronswith common

constantexternaldrive below or at threshold,receiving a commonexcitatorysynaptic

inputpulseat time0. We modelthissituationby theequations

dθ j

dt
� � 1 � cosθ j �@� � I � gs

�
t ��� � 1 � cosθ j �A� 1 � j � N � (37)

with I � 0, g 
 0, and

s
�
t �B� 7 e� t C τE if t 
 0

0 if t � 0

with τE 
 0. If theexcitatorypulseisstrong,it triggersanearlysynchronouspopulation

spikesoonaftertime0.

To analyzethis in moredetail,weconsidertheinitial valueproblem

dθ
dt

� 1 � cosθ �ED I � ge� t C τE F � 1 � cosθ �Q� t 
 0 � (38)

θ
�
0�J� � 2arccos

1�
1 � I

� (39)

Recallfrom Section2 thatfor I � 0, theright-handsideof Eq.(39)representsthestable

fixedpoint of theequationdθ � dt � 1 � cosθ � I
�
1 � cosθ � . Thuswe areconsidering

the responseof a neuron at restto an excitatorysynapticpulse. We denoteby T the

first timeatwhich theneuronspikes,with T � ∞ if thereis nospikeatall.

Wehavenogeneralanalyticexpressionfor T asafunctionof I , τE, andg. However,

it is easyto seethat for fixed I andτE, T is a strictly decreasingfunction of g, with
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limg\ ∞ T � 0 andlimg\ gc � T � ∞ for somegc & 0; seeFig. 6B. For τE � ∞, T canbe

computedusingformula(2), with I replacedby I � g andτ � 1. Theformulabecomes

particularlysimplefor I � 0; in thatcase,

T � π
2

1�
g
� (40)

TheapproximationτE � ∞ is accurateaslongase� T C τE � 1,sincethentheexponential

decayin Eq.(38)canbeneglectedoveroneperiod.SinceT � 0 asg � ∞, thismeans

that theassumptionτE � ∞ is accuratefor sufficiently largeg. TheassumptionI � 0

is accuratewhen ] I ]^� g is sufficiently small. So this assumption,too, is accuratefor

sufficiently largeg.

Fig. 6B shows T asa functionof g, for variousvaluesof I andτE, demonstrating

thatEq.(40)approximatesT reasonablywell overa largerangeof parametervalues.

5.2 The approximately synchronous population spike triggered by
an excitatory pulse of non-uniform strength

If the synapticstrengthin Eq. (37) dependson j, i.e., if differentneuronsreceive

excitatorypulsesof differentstrengths,theequationsare:

dθ j

dt
� � 1 � cosθ j �S� $ I � g js

�
t � % � 1 � cosθ j �A� 1 � j � N �

Fig. 6A shows that the resultingpopulationspike is not perfectlysynchronous.(But

noticethatFig. 6A showsabrief timewindow only; thesynchronizationis notperfect,

but fairly tight.) In thesimulationunderlyingthisfigure,

N � 100� I � 0 � g � 0 � 25� σg � 0 � 025� τE � 2 � (41)

To analyzethedurationof thespikevolley triggeredby anexcitatorypulseof non-

uniformstrength,weconsidertheinitial valueproblem(38),(39)with arandomg 
 gc.
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If σg is small,thestandarddeviationof T is

σT �`____
∂T
∂g
____ σg � (42)

For τE � ∞ andI � 0,
∂T
∂g

� π
4

g� 3C 2 (43)

by Eq. (40). Fig. 6C shows ∂T � ∂g asa functionof g, for variousvaluesof I andτE.

Thefigureconfirmsthattheright-handsideof Eq.(43)approximates∂T � ∂g reasonably

well for largevaluesof g. CombiningEqs.(42)and(43)yields

σT � π
4

1�
g

σg

g
� (44)

For illustration, we return to the exampleof Fig. 6A (I � 0, τE � 2, g � 0 � 25,

σg � 0 � 025). We defineT ( j ) to bethetime of thespike of the j-th neuron,anddefine

T̂ andσ̂T asin (34). Numerically, wefind

σ̂T � 0 � 270 �
To evaluatethe right-handsideof Eq. (42), we approximate∂T � ∂g numerically. We

find ∂T � ∂g ��� 10� 30 for theparametervaluesof Fig. 6A. Theapproximationof Eq.

