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Derivatives of the Integral Representation

Theorem. Let v be a simple, closed, positively-oriented contour in C. If g(z) : v — C is
continuous on -y, then the function

G(z) =[y 9(w) dw

w—z

is analytic and infinitely differentiable on the domain U enclosed by ~. In fact,

G (z) = k!L%dw.

Outline of Proof. Let (w)
g(w
Gp(z) = | ———dw.
©=/

w—2)"?

We use induction on n to show that Gp(z) is differentiable on U, and
Gl (2) = nGpi1(2).

The n = 1 case: Note that

G1(22) B Gl(zl) _ /y ( (Z2 - Zl)g(w) dw

w — 21)(w — 29)

because
1 1 zZ9 — 21

w—29 w—z (w—2z)(w—2)

(A) The continuity of G; follows:

(B) The differentiability of G1(z) follows from an application of (A):



The inductive step: We assume that the proposition is true for n — 1 and prove it for n.
Observe that

because the middle term is Gy (21) and

1 1 z9 — 21
(w—22)"  (w—22)" Yw— 2) + (w—29)"(w — 21)°

(A) Continuity of Gy:

(B) Differentiability of Gy:



