APPLICATIONS OF H-MATRIX TECHNIQUES IN
MICROMAGNETICS

NIKOLA POPOVIC AND DIRK PRAETORIUS

ABSTRACT. The variational model by LANDAU and LIFSHITZ is frequently used
in the simulation of stationary micromagnetic phenomena. We consider the
limit case of large and soft magnetic bodies, treating the associated Maxwell
equation exactly via an integral operator P. In numerical simulations of the
resulting minimization problem, difficulties arise due to the imposed side-
constraint and the unboundedness of the domain. We introduce a possible
discretization by a penalization strategy. Here, the computation of P is nu-
merically the most challenging issue, as it leads to densely populated matrices.
We show how an efficient treatment of both P and the corresponding bilinear
form can be achieved by application of H-matrix techniques.

1. INTRODUCTION

The simulation of stationary micromagnetic phenomena occurring in static or quasi-
static processes is frequently based on a variational model named after LANDAU and
LirsHITZ. Therein, one minimizes the energy functional

(1)  E,(m) ::/Qé(m)dx—/gf-mdx—i—%/w|Vu\2d;v+a/Q|Vm|2dx

over some set of admissible vector-valued magnetizations m : Q — R? on a bounded
Lipschitz domain Q C R? corresponding to the magnet, with m(z) := 0 for = €
RANQ and d = 2,3. Here, ¢ € C°(R% R™T) is the anisotropy density (depending on
properties of the material on a crystalline level), f € L?(Q; Rd) denotes an applied
exterior magnetic field, 0 < o < 1 is the exchange parameter, and u is the magnetic
potential related to m by Maxwell’s equation

(2) div(~Vu+m) =0 in D'(R?).
The model is completed by adding the non-convex constraint

(3) lm(z)| =1 for a.e. z € Q.

For large and soft magnets, the parameter « in (1) vanishes. In general, the model
then lacks classical solutions, see [JK90], and hence has to be relaxed either by
considering measure valued solutions [Ped97] or by convexification [DeS93, Tar95].
In fact, for a certain limit configuration of soft-large bodies, Eo(m), i.e., (1) with
a — 0 can be justified to be the correct model, see [DeS93]. The corresponding
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convexified problem Eg* is given by

(4) Ej*(m) := / ¢ (m) dz — / f-mdr+ 1/ |Vul|? de
Q Q 2 Jra

subject to (2) and

(5) Im(z)] <1 for a.e. z € Q.

Here, ¢** is the convexified density defined by
(6) ¢**(x) = sup {p(z) | ¢ : R? — R convex and ¢|s < ¢} for |z| < 1,

where S = {$ € R¢ | || = 1} denotes the unit sphere. Then, the relaxed problem
reads:

(7) Minimize Ej* over A := {m € L>®(Q; RY) ’ Im|| o @ray < 1}

In contrast to the ill-posed problem Ey, the convexification is well-posed [DeS93,
Ped97, CP04b]. In fact, this convexified model provides the mathematical founda-
tion of the so-called phase theory in micromagnetics, cf. [HS98].

Remark 1. For uniazial materials such as cobalt, the anisotropy energy is given
by ¢(z) = 1/2(1— (z-e)?), with |z| = 1 and e € R? a given fixed unit vector called
the easy azis. A direct calculation shows ¢**(x) = 1/2 2?22(56 -z;)? for |z| <1
then, where {e,zs,...,24} is an orthonormal basis of R¢.

The numerical treatment of the minimization problem related to Ej* was initiated
by [CP01] for d = 2, where the authors treat a simplified model obtained by re-
placing R? in (2) by a bounded Lipschitz domain Q containing 2, and solve for
a potential u € H&(@) Here, as in [CP04b, CP04a, LM92, Ma91, Pra04], (2) is
treated exactly via an integral representation, i.e., u = Lm, where L is a linear
convolution operator. We then set Pm := V(Lm), see Theorem 2.1 below, and
reformulate the stray field energy contribution in (4) in terms of P. The advantage
is that in the resulting model, only one discretization for m is required, e.g., by
piecewise constant functions my,.

From a numerical point of view, the computation of Pm for a given magnetization
is the most challenging issue, since it will lead to densely populated matrices. The
aim of the present work is to show how an efficient numerical treatment of both
P and the induced bilinear form a(-,-) can be achieved by application of H-matrix
techniques.

Remark 2. The treatment of the convexified model (7) requires the explicit knowl-
edge of the convexified anisotropy density ¢**, which is, however, in general un-
known even for simple ¢, cf. [DeS93]. Both the Young measure relaxation proposed
in [Ped97] and the corresponding discretization [KPO01] avoid the computation of
¢**. Note that as far as the computation of the magnetic potential (2) is concerned,
our ideas apply in that setting, as well. Further analysis on stabilized discrete mod-
els, as well as a comparison of the various approaches, can be found in the articles
[CPO1] and [KPO1], as well as in the survey monograph by Prohl [Pro01].

The remainder of this paper is organized as follows: in Section 2, we give a few
preliminaries and present a possible discretization of (7); Section 3 contains some
interpolation results required for the following analysis; Section 4 motivates the
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concept of hierarchical (H- resp. H2-) matrices; in Section 5, we give two different
approaches for a Galerkin discretization of the potential equation (2) via H-matrix
techniques; Section 6 finally summarizes the results of our numerical experiments.

2. PRELIMINARIES AND DISCRETIZATION

This section is devoted to the reformulation of (7) in terms of the associated Euler-
Lagrange equations and introduces a possible discretization by a penalization strat-

egy.

2.1. Preliminaries. The following Theorem 2.1 gathers some of the properties of
the operator P required in the following. Proofs can be found in [Pra04], although
we expect the result to be known to the experts.

