MA 124 April 17, 2019

Learning Catalytics exercise: Here’s some space in case you need to do a quick calculation
or want to take some notes when we finish the exercise.

More on power series

Last class we saw that a power series has a radius of convergence and an interval of conver-
gence, and we were discussing the following example when class ended.

Example. Find the radius and interval of convergence for the power series

© (_1\k
Z_:<k;2 (z —2)".

We use the Ratio Test to show that this series converges absolutely if
|z —2| < 2.

Now we check the endpoints of the interval of convergence.
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Producing new power series from known power series
We can produce new power series from known ones in predictable ways.
Theorem. Suppose that m is a positive integer, b is a real number, and 3" a,z* is a power

series that converges absolutely to the function f(x) on the interval I. Then

+

1. The power series 2™ " apa® = 3 apx®™ converges absolutely to 2™ f(z) on I.

2. The power series 3 ax(baz™)* converges absolutely to f(bz™) on I if bx™ is in I.

X

Example. Find a power series representation for the function g(z) = T3
—3x
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o0

Example. Consider the power series > (—1)fz?* =1 — 2>+ 2* — 20+ ...
k=0

Example. Consider the power series Z e =1+ 22 +2* + 25+ ... . We have
k=0

1

m:1+x2+x4+x6+

for -1 <z <1.

Differentiating and integrating power series

We can differentiate power series term by term. Here is a more precise statement.

Theorem. Suppose that the power series

oo
Zakxk :a0+a1x+a2x2+a3x3+...
k=0

has a radius of convergence r > 0, and let f be the function to which it converges. Then
1. the function f is differentiable for —r < z < r,
2. the power series
i karz® ' = ay + 2a9x + 3azx® + . ..
k=1

converges absolutely for each x in the interval —r < x < r, and

3. fl(z) = Z kapa* ' = ay + 2a0x + 3azz® + ... for —r < x < r.
k=1
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Example. Apply this theorem to the geometric series

l+ox+22+23+....

Example. Recall that the power series
oo .k 2 3

s —1 s xr
kiog— +$+§+§+

has an infinite radius of convergence.
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We can also integrate power series term by term.

Theorem. Suppose that the power series

o0
Zakxk :ao—l—a1:v+a2:v2+a3x3—|—...
k=0

has a radius of convergence r > 0, and let f be the function to which it converges. Then

1. the power series
oo

Ak gy aiy o Q2 3
T =agr + —x°+ —=—x° + ...
Z%k+1 T 3

converges absolutely for each x in the interval —r < x < r, and

e}

2. /f(w)deC'—FZ O xk+1:C+a0x+ﬂx2+%x3+... for —r <z <.
St 2" T3
. . ) 1
Example. Apply this theorem to the power series expansion for f(x) = Tz
x



