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More on the Gram-Schmidt Process

Recall that this procedure produces an orthogonal basis {vy,...,v;} for a subspace W from
an arbitrary basis {x1,...,x,}.

1. Let Vi = X1.

X2'V1
2. Let Vo = X9 — Vi.
ViV
X3°V1 X3-Va
3. Let V3 = X3 — Vi — Vo.
Vi*Vq Vor*Vo

etc.

Example. Apply the Gram-Schmidt process to the basis

1 1 2
x1=1|1], Xo=13 |, and X3 = | 2
0 1 3

(Additional blank space on the top of the next page.)
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Projection matrices

We discussed projection matrices briefly last class. In particular, we discussed the following
theorem.

Theorem. Let {uy,...,u;x} be an orthonormal basis for a subspace W of R*. Form the
n X k matrix

U= u; | Uy Uz

Then projy,v = UU”v.

The matrix P = UU7 is called the projection matriz for the subspace W. It does not depend
on the choice of orthonormal basis of W.
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Example. Let’s compute the projection matrix P for orthogonal projection onto the plane
$1+$2—l'3:01n R3.

What are the eigenvalues and eigenspaces of P? (No computation required)
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What if we do not start with an orthonormal basis of W7

Lemma. Suppose A is an n X k matrix whose columns are linearly independent. Then
AT A is invertible.

Here’s a diagram due to Gilbert Strang (MIT) that helps us understand why this lemma is
true.

Theorem. Let {a;,...,a,} be any basis for a subspace W of R”. Form the n x k matrix

A= a] | Ag ag

Then the projection matrix for W is A(ATA)'A”.