Theorem 2.1 ([LM92, Ma91, Pra04]). Given any m € L>(Q;RY), there exists an
(up to an additive constant) unique magnetic potential u = Lm € H}, (R?) such
that

(8) Vu € L2(R%;RY) and  div(=Vu+m) =0 in D'(R?).
The (extended) operator P : L?(R%R?Y) — L2(R4GRY), m +— V(Lm) is an L? or-
thogonal projection. The potential Lm can be represented as a convolution operator

(9) Em:Za—q*mJ,

where m = (my, ..., my) is trivially extended [by zero] from Q0 to R? (so that the
convolution is formally well-defined). Here G : R4\{0} — R is the Newtonian
kernel

1

L 1oglal, =2,
(10) G(z)=¢ 7 4

2—d

— |x|*7, d>2

(2 —d)vq l«
for x # 0, where the constant vq4 := |S| > 0 denotes the surface measure of the unit
sphere (e.g., vo = 2w, y3 = 4w ). |

Since the energy functional E* from (4) is convex and (Gateaux) differentiable,
the minima are equivalently characterized by the corresponding Euler-Lagrange

equations [DeS93]. Thus, problem (RP) reads: find (A\,m) € L?(Q) x L?({;R%)
such that

(11) Pm+ D¢™(m)+dm=1f ae. inQ,

(12) A>0,m| <1, A(1—|m|)=0 ae. in Q.

Existence results for (RP) can be found in [DeS93, Ped97]; in particular, in the
uniaxial case the solution to (RP) is unique.

2.2. The Discretized Problem. Let 7 = {T3,...,Tn} be a finite family of
pairwise disjoint non-empty open sets 1} which satisfy Q= U;VZI T] The space of
all 7-piecewise constant functions is denoted by Po(7); h € Po(7) is the mesh-size
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function, h|r := hy := diam(T). For f € L?(Q), let f7 € Po(T) be the T-piecewise
integral mean given by

1
frlr = —/ fdx forall T e T.
7| Jr

The discrete problem (RP; ;) now reads as follows: given a penalization parameter
£ € Po(7T) with £ > 0, find my, € Py(7)? such that

(13)
<'th + Dd)**(mh) + A\pmy, ; rﬁh>L2(Q) = <f ; IYlh>L2(Q) for all my, € Po(T)d,

where A\, € Py(7) is defined by

(jmp| —1)4

14 Ap=ce !
(14) h oo |

with ()4 := max{-,0}.

Remark 3. For m;, € Py(7)?, the potential Pm;, can be computed exactly, as
the associated bilinear form

(15) a(mh,ﬁlh) = (th ; ﬁlh>L2(Q) for all my,, my, € PO(T)d

can be evaluated by a closed form formula, cf. Theorem 5.1. The evaluation of Pmy,
is, however, computationally demanding, as it typically leads to densely populated
stiffness matrices.

As for the continuous problem, we have existence of discrete solutions and unique-
ness in the uniaxial model case, cf. [CP04b]. Moreover, in that case the a priori
error analysis for (RP; ;) from [CP04b] suggests the choice € = h for the penaliza-
tion parameter, as there holds

[Pm — Pmp|[ L2y + [|D¢™ (m) — D™ (my)]| 12 ()

+ [|Am — Apmy || 20y + leAnmy] 2o

< O(llm = mzl2(e) + [ 3m = )7l 2() + [Am]| 2 o )

with a generic constant C' > 0. For (), m) sufficiently smooth (e.g., m € H!(Q;R%),
Am € H'(Q;R?)), the above right-hand side turns out to be of order O(e + h).

The stiffness matrix A induced by the bilinear form a(-,-) from (15) will in the

following be approximated by an appropriate H?-matrix A. Given (RP.j), one

then obtains an approximate discrete model (RP, ) after replacing A by A and
defining the approximate bilinear form a(-, -) accordingly.

3. MULTIDIMENSIONAL INTERPOLATION OF INTEGRAL KERNELS

The following section contains some results on the multidimensional interpolation
of integral kernels. We restrict ourselves to one particular class of kernel functions
here, known as asymptotically smooth kernels.
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3.1. Asymptotically Smooth Kernels. A kernel function

(16) KiREXRY =R, (2,y) — k(z,y)
is said to be asymptotically smooth if there exist constants C,gy, and cagnm such that
(17) \33355(% Y)| < Casm(Casm|z — y‘)—\al—\ﬁ\—S(a + B)!

for all multi-indices o, 3 € N& with |a| + 8] > 1 and some singularity order s € R,
where z,y € R? with x # y.

Example 3.1. For the Newtonian kernel G defined in (10), k(z,y) := G(x —y) s
asymptotically smooth for any d > 2, with Casm = Y5+ and Cagm = (2- d)’yd)_l
ford =2 and d > 3, respectively, and casm = 1, see [Gra0l].

Remark 4. Note that the derivatives of an asymptotically smooth kernel  also
are asymptotically smooth: given & := 82‘85/1, (17) holds with § = s + |&| + |4,
Casm = Casm + € for € > 0 arbitrary, and some éasm depending on Cygy and €. This
is a consequence of

(a4 B) + (@+ 5))! < Coom APl (o + B)!

with an (|@| + |8|)-dependent constant Cagm. For every choice of Gagm > 1, there is
a Casm > 0 (depending on gy ) such that the above inequality holds. One then
sets Casm = CasmCasm aNd Cagm ‘= CasmCasm, Tespectively.

3.2. Interpolation Operators in One Dimension. For m € Ny, let the space
of m-th order polynomials in one spatial variable be denoted by P,,, and consider
the interpolation operator

m _ Tt —t
(18) Im IC[f]-v” *),va u'_’jgou(tj)‘cj with ‘Cj(t) :kl:[)tj — 1k
k#j

acting on the so-called reference element [—1,1]. Here (Ej(t));nzo

polynomials corresponding to the interpolation points (¢; );»”:O. Note that Z,, is a

are the Lagrange

projection, i.e., linear with Z2, = Z,,.

For m € Ny, the Lebesgue constant A, € R is defined as the operator norm of Z,,,

I tt| oo [—

(19) Am = IZmtlee, 1.1

weel-1,1] ulloo,[—1,1)
u#0

Clearly, we have A,, > 1. Moreover, we assume that there are constants A\, Cy, € R™
such that

(20) A < Cx(m + 1N

For Chebyshev interpolation, where t; = cos ((2j + 1)7/(2(m + 1))), this estimate
holds with A =1 = C), cf. [Riv&4].

For an arbitrary compact interval I := [a, b] C R, we define the affine transformation

O [-L1] =1, t— %((a—i—b)—i—t(b—a)).

The transformed interpolation operator Z., is then given by

I}, : Cla,b] = P, urs (Tm(uo ®p)) o @7t
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Obviously, the projection property as well as (20) now carry over from Z,, to Z7,.

3.3. Tensor Interpolation Operators. For a family of closed intervals I; :=

laj,bj] C R, j € {1,...,2d}, define the axially parallel box B C R?*! by B :=
[, ;. Given a family (Z;7)*%,
order tensor product interpolation operator T2 on B is then defined as

I8 .=7Th ... @ Tl2a,

of interpolation operators on (I j)?io, the m-th

In analogy to Z.,, ZZ is a projection from C(B) to
(21) Qp, i=span{p1 @ -+ @ p2q | p;j € Pm,j € {1,...,2d}}.

We require the following result on the interpolation error of Z2 adapted from [BG04,
BLMO04]:

Theorem 3.2. Let u € C®°(B) such that there are constants Cy,, v, € R satisfying

(22) 10} tlloo, B < Cuvyn!
forall j €{1,...,2d} and n € Ny. Then, we have
(23)

—(m+1)
Yudiam(B) > '
Proof. The proof is as in [BG04, Theorem 3.2], with the d there replaced by 2d. O

lu —Zhu|l 0.5 < 166dC’uAf,f(1 + Yudiam(B)) (m + 1) (1 +

3.4. Local Error Analysis for Asymptotically Smooth Kernels. We now
apply interpolation to obtain an approximate degenerate kernel % := T2k instead
of the given asymptotically smooth integral kernel x. Let B,, B, C R? be compact
axially parallel boxes with positive Euclidean distance dist(B,, B,) > 0:

Lemma 3.3. An asymptotically smooth kernel k : R? x RY — R satisfies (22) on
B := B, x B,, with constants

(24)

Casm 1
Cy = max{||H|L°°(Bg><BT)7 ( } and Y, =

Casmdist(By, B;))® Casmdist(By, B,)
Provided diam(B, x B;) < ndist(B,, B;) with n > 0, there holds in particular

ZCasm 7(m+1)
(25) |k = Z T K| Lo (B, x B,) < c162C% (1 + n)

with L(,f’T) =I5, a numerical constant ¢c; = 16ed(1 + 1/casm), and a constant

ca = A24(m + 1) with only polynomial increase in m.
Remark 5. Note that the constant C,, > 0 behaves like dist(B,, B,)~* for the

kernels we are interested in, such as k(z,y) = log |x — y| resp. k(z,y) = |z — y|~*.

Proof of Lemma 3.3. Direct computation shows that (22) is valid, and Theorem 3.2
yields

—(m+1)
2

B . 2d
I = Tl o) < M6ed(1 -+, i B)AZ (om0, (14 )

Combining this with v,diam(B) < 7/casm, we obtain (25). O
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The proof of Theorem 3.2 is only based on the stability constant A,,, defined in (19).
The advantage is that the resulting estimate can be applied to a fairly wide range of
interpolation operators. If one restricts oneself to tensor Chebyshev interpolation
— as we will do in the numerical experiments — one can do better by using the
following error estimate for tensor Chebyshev polynomials adapted from [BH02]:

Lemma 3.4. Provided diam(B, x B;) < ndist(B,, B;) with n > 0, an asymptoti-
cally smooth kernel k on B := B, x B, C R?? satisfies

(26) |k — I k|| oo.B < dCasmens, A2 dist(B,, B,)~* 4~ e imHlym+t,

Proof. The proof is along the lines of [BH02]. O

Remark 6. Lemma 3.3 ensures (asymptotically) exponential convergence with re-
spect to m irrespective of the choice of > 0. Nevertheless, the constant ¢; obtained
in Lemma 3.3 is too pessimistic, in contrast to the reasonably good approximation
results observed for small m, as well, cf. Section 6. From Lemma 3.4 we obtain
exponential convergence provided at least 4c,sy, > 7, with the highly improved
constants ¢; = dCasmCas, < 16ed(1 4+ 1/Casm) and co = A2 < A2¢(m + 1).

asm

In the following, we require additional error estimates for tensor Chebyshev polyno-
mials, in particular for the norms of the first and second derivatives of the respective
interpolation errors. For the proofs, we make use of the following well-known one-
dimensional error estimate for Chebyshev interpolation from [BH02],

47m
I I,
@0 Ju-Thule, < 5oy
as well as of a result on the first derivative of © —Z,,u in one dimension taken from

the proof of [BS01, Theorem 3.3.1],
(28)

nwzwmwmﬂs<

|m+1 ||u(m+1)||007[j for u € Cerl(Ij)v

1 N 1
(r=11"
with 1 <7 < m+1 and C(m) a constant which may be estimated by C(m) < A,,,m?,
cf. [BSO1]. Affine transformation then yields

O I g a0y orwe €7[-1,1),

o a1 | )
O ] Cr R T [

(r—1)! " 7!
for I; := [a;,b;] C R.
Furthermore, we need an estimate for the norms of the derivatives of algebraic

polynomials known as Markov’s Theorem [DL93, Theorem 1.4]:
(30) 1P lloe.1, < m*21 1 Iplloc,z,  for p € Prn.

This estimate cannot be improved; in particular, it is sharp for the Chebyshev
polynomials.

To begin with, we state a result concerning the first derivatives of k — L(g .

Lemma 3.5. Provided diam(B, x B;) < ndist(B,, B;) with n > 0, an asymptoti-
cally smooth k € C™T2(B) on B := B, x B, satisfies

31 00 (k — I ) ||oo. g < 1092 M tmAD) pml forl<a<2d,
m ) asm 77
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where c1 is a numerical constant depending on d, B, and k and co = (Am?+m-+1)
A24=1 grows polynomially in m.

Proof. As in [BG04, BH02], we write

7j—1 2d
8a(®If,;“®(IdI,f{)® X Id)n

k=1 k=j+1

)
o0,B

2d
(32) [|0a(k =T 8) s <D
j=1

::in{

to obtain estimates for ||0nJ;k||c0,B, We have to consider three cases.
o First, for j < a, an explicit computation gives 0, Jjk = J;(0ak), whence

j—1 2d
<®Id® (Id-13) o Id)@an
k

k=1 =j+1
cp AT
=4m 9m 1+ 1)

100 Tjkllc0.5 < A"

c0,B
;|07 Okl o, 35

here we have used (19) on Z1*, k < j, and applied the estimate in (27) to I;. By

exploiting the asymptotic smoothness of x to estimate ||8;”+16an||00,3 < Casm (casm

dist(Bo, B,)) """ (m + 2)1, |Ij| < diam(B, x B,), and diam(B, x B,) < 1
dist(B,, B;), we get

2 .
(33) [0aTjkllco. < C’asmc’(S*l)dist(Bg,BT)*(”l)c*(m*l)nm*l%4”’”%?”;1.

asm asm

e Second, for j = a, it follows from (29) with » = m + 1 that

a—1 2d
(@Id@@a(ld—zgg)ea (09 Id)h;

k=1 k=a+1

Haaja’illoo,B < A;‘;z_l

co,B

1 2
S A%—12—mlla|m( +

_ o m—+1
m!  (m+ 1)!Am)”a"‘ Filloe. -

As before, we now obtain

(34)  [|0aTuab|lco,B < C’asmc;;ndist(BmBT)_SC;S(I;"H)nm“
X (Apm? 4+ m 4 1)27 "1, |t ASL.

e Third, the case j > « is treated by applying Markov’s Theorem (30) to Z!e and
by using the estimate in (27), whence

j—1 2d
(@Id@(ld—:dg)@ X Id)n
k

k=1 —j+1

00Tkl 0o, < AJtm22|1, 7!

co,B
4-m

<AT'mEo——
= Sm T (m+1)!

Lol 7L ™07 oo, 2

and

(35)  [|0aTiklloo.B < CasmCacndist(By, By) " *cplmymtim24=m 1 |7 AI -1,
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Collecting the estimates in (33), (34), and (35), we finally have

19a(r = 577 K) oo, 5

asm asm 2

2 )

< Chsmdist(By, By ) " *eg{mym+ic—s <c1 M2 mdist(B,, By) " > oAt
J<a
+ (Am® +m+ )27 LT AN+ mP 4 L) A{,;l)
j>a
< e {mHD AL (AL m2 4+ m + 1)27 A2 O el dist(By, By) 7°

% (o = Degbudist(By, By) ™ + (2d = (0= 1) (min22, 1)) "),

which gives the desired result. O

For the second derivatives of kK — I,(,f ’T)/@, we obtain in a similar fashion:
Lemma 3.6. Under the assumptions of Lemma 3.5, we have
(36)  ||0a0p(k — Zf,f’T)/-i)HOQB < clcg2f(m71)c;s(rgn+1)77m+1 forl1 <o, <2d,

with a constant ¢y depending on d, B, and x and co = (Amm2 +m + l)mQA?,‘f_l.

Proof. Without loss of generality, we assume 1 < o < 8 < 2d throughout; similar
reasoning as in the proof of Lemma 3.5, with J;x defined as in (32), then implies
the following cases:

o j < a<f: with 0,03J;k = Jj(0a0pk), one has as in (33)

47'”7‘ m o
L0700k | oo,

: < AL

(m+2)(m+3)
2 )
o j=a<f: from 0,03Tuk = 0aTa(0sk) and (29) for r = m + 1 it follows that

< AirL_lcasmc_(s-"_Q)diSt(BU, BT)_(S+2)C;S(I;’1”+1)nm+14—m

asm

1 m2

10005 Taklco.p < AZT127™ (I, |™ (ﬁ + )!Am) “a?+1851€“0073

(m+1)!
é A(rln_lcasmc_(s—i_l)dist(BU, BT)_(5+1) ‘Ia|_1ca_s(n71n+1)nm+12—m

x (m+2)(1 4+ m+m?A,,),

cf. (34);
o a < j<f:as 0,085k = 0,.J;(0pkK), we obtain with (30)
. 4-m
) —1,.,2 -1_ = 7. mH1am+1
100057l 3 < Ny P20l 5 0 O

< Afn_lCasmc_(sH)dist(BU, BT)_(S'H)|Ia|_1cgs(g1”+1)77m+l4_mm2(m +2),

see (35);
e j = a = (3: to obtain an estimate for 8J2»Jj/<a, we proceed as in [BS01, Theorem

3.3.1]: givenu € C™*1[—1,1] and 1 <7 < m+1, let R, be the remainder term of the
Taylor series expansion of degree r—1 of w about t = 0. Usingu—Z,,u = R,—Z,, R,
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[ Relloo, =11 < 1/r! w2117, and [|RY [lo j—1,1) < 1/(r = 2)|u) || oo (=1,1], We
have by the triangle inequality and with (30)

[(u = Znw)" [l oo,=1,1) < 1R loo,(=1,1] + 1(ZmRr)" [los,[=1,1)

T 1 ™
[0 e, (1,27 + % (m = 1) A — [0 g, (21,2

< 1
— (r—2)!

By affine transformation it follows for u € C™*1(1,) and 7 = m + 1 that

1w = Zinw)"[loo. 1.

<2 (G G D I
whence
a—1 2d
102 Tkl oo.p < AT <®Id® O2(Id — Ty ® ® 1d>fi
k=1 k=a+1 oo

1 1 "
=1 i 1)2m2Am) 105 K|, 5

< AT Camens dist(By, Br) ™8| I | 2elmDymttg=(m=1)

asim

< A%_12_(m_1) ‘Ia|m_1 (

x (m(m+ 1) + (m — 1)*>m?A,,);
o o < j = f: with 0,08Tpk = 0a(03T3k), (29) and (30) give

1 m?
i it

< AT CosmCaindist(By, By) 71| 7 Is| T gty +ta=(m=D)
X m2(1 +m + mQAm);

10005 T 0.5 < Aézlm?zrawwugm(

e a < 8 < j: applying Markov’s Theorem (30) twice yields

. j—1,.2 -1,.,2 -1__ % i m+lgm+l
10008Tjk |00, B < Afy m=2|1a| ™ m=2|I4| 2(m—|—1)!|f]| ”aj 9okl oo,B

4
< N Cosmepiydist(By, By) ™ L[~ [I5| ezt Dyt ig=(m =D

asm asm 2

Let us first consider @ < (3: by collecting the above estimates, we obtain as in
Lemma 3.5

10005 (k — 77 8) |,
< CasmCiindist(By, By) ™% (Apm? + m + 1)m22~ (M= A2d=1 —(mt1) m+1

asm m

X ((a — Dep2,dist(By, By) "% + (8 — @)cpbidist(By, By) ™! (min2d | 1;])
+ (24 = (8- 1)) (min2, | ) %),

from which the result follows. An analogous computation for o = 3 shows that the
estimate then still holds, with the same constants ¢; and cp. This concludes the
proof. O
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Remark 7. Lemmas 3.5 and 3.6 ensure exponential convergence with respect to m
provided at least 2c,sy, > 7. For k the Newtonian kernel G, this implies exponential
convergence for n € (0,2), cf. Remark 4.

4. H?-MATRIX TECHNIQUES

In this section, we motivate the concept of hierarchical matrices and give the cor-
responding definitions.

4.1. Motivation. We consider a bilinear form a(-,-) on L?(Q2) given by a double
integration with an asymptotically smooth kernel &,

(37) a(u,v) / / (y)dydz for u,v € L*(Q),

with Q ¢ R? a bounded domain. In the following we require a partition 7 of  and
a block partitioning P of T x T. For n > 0 fixed, a block (o, 7) € P is then called
admissible provided

(38) diam(B, x B;) < ndist(B,, B),

where B, and B, denote axially parallel boxes in R? of minimal size containing
Uo and Ur, respectively; otherwise (o,7) is called inadmissible. Here Uo := {x €
T’T € o C T} (resp. UT := {y S T’T €T C T}) denotes the union of all
elements T' € 7 contained in o (resp. in 7). P is thus split into two subsets Pg,,
and Ppear: the subset of all admissible blocks is called far field and denoted by Pg,,;
the inadmissible blocks are collected in the near field Pyear := P\Pray.

The approximate bilinear form a(, ) is obtained by replacing the kernel function
on admissible blocks by an approximate but degenerate kernel obtained by inter-
polation. More precisely,

(39) a(u,v) = /UU /UT Yo(y) dy do

(0,7)EPpear
/ / )z, y))o(y) dy dz,
Uo JUT

where L(g ™) denotes the tensor interpolation operator with respect to the bounding
box B := B, X B;.
For each 7 C 7 with corresponding bounding box B, define a family (z

(a T)EPsar

M,
3)i )j=0

of interpolation points plus the associated tensor Lagrange polynomials (ET)
where M, € N. Given

=00

I(JT) Z Z T m2 E‘T (@)L7, (y) for (x,y) € U x Ur,

ml_O mo= =0

the second term from (39) can then be written as

W Y S S ke / (o)L, () da / o)L )y

(0,7) EPgar m1=0m2=0

e =:V;7, (u) =V, ()

my mo
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The advantage of this new representation becomes obvious if we discretize a(,-):
consider the basis {¢1,...,pn} of the space Py(7) of piecewise constant functions
on T given by ¢; := xr,, where xr, is the characteristic function on 7 € 7 and

= |T|, and define A € R¥*N by A, = a(yp;, ¢k) and the approximate matrix
A € RVXN by Ajk = a(pj,pr) for all 1 < j,k < N. On inadmissible blocks
(0,7) € Phear, we then simply have A|0XT = A|sxr, whereas for (0,7) € Py, Ais
given by

(41) AZ{|<7><7' = VUSUTVTT ~ A|(7><‘ra
with V7, := V7 (p;) and V}[ =V (k) as defined in (40).

4.2. Block Partitioning. A simple method to find a hierarchical partition P of
T x T is to first construct a cluster tree from 7 by binary space partitioning: one
starts with the root cluster containing all T € 7, splits it into two son clusters
and repeats the procedure recursively until each cluster contains less than a given
number of elements Cys. Geometrically speaking, for every T' € 7T, one chooses a
coordinate axis and splits the set along this axis.

Omne can then use the admissibility condition (38) in combination with the cluster
tree structure to construct P: starting with 7 x 7, one splits each pair of clusters
as long as it is not admissible. This gives a P satisfying 7 x 7 = U(UJ_)E]P,O' X T.
Clearly, a pair (o, 7) can only appear in PP if it is admissible or if either o or 7 is a
leaf. The above procedure can easily be formalized, see e.g. [BGH03, BH02, HKS00]
for formal definitions and algorithms.

4.3. H-Matrices vs. H?-Matrices. Based on the concepts of cluster tree and
block partitioning, the matrix approximation approach outlined in Section 4.1 can
be generalized by introducing a class of data-sparse matrices, the so-called H-
matrices. Given a block partitioning P of 7 x 7 and some k € N, a matrix A €
RN*N is called H-matriz of rank k provided rank(A|,x,) < k for each (o,7) € P.
Moreover, if a factorization of the form (41) holds for a family V' = (V7),.c7 and
some multiplication matrices S°7, A is called uniform H-matriz with respect to the

cluster basis V, cf. [BGH03, HKS00].

Additional structure can be gained by considering uniform H-matrices for which
the corresponding cluster bases are nested: if the space Q,, defined in (21) is used
for interpolation on all clusters, polynomials corresponding to father clusters can
be expressed ezxactly in terms of polynomials corresponding to son clusters. For
7 C 7T and 7’ € sons(7), we have

-

(42) U )L ().

Defining the transfer matriz B™ ™ € RMXM by BT 7= ET( T ) we obtain

M
@) Vi [ wg@a= Y S L6 [ ki@
7/ €sons(7) m=0 T
-y Y

7/ €sons(7) m=0
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forallier C 1, ie, V7| = VT BT, Ais called H2-matriz with respect to V if
it is a uniform H-matrix with respect to V and if V' is nested.

Remark 8. For H2-matrices, one only has to store the multiplication matrices S°7
for all admissible blocks (o, 7) € Pg,,, the cluster matrices V7 for all leaves 7 C 7,
the transfer matrices B™ " for all father-son pairs, and A|,x, on all non-admissible
blocks (0, 7) € Ppear-

Remark 9. To evaluate (39), fast and efficient algorithms for matrix-vector multi-
plication are required. We assume the underlying partitioning P to be sparse in the
sense of [Gra01], with some sparsity constant Csp. Given an H?-matrix 4 € RV*N
and z,y € RY, it can then be shown that the computation of y = Az needs only
O(Nm?) operations to complete. Similarly, both the number of operations required
to build an H2-matrix approximation and the amount of storage needed to store
it are of order O(Nm?), cf. [BGHO03, Gie0l, HKS00]. Note that Cg, enters all
the above complexity estimates; for Cs, — oo, the complexity of the problem will
become unbounded, as well. Estimates on Cy, can be found in [GHO3].

4.4. Global Error Analysis for the Approximate Bilinear Form. By defi-
nition of the admissibility condition (38), one can apply the approximation results
of Section 3.4 on each admissible block (o,7) € Pg,,. Indeed, given some constant
c3, Lemma 3.4 shows that we can choose an approximation order m € N so that

15 = T8kl L (B, x B,y < €3
for all (o,7) € Pgay.
Theorem 4.1. Under the above assumptions, we have
44)  a(u,v) —a(u,v)| < esflullLr@)llvllLr@) < eslQllullz2@)llvll2)

for all u,v € L*().

Proof. For almost all (z,y) € Q x §, we define an integral kernel x(z,y) as follows.
Let S := J{oT | T € T} denote the skeleton of the partition. Note that & C R?
is a set of measure zero. For x,y € Q\S, there are unique elements T,,T, € T
satisfying « € T, and y € Ty, respectively. Since P is a partition of 7 x 7, there is
a unique block (o, 7) € P with (T, T,) € o x 7. Consequently, we may define

_ ) E(,y) if (o, 7) is not admissible,
H(III, y) E (o,7)
I k() else.

Since a(-,-) and a(,-) differ only on the far-field blocks, we have

//u(m)(ﬁ(m,y)—%(x,y))v(y) dydx|,
aJo

la(u,v) —a(u,v)| =

and a Holder inequality yields
la(u,v) —a(u,v)| < ||k = El L= @xo) ullLr @ vl @),

since u(z) and v(y) decouple on Q x Q. Using ||ul|z1(q) < |22 ||ul|r2(0), We obtain
the desired estimate.
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4.5. Global Error Analysis for the Corresponding Matrix. Let U, < L?(Q)
be a finite-dimensional space, and define the stiffness matrix A € RV* and its H?-
approximation A e RNXN by Aji = a(u;,us) and gjk = a(uj, ug), respectively,
for a fixed basis {uy,...,un} of Up. Then, there holds

Corollary 4.2. The approzimation error for the stiffness matrixz A is bounded by
= 2
(45) ||A—A||F S N63(maxéy:1||uj||L1(Q)) .

In particular, the error decreases exponentially with the approzimation order m.
Provided A is a reqular matrixz, A also is reqular for large approximation orders m.

Proof. The first assertion follows by applying Theorem 4.1 to each entry of A.
Regularity is immediate, as the regular matrices GL(N) form an open subset of
RNXN (]

5. GALERKIN DISCRETIZATION OF THE POTENTIAL EQUATION

In this section we provide two different H?2-matrix approaches to obtain a reasonable
data sparse approximation of the stiffness matrix

(46) A e RIVXIN with Ay = a(p;, ¢r)

for a fixed basis {¢1,...,0an} of Po(7T)%, where the bilinear form af(-,-) is defined
as in (15). We recall a result from [Pra04].

Theorem 5.1. For bounded Lipschitz domains w,& C R? and vectors m, m € R?,
we have

(47) a(xom, xgm) = —/8 - G(z —y)(v(z) - m)((y) - m) ds, ds,,

where v and v denote the outer normal vectors on dw and 0w, respectively. Fur-
thermore, we have the symmetry properties

(48) a(xwm, xgm) = a(yzm, xom) = a(x,m, xzm),

and in the case dist(w,@) > 0 there holds

(49) alvum,xai) = [ [ - Holo -~ y)idy ds

with the Hessian Hg of the Newtonian kernel G. g

Now, a reasonable choice for a basis of Py(7)¢ is
(50) @j = XT1,€1, @j4N:=x1;€2 etc. for 1 <j <N,
as is shown in the following. This basis gives rise to the definition of the matrices

(51) A e RVXN for fixed 1 < o, 3 < d, Ajf = a(XT,€a: X1, €8)-

sym
where the symmetry of A®? (i.e., an additional symmetry of A) follows from (48).
Note that — again by equation (48) — we have A®® = AP~  Therefore, A is a
symmetric d x d block matrix with symmetric blocks A®? of dimension N x N,
(52)

All A12 A13

All A12
A= ( 12 29 ) ford=2 and A=| A2 A2 A2 for d =3,
A A A13 A23 A33
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respectively. The idea is to approximate each block A®? by an appropriate H2-
matrix.

5.1. Approximation of A on Far Field Blocks via (49). A direct H%-matrix
approach stems from the far field representation (49) for which the Hessian (i.e.,
the second derivatives) of the Newtonian kernel enters,
0%°G 1 6aplz)? — dzox

m(x) = %% for x € RM\{0},
where 1 < o, 8 < d and 6,3 denotes the Kronecker delta. Obviously, these kernels
are asymptotically smooth with singularity order s = —d, cf. Remark 4. Let P
be a block partitioning with respect to the given triangulation 7. To abbreviate
notation, let llj denote the outer normal vector on the boundary 97 of an element
Ty, and let mj := my |7, € R? be a discrete magnetization m;, € Po(7)%. In
analogy to the previous section and according to (47) and (49), the bilinear form
a(-,) on Po(7)? reads

(53)

(54) a(mp,mp) = — / Gz —y) (¥ (z) - mh)(uk(y)~ﬁll,’i)dsydsm
io1 /ot Jom

= — Z Z Z / Gz — )(u’(m)m{l)(uk(y)rﬁ]ﬁl) dsy dsg

(0,7)EPnear Tj€0 TRET 0T},
+§:/ i (2) - H(e ) i y) dy .
(U’T)E]Pfar Uo ur

As in the previous section, we obtain the approximate bilinear form by replacing the

exact kernel Hg on far field blocks by tensor interpolation I,E,f ’T)HG which is now

understood coefficient-wise [since we are dealing with a matrix kernel Hg(x —y) €
R,
a(mha Iﬁh)

= X XS] @ m) ) ) ds ds,

(0,7)EPpear Tj€0 T ET Ty,
2 / my, () - (Z877) He(x — y)) iy (y) dy do.
(U)T)E]Pfar Uo JUT

The error analysis is completely straightforward following the arguments of Sec-
tion 4.4. We denote by k.3, 1 < a, 8 < d, the second derivatives of the Newtonian
kernel, cf. (53). As before, we assume that the approximation degree m € N is
large enough so that

|6as — I8 Kapll Lo (B, x B,y < 3,
with a constant cs which is independent of (o, 7) € Pg,,.
Theorem 5.2. Under the above assumptions, we have
(55) |a(mp, mp,) — a(mp, my)| < csd|Qf|[mp|L20) [MallL2(0)

for all my,, my, € Py(T)%.
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Proof. With k(z,y) := Hg(x —y) and K as in the proof of Theorem 4.1, we obtain
la(mp, mp) — a(mp, my)| < Q|5 = &l L @xaraxa)|mn | L2 @ra) 04 ]| 22 (@),
where we consider the usual (Euclidean) operator norm | - || on R4*4. Recalling
that the Frobenius norm satisfies ||A]| < ||Al|F := (Z?,k:l A?k) 1/2, it follows that

(2, y) — Kz, )| < sz, y) —E(z, )| F < des.
This concludes the proof. O

Finally, we explicitly state the approximation AoB ¢ RNXN 4 AaB g clarify
what has to be implemented. Recall that A®® € RV*N is defined by A]Of =

a(XT,€a; X1 €3). The computation of A8 ig performed separately on the admissi-
ble and the inadmissible blocks of P.

First, let (o,7) € Pg,, be admissible; given the degenerate kernel

(56)

T kgp(z, y) Z Z Kap(Th, s @, ) Lo (@)L, (y)  for (z,y) € Uo x UT,

ml—O mo= 0

where M = m? and L9, . and L7, are the appropriate tensor Lagrange polynomials,
this implies

A?f—/ /T Rap(z,y) dy de = Z Z Fa (@, T,
X ——

m1=0 mo=0
_Saﬁar

mimg

/ Lo (x)dx E;z (y)dy

— VT
Jm1 kmg

for T; € o and T}, € 7. With the matrices V7 € R“"XM, V™ e RITXM = and
gaBor ¢ RM*M ' the submatrix A®?|, ., of A®? can be computed approximately
by a matrix product

(57) AP m VOB — AP

Second, for an inadmissible block (0,7) € Ppear, we have AaﬁL,XT = a(xr,€a;
x7.€5) = A%|,.; these entries are computed by (47). Double boundary integrals
as in (47) occur in the context of boundary integral methods with piecewise constant
ansatz and test functions. For simple geometries of the elements, analytic formulae
are known, cf. [Hac02, Mai99, Mai00].

Remark 10. Note that only the multiplication matrices S“%°7 and A®# in (57)
do depend on the indices «, 8. Therefore, on admissible blocks (o, 7) € Pg,,, the
matrices A‘w|0XT should be treated simultaneously for all 1 < a < g <d.

Remark 11. For inadmissible blocks (o,7) € Ppear, the matrices .&O‘5|JXT =
A“B|, ., should also be assembled simultaneously, as the entries only differ on
the components of the normal vectors, cf. (47). Since the block partitioning is
symmetric and we are using constant approximation order, AP also is symmetric;
therefore, ij should only be computed and stored for 1 < j <k < N.
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5.2. Approximation of A on Far Field Blocks via (47). A different H2-

matrix approach can be realized by use of (47) and by replacing G by 797G on
admissible blocks. We start out from (54) and consider the following discretization
of the bilinear form a(-,-), where k(z,y) := G(xr — y) now:

Zi(mh, IYlh)

- Y ¥ Z/ (v (2) - 0 ), ) (W () - ) ds, s,

(0,7)€EPpear Tj€0 TRET 8Tk
B Z Z Z / ~/8T (Vj(x) : mi)z-,(g’ﬂﬁ(x7y) (yk(y) . l:flﬁ) dsy dsy.
(6,7)€EPay Tj €0 TRET &

We state the implementational details first. The only difference to Section 5.1
is in the way how A is computed on admissible blocks (o,7) € Pg,. Given the
degenerate kernel