(42), basedsolely on the assumptionthat σg is so small that the relationbetweenσT

andσg is approximatelylinear, provesfairly accuratehere;it yields

σT � 0 � 256 �
TheassumptionτE � ∞, which underliesEq. (44), degradestheaccuracy, but by less

thana factorof two:

σT � 0 � 157 �
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6 The PING synchronization mechanism

6.1 PING in fully connected E-I networks

Wereturnto theexampleof Fig. 1A. Eachof thecell groups(E andI) synchronizes

rapidly, with the populationspikesof the inhibitory neuronsslightly laggingthoseof

the excitatoryones. We state,in a non-rigorousway, basedon numericalexperience

andheuristics,conditionsthataresufficient to inducefiring patternsasin Fig. 1A:

(1)TheE-cellsreceiveexternalinputsignificantlyabovetheirspikingthresh-

old.

(2) The E� I synapsesareso strong,andhave so shorta rise time that a

surge in spiking of the E-cellsquickly triggersa surge in spiking of the

I-cells.

(3) TheI-cellsspikeonly in responseto theE-cells.

(4) The I � E synapsesaresostrongthata populationspike of the I-cells

approximatelysynchronizestheE-cells.

If conditions(1)–(4) aresatisfied,synchronousrhythmicspiking developsasfollows

(Whittingtonet al., 2000;Tiesingaet al., 2001). Initial activity in theE-cellstriggers

activity in theI-cells. This inhibitsactivity in theE-cells,therebyremoving thedriveto

theI-cells. A periodof low activity in bothE- andI-cells results.Whentheinhibition

wearsoff and the E-cells spike again,they are closerto synchrony than previously

becauseof themechanismdescribedin Section4.1. Thespikingof theE-cellscauses

spikingof theI-cells,closerto synchrony thanpreviouslybecauseof themechanismof

Section5.1.Thecyclenow repeats.

Condition(1) is evidently neededto drive activity. We discussconditions(2)–(4)

in somemoredetail,andpresentnumericalresultsillustratingwhathappenswhenthey
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areviolated.

Whencondition(2) is violated, i.e., whenthe E� I synapsesareweak,a pattern

suchastheoneshown in Fig. 7A oftendevelops:TheE-cellsandtheI-cells still syn-

chronize,but the E-cellsspike several timesbetweenpopulationspikesof the I-cells.

Theparametersin Fig.7A areasin Fig.1A, exceptthatgEI hasbeenreducedfrom 0 � 25

to 0 � 05.

Condition(3) is violatedif the drive to the I-cells becomestoo strong,but canbe

restoredby introducingI � I-synapses.We illustratethis with thefollowing numerical

experiment.In Fig.1A, II � 0. If weraiseII to 0 � 05,thefigurechangesdramatically, as

shown in Fig. 7B. HereII is strongenoughto driveasynchronousactivity in theI-cells

thatsuppressestheE-cellsaltogether. Condition(3), andwith it therhythm,is restored

by settinggI I � 0 � 25;seeFig. 7C.

Wenotethatin theexampleof Fig. 7C,theI-cellswouldspikesynchronouslyeven

without the E-cells. Thus the role of the I-I synapsesis to synchronizethe I-cells,

replacingnearlyconstantinhibition by phasicinhibition, which allows the E-cellsto

fire. Onemight thereforeconsiderthe rhythm in Fig. 7C an “ING” or “γ-I” rhythm

(seeSection7). Theparameterregimeinvestigatedhereis similar to thatof Fig. 7d of

Tiesingaet al. (2001). Thereashere,asynchronousactivity of the I-cells suppresses

activity in theE-cellsaltogether, while synchronousactivity of theI-cellspermitsfiring

of the E-cells. In our Fig. 7C, the E-cells do play an importantrole in settingthe

frequency of the rhythm. In the absenceof the E-cells, the rhythm would be much

slower. Thusthefiring of theI-cells in Fig. 7C doescomein responseto thefiring of

theE-cells,asin PING.

Fig. 7D showswhatmayhappenwhencondition(4) is violated,i.e.,whentheI � E

synapsesareweak.Theparametersin Fig.7Dareasin Fig.1A, exceptthatgIE hasbeen

reducedfrom 0 � 25 to 0 � 05. The inhibitory synapsesno longersuffice to synchronize

theE-cells.As a result,theI-cells,whichweresynchronizedby theE-cellsin Fig. 1A,

areno longersynchronizedeither.
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A mathematicalexaminationof conditions(1)–(4)will bethesubjectof futurepub-

lications.

6.2 PING in sparsely, randomly connected E-I networks

WhenpEI andpIE arereducedfrom 1 � 0 to 0 � 5,Fig.1A turnsintoFig.1B. In analyz-

ing thepopulationspikesof theE-cellsin Fig.1B,wemakethesimplifying assumption

thatthepopulationspikesof theI-cellsareperfectlysynchronous.SincetheI-cellsare

in factfairly tightly synchronizedin Fig.1B, thisisagoodapproximationatleastfor the

parametersusedin Fig.1B.WhentheI-cellsspike,all E-cellsreceiveinhibitory pulses.

However, differentneuronsreceive inputsof differentstrengthsbecauseof therandom

connectivity. Theresultingapproximatelysynchronousspike volley of theE-cellscan

beanalyzedusingSection4.2.

We focuson oneparticularspike volley of the E-cells,saythe first onefollowing

t � 100in Fig. 1B. We defineT ( j )E to bethetime of thespike of the j-th E-cell during

thisvolley. Wedefine

T̂E � ∑ j T
( j )

E

NE
and σ̂E � YZZ[ ∑ j D T ( j )E � T̂E

F 2

NE � 1
�

FromEqs.(11)and(33),we find theprediction

σ̂E � τI
1 � pIE

pIENI
� (45)

For thefirst spikevolley of theE-cellsfollowing t � 100in Fig.1B,wefindnumerically

σ̂E � 1 � 18 �
Thepredictionof Eq.(45) is remarkablyaccurate:

τI
1 � pIE

pIENI
� 1 � 22 �
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We expect the shapeof the spike volley to be approximatelydescribedby Eq. (32).

To evaluateEq. (32), we mustevaluateT0 � τI ln
�
I � J M � . (Recall that T0 is the time

at which the synchronizinginhibitory pulsearrives— herethe time of the inhibitory

populationspike immediatelyprecedingtheexcitatorypopulationspike underconsid-

eration.)Following Eq.(36),we usetheapproximation

T0 � τI ln
�
I � J M �L� T̂E � τI lngIE �

Thepredictedandactualspiketimedistributionsareshown in Fig. 8. Theagreementis

good.

We now considerthefirst spike volley of the I-cells following t � 100 in Fig. 1B.

WedefineT ( j )I to bethetimeof thespikeof the j-th I-cell duringthisvolley, and

T̂ I � ∑ j T
( j )

I

NI
and σ̂I � YZZ[ ∑ j D T ( j )I � T̂ I

F 2

NI � 1
�

FromEqs.(9) and(44),wefind theprediction

σ̂I � π
4

1�
gEI

1 � pEI

pEI NE
� (46)

For thefirst spikevolley of theI-cellsfollowing t � 100in Fig.1B,wefind numerically

σ̂I � 0 � 151 �
The predictionof Eq. (46) is somewhat inaccurate,aswasto be expectedbecauseit

is basedon threerathersubstantialidealizations:τE � ∞, perfectsynchrony of theE-

cells,andtheassumptionthattheI-cells returnto restbetweenthespike volleysof the

E-cells;seeEq.(39). However, thediscrepancy is still notgreaterthana factorof two:

π
4

1�
gEI

1 � pEI

pEI NE
� 0 � 0785�
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We notethat it would bepossibleto relax theassumptionof perfectsynchrony in

theE-cells,sincewe have fairly preciseinformationaboutthedurationsandeventhe

shapesof thespikevolleysof theE-cells.Wedon’t pursuethishere,sinceourgoalhere

is qualitative insight,notprecisequantitative information.

