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More on orthogonal projection

Theorem. (Orthogonal Decomposition Theorem)

1. Each vector v in R™ can be written uniquely as

VZW—I—WL,

where w is in W and w= is in W+,

2. Given an orthogonal basis {wy,...,wy} of W, then
VW, VWi
w:< )w1+...+< )Wk
Wi-W1 Wi Wi

and wt =v — w.
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Example. Find the point closest to

3

| -1

VS

13

in the subspace W spanned by the two vectors

1 —4
—2 1
wi=| and Wy = 0
2 3
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Theorem. If {uy,...,u;} is an orthonormal basis for a subspace W, then

w = (veuy)ug + ... + (Vveug)uy.

If
U=| u | ws - u |,
then w = UU"v.
The Gram-Schmidt Process
This procedure produces an orthogonal (or orthonormal) basis from a basis {xy,...,x,} of

a subspace W. It is an inductive procedure.

We work with the subspaces
S; = Span{xy,...,x;}.

The orthogonal basis for W based on this procedure applied to this basis is denoted {vy, ..., v;}.

1. Let vi = xq.

X2V
2. Let vg = x9 — Vi.
Vi*Vy
X3V X3°Vo
3. Let vy = x5 — vy — Va.
Vi-Vi V2:Vo

ete.
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Example. Apply the Gram-Schmidt process to the basis



