MA 226 March 22, 2004

Recall the example with repeated eigenvalues from last class:

(30)

The characteristic polynomial of A is (A — 2)?, so A = 2 is a repeated eigenvalue.

Y
Example. Cil—t = AY where

Last class we solved this system using the fact that it is partially decoupled. We obtained

the general solution
z(t) T + yote?
Y(t) = =
o=(70 )= ("

— o2 Zo +te2t Yo ‘
Yo 0

Note that this general solution is not written as a linear combination of two straight-line
solutions. Every nontrivial solution contains the first term, and most solutions contain both
terms.

We use this result to motivate a different technique that we use to solve systems with
repeated eigenvalues. We use a guessing technique where we guess a solution of the form

Y (t) = MV + te V.

Note that the initial condition for this solution is V.
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Fact from linear algebra: If A is a 2 x 2 matrix with a repeated eigenvalue A and V,
is any vector, either

1. (A = AI)V, = 0 (in other words, V is an eigenvector), or

2. the vector Vi = (A — AI)Vj is an eigenvector of A.
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a-( 01,

The characteristic polynomial of A is A +4) + 4, so A = —2 is a repeated eigenvalue.

Y
Example. Cii—t = AY where
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What is the long-term behavior of a system with a repeated, negative eigenvalue?

It is interesting to look at this example using two of the tools on the CD. Using
LinearPhasePortraits, we can see that this system is on the boundary between spiral

sinks and real sinks.

We can also use HPGSystemSolver to plot the phase portrait.
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Unusual case of repeated eigenvalues: There is one type of linear system that has repeated
eigenvalues that is different than the examples we have discussed.

Example. Consider dY /dt = AY where A is the diagonal matrix

(03)

What are its eigenvalues and eigenvectors?
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Finally consider the example

dY -2 1

a ( 2 -1 ) Y.
Its characteristic polynomial is A\* + 3\. So its eigenvalues are A = —3 and A = 0. (If a
system has 0 as an eigenvalue, we say that it is degenerate.)
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