7 Discussion

Wehaveanalyzedtheeffectsof sparse,randomconnectivity on thePINGsynchro-

nizationmechanism.In particular, wehavederivedapproximateformulasfor thedura-

tionsof thespikevolleys,Eqs.(45)and(46). To maketheseformulasastransparentas

possible,let ususetheapproximations1 � pIE � 1 and1 � pEI � 1, andwrite

MEI � pEI NE

for theexpectednumberof excitatoryinputsperinhibitory cell, and

MIE � pIENI

for theexpectednumberof inhibitory inputsperexcitatorycell. Eqs.(45)and(46)then

become

σ̂E � τI
1�
MIE

(47)

and

σ̂I � π
4
�

gEI

1�
MEI

� (48)

An interestingfeatureof theseformulasis their lackof symmetry. ThetimeconstantτI

appearsin (47),but thetimeconstantτE doesnotappearin (48). Similarly, gEI appears

in (48),but gIE doesnotappearin (47).
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If a thetaneuronweredriven with a constantdrive equalto gEI , it would spike

periodicallywith aperiodwhichwecall PEI . FromEq.(3),

PEI � π�
gEI

�
Usingthis in Eq.(48),we find

σ̂I � 1
4

PEI�
MEI

� (49)

Let P denotetheperiodof thePINGrhythm.In thesimulationsof thispaper,

PEI � τI � P� MEI 
 MIE a 1 � (50)

The inequalityMIE a 1 is certainlyrealistic(Braitenberg andScḧuz, 1998). The in-

equalityτI � P holdsfor a gammarhythmif the inhibitory synapsesaremediatedby

GABAA, sincethe typical periodof gammaoscillationsis about25 ms, andthe de-

cay time constantof GABAA synapsesis about10 ms. It appearsthat PING without

PEI � τI is notpossiblewith realisticvaluesof τI ; morewill besaidonthispointbelow.

Combining(47), (49),and(50),we find

σ̂I � σ̂E � P �
Thusour theorypredictsthat for PING in realisticparameterregimes,sparseandran-

domconnectivity will notpreventeitherE- or I-cells from synchronizingfairly tightly,

but theI-cellswill synchronizemuchmoretightly thantheE-cells.Ourcomputational

resultsarein agreementwith theseconclusions;seeFig. 1B.

It is possibleto obtainPINGwithout theconditionPEI � τI if τI is madeunrealis-

tically smallandgIE is madeunrealisticallylarge. In fact, in many modelingstudies,

synapseshavebeenassumedto actinstantaneously, i.e.,with zeroriseanddecaytimes

(Brunel,2000;BrunelandHakim,1999;Izhikevich,1999;Mirollo andStrogatz,1990;

TiesingaandSejnowski, 2001);this amountsto takinga limit in whichsimultaneously

τI � 0 andgIE � ∞. (In Brunel(2000)andBrunelandHakim(1999),thereis adelay
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betweenthespikingof thepre-synapticneuronandits effect on thepost-synapticneu-

ron;however, thisdelayis notrelevantfor thepresentdiscussion.)In someregards,the

behavior of instantaneoussynapsesis indeednot very differentfrom thatof synapses

with morerealistictime courses.However, Eqs.(47) and(48) predictthat theeffects

of randomconnectivity will bereduceddramaticallyby makingthesynapsesinstanta-

neous.To verify this numerically, we repeatthesimulationof Fig. 1B, with τI reduced

by a factorof 50, andgIE raisedby a factorof 50. This closelymimics instantaneous

synapses,but is computationallysimpler. Theresultis shown in Fig. 9. As predicted,

synchronizationis muchtighter than in Fig. 1B, even thoughthe randomnessin the

connectivity is thesamein Fig. 9 asin Fig. 1B. Therhythmis alsoaccelerated;this is

a resultof thereductionin τI .

Our theoryfor thespike volleys of theE-cellsis preciseenoughto allow accurate

predictionsnot just of thedurationsof thevolleys, but evenof their shapes,asshown

in Fig. 8. A refinementof the theory could be obtainedby taking into accountthe

positive durationsof the spike volleys of the I-cells, perhapsusing ideassimilar to

thoseof Section3.2 of TiesingaandSejnowski (2001). (Recallthat in Section4, the

durationof the spike volleys of the I-cells wasassumedto be negligible.) However,

ournumericalresultsindicatethat,in ourparameterregime,neglectingthedurationsof

thespikevolleysof theI-cellsgivesanexcellentapproximation.Tiesingaet al. (2002)

discussa relatedproblem,usingnumericalsimulationprimarily, andwith anemphasis

on informationtheoreticideas. They alsopresentexperimentalresults. For instance,

Fig. 8b of their paperillustrateshow the jitter in thespike timesof a rat hippocampal

neurondecreaseswhenthequantity“npre” (our“ pIENI ”) increases,in roughqualitative

agreementwith Eq.(45). (Roughqualitativeagreementis thebestthatcanbeexpected

here,in view of theidealizednatureof our theory.)

Our theoryfor thespike volleys of the I-cells is lessaccuratethanthat for theex-

citatoryones.However, sincethesynchronizationof theI-cells is typically quitetight,

andbroughtaboutby a crudemechanism(a burstof excitationtriggersanalmostim-
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mediate,and thereforealmostsynchronousresponseof the I-cells), a precisetheory

for thespike volleys of the I-cells is of lessinteresthere.To createsucha theory, we

would needto studyhow thedurationof anexcitatory input spike volley is relatedto

the durationof an outputspike volley triggeredby it. (Recall that in Section5, the

durationof thespike volleys of theE-cellswasassumedto benegligible.) This issue

is centrally importantin the studyof synfirechains(Diesmannet al., 1999). Fig. 3c

of Diesmannet al. (1999)shows that thestrengthof the input spike volley is crucial.

Strong,looselysynchronousinputspikevolleyscantriggertightly synchronousoutput

spike volleys. Usinga differentway of measuringsynchrony, therelationbetweenin-

put synchronizationandoutputsynchronizationwasalsostudiedby Burkitt andClark

(2001).

Combiningideasfrom theprecedingtwoparagraphs,amoreaccurateoveralltheory

of PING may be createdas follows. First, the approximatespike time distribution

within the spike volleys of the E-cells, computedbasedon Section4, is taken into

accountin approximatingthespike time distribution within thespike volleys of the I-

cells. This yields a refinementof Section5, which in turn canbe taken into account

in approximatingthe spike time distribution within the spike volleys of the E-cells,

leadingto arefinementof Section4. Iteratingthisprocess,onemayobtainincreasingly

accurateapproximationsto thespike time distributionswithin spikevolleys. However,

suchanimprovedtheoryof PINGis beyondthescopeof thecurrentpaper.

While working on this project,we carriedout far moresimulationsthanhave been

presentedhere. Our conclusionshold over a wide rangeof parameters.For instance,

E� E synapseswith gEE � 0 � 25have little effectonFig. 1B. WeakI � I synapseshave

little effect, exceptfor thepoint madeat theendof Section6.1 — suchsynapsescan

make gammarhythmspossiblein caseswhentheexternaldrive to the I-cells is fairly

strong. StrengtheningI � I synapsesoften leadsto a transitionto a differentsynchro-

nizationmechanism,calledING by Whittingtonetal. (2000)andγ-I by Tiesingaet al.

(2001). In ING, the I-cells aredrivenexternally, not by the E-cells,andsynchronize
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not only theE-cells,but alsothemselves.For ING, thewidthsandshapesof thespike

volleys of bothE- andI-cells canbeapproximatedusingtheideasof Section4.1. Fig.

10showsasimulationwith

gIE � gI I � 0 � 25� gEI � gEE � 0 � τI � 10� IE � II � 0 � 1 � pIE � pI I � 0 � 5
As ourtheorywouldpredict,thevolleysof theE- andI-cellsarenow of equaldurations.

In future work, we will investigateING in sparse,randomnetworks in moredetail,

includingin particulartheeffectsof E� I-synapses.

Throughoutthis paper, we have usedthethetamodel.As remarkedin Section2.1,

the thetamodel is canonicalfor type I neuronalmodels,in the sensethat othertype

I modelscanbe reducedto it by coordinatetransformations(ErmentroutandKopell,

1986;HoppensteadtandIzhikevich, 1997).We thereforeexpectthepictureto bequal-

itatively similar for all type I models,eventhoughthedetailsof our calculations,and

in particularthe detailsof the centrally importantFig. 5C, do dependon our choice

of model. Whetherand how our resultsgeneralizeto type II modelsremainsto be

explored.

It would alsobe interestingto explore theeffectsof spike adaptationon our anal-

ysis. Synchronizationin sparsely, randomlyconnectednetworkswith spike adapation

hasbeenstudiedpreviously by vanVreeswijkandHansel(2001). VanVreeswijkand

Hanseldiscusssynchronizationof bursts(not individualspikes)via adaptation(not in-

hibition). They observe that strongI � E synapsesdesynchronizebursts,in contrast

with our regime, in which strongI � E synapsessynchronizespikes. The modeland

analysisareso different from ours that a detailedcomparisonwould be a major en-

deavor, but thepapercertainlysuggestsstudyingeffectsof adaptationin our modelin

thefuture.

We have analyzedsynchronizationby commoninput for thepurposeof betterun-

derstandingPINGandING. Weremark,however, thatsynchronizationby commonin-

put is alsoof neurobiologicalinterestby itself (Usrey andReid,1999).Wehaveshown
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that even very sparseinput cansynchronize,andhave analyzedthe desynchronizing

effectof heterogeneityin inputstrength.

Acknowledgments

Wearegratefulto MarceloCamperifor stimulatingdiscussionsduringtheearlystages

of this work, andto Steve Epsteinfor carefully readingthemanuscriptandproviding

helpful criticism. We alsothankthe refereesfor interestingandusefulcomments.C.

BörgersthankstheCenterfor BioDynamicsat BostonUniversityfor a productiveand

pleasantvisit duringthespringof 2001,duringwhichthisprojectwasbegun.His work

wasalsosupportedby anequipmentgrantfrom Tufts University’s MarshallFundfor

BiomedicalResearch.N. Kopell receivedsupportfrom NSFgrantDMS-9706694and

NIH grantMH47150.

References

Barkai,E., Kanter, I., andSompolinsky, H. (1990). Propertiesof sparselyconnected

excitatoryneuralnetworks. Phys.Rev. A, 41:590–597.
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Diener, F. (1985a). Propríet́es asymptotiquesdesfleuves. C. R. Acad. Sci. Paris,

302:55–58.
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Figure1: PING in E-I networkswith A: all-to-all connectivity andB: sparseconnec-

tivity.
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Figure2: Thetamodel.A: Thevectorfield on thecircle for I � 0, I � 0, andI 
 0. B:

sinθ asa functionof time.
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Figure3: Synapticgatingvariables asa functionof time, with decaytime constants

τ � 2 andτ � 10.
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Figure4: Simulationof E-I networks with sparse,randomconnectivity, but without

variancein thenumbersof inputspercell. A: Parametersasin Fig. 1B, but with vari-

ancein numbersof inputspercell eliminated.B: Only four excitatoryinputsperI-cell,

andoneinhibitory input perE-cell. C: SameasB in a largernetwork. D: SameasB,

but with only oneexcitatoryinputperI-cell.
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Figure5: Synchronizationby a singleinhibitory pulse.A: Inhibitory pulseof uniform

strength.B: Inhibitory pulseof non-uniformstrength.C: Phaseportrait for Eqs.(18),

(19) with I � 0 � 05, τI � 10, with the stableriver indicatedboldly. D: Distribution of

spikeswithin thefirst volley following t � 0, in a simulationidenticalto thatin B, but

with 1000neurons:predicted(solid)andactual(bars).
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Figure6: A: Approximatelysynchronouspopulationspike triggeredby a singlenon-

uniform excitatory pulse. B: Time T betweenarrival of excitatory pulseand spike

triggeredby it, asa functionof the strengthg of the pulse,for
�
I � τE ��� � 0 � ∞ � (solid),�

0 � 5� (dashes),
�
0 � 2� (dash-dots),

� � 0 � 01� 2� (circles).C: ∂T � ∂g asa functionof g, for

theparametervaluesof B.
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Figure7: Illustration of conditions(2)–(4) from Section6.1. A: PING is lost when

E� I synapsesbecometoo weak. B: PING is lost asa resultof too muchdrive to the

I-cells. C: Rhythmis restoredby addingI � I synapses.D: PING is lost whenI � E

synapsesbecometooweak.
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Figure8: Distribution of spikeswithin thefirst spike volley following t � 100 in Fig.

1B: predicted(solid)andactual(bars).
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Figure9: PINGin anE-I network with sparse,randomconnectivity, with nearlyinstan-

taneoussynapses.
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Figure10: ING in anE-I network with sparse,randomconnectivity.

43