T Z Z T ) L8 () LT, (y),

mq= Omz 0

we obtain for T; € o, T}, € T using integration by parts

A‘”‘,f = a(X1;€as XT,©8) / / v (2)Z80 k(x, y)uﬁ( ) dsy dsg
o1, J o,

o
= - Z Z 7rL1’ ’mz or ‘c’ml Vj dsi/ L?ng )dSy

mi= Omz 0 J
M M
ooy [ 0L [ OLh,
——E E m(wml,xmz) o dz By dy .
m1:0m2:0T T; o Tk B8
T Hmymg
_.yoa 8
VJMl 7Vkm2

Remark 12. The integrands in V77 and V,;SQ are computable, as formulae for
the first derivatives of the Lagrange polynomials in one dimension can easily be
derived by induction: given L; € Pp,, we have

UL | -t
£(t) = £
’ ;ta‘—f’c e:Hl tj —te
k#j g {5k}

Remark 13. Note that the multiplication matrices S°” do not depend on «, 3
here. Thus, we now have to assemble and store S°7, the matrices V* and V™7 for
all leaves o, 7 of the cluster tree only, and the father-son transformation matrices
BT'". This is a significant difference to Section 5.1, where the computation of
SeBo7 of VT for all leaves 7, and of B™'T is required.

The results of Section 5.1 now carry over immediately; however, we have to assume
that m is large enough so that

0005 (K — Ir(rg’T)'%)HL""(BUXBT) <c3
for k(x,y) = G(x —y), with a constant ¢z which is independent of (o, 7) € P, and

1 < a, B < d. The existence of such a constant is a consequence of Lemma 3.6. In
complete analogy to Theorem 5.2 we conclude:
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Theorem 5.3. Under the above assumptions, we have
(58) |la(mp, mp) — a(mp, my)| < csd|Qf|[my|r20) [MallL20)
for all my, my, € Po(T)?. O

5.3. Solvability of the Approximate Discrete Model (]?]Bs,h). Suppose a
triangulation 7 of Q by rectangular, axis-parallel boxes to be given. The Gauss
Divergence Theorem then shows that the restriction of P, P|p (74, is injective, cf.
[CP04a]. In particular, there exists a constant ¢4 such that

a(mp, my) = HthH%z(Rd) > C4||mh||%2(9) for all my, € Po(7)%

Theorem 5.4. Given the above assumptions, take m large enough so that Cys :=
¢y — ¢c3d|Q > 0, with c3 from Theorems 5.2 and 5.3, respectively. Then, the ap-
prozimate discrete model (RP¢ ) has solutions. In case Cqy > 0, the solution to
(RP.,},) is unique.
Proof. As

a(my,my) > a(my, my) — |a(my, my) —a(my,my)| > Carlmal[72q),
one concludes with Cyqr > 0 that the approximate bilinear form a(-,-) is positive
semidefinite, and even positive definite if Cq¢ > 0. Thus, the symmetry of a(-,-)
shows that mj;, — a(my,myp) is a convex functional. In sum, the approximate
energy functional
(59)

~ 1_ 1
E(my,) ::/¢**(mh)dx—/f.mhdx—i——a(m;“mh)—i——/5_1(|mh|—1)idx
Q Q 2 2 Ja

is continuous and convex. Coercivity of E follows from the last term in (59), i.e.,
from the penalization energy contribution.
The Direct Method of the Calculus of Variations now proves the existence of (global)

4 are zeros of the corresponding

minimizers for E(-). As minimizers of E in Py(7)
Gateaux derivatives, which read (Elga7h), we have thus shown the solvability of
(Rps,h)'

To prove uniqueness in case Cqr > 0, assume (A, my) and (Xh,fflh) to be two
solutions of (]/;2\135);1) now. One immediately finds

(60) a(my —my, my, —mp) + (D™ (my,) — DP™ (my) ; my, — my)r2(q)
+ ()\hmh — thflh ;my — fflh>L2(Q) =0.

As ¢™* is convex, the second term in (60) cannot be negative, whereas the third term
is non-negative by a direct calculation [CP01]. Hence, a(m, — mjy, m;, — my) = 0,
which implies mj, = my, due to the definiteness of af(:, ). O

Remark 14. The a priori and a posteriori error analysis for the approximate model
(RPe ) is the topic of ongoing research and will appear in a subsequent work.

6. NUMERICAL EXPERIMENTS

In the following section we collect the results of our numerical experiments. We
compare the performance of the two H2-matrix approximations introduced in Sec-
tions 5.1 and 5.2 to that of the standard approach using the full stiffness matrices.
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6.1. Implementational Details. All numerical experiments were conducted us-
ing the HLib software package provided by S. Bérm and L. Grasedyck of the Max-
Planck-Institute for Mathematics in the Sciences (Leipzig). We utilized a Com-
paq/HP AlphaServer ES45 under Unix, with four Alpha EV68 CPUs running at 1
GHz each and 32 GBytes of RAM.

For our experiments, we varied the interpolation order m in the H2-matrix approx-
imation between 2 and 6. As for the parameters, we fixed the maximum leaf size
Cys = 20 and the admissibility parameter = 1 throughout. However, to avoid
having to vary Cps with m, we decided to store admissible blocks (o,7) € Py, as
full matrices whenever |o||7| < M,M,, i.e., whenever storing the full matrix was
less expensive than storing the corresponding multiplication matrix S°7.
Moreover, to be able to use the supplied HLib routines with as few modifications
as possible, we did exploit the symmetry of A®? when setting up the matrices, but
neglected it in the process of storing them.

6.2. Full Matrices vs. H2-Matrices. In a first example, we restrict ourselves to
a comparison of the properties of A and its H?-approximation A. For simplicity, we
assume the domain € to be the unit square, Q := [0,1] x [0,1] C R?, and consider
a uniform triangulation of {2 consisting of rectangular elements. The number N of
degrees of freedom is varied between 256 and 1048576. Note that for N > 16384, we
have no longer set up the full matrix A, but have approximated it by an H2-matrix
with m = 10; all subsequent references are made to this approximation.

We compare the results of our two H2-matrix approaches for fixed approximation
orders m.

First, we give the relative approximation errors |[A — A|l2/||All2; the values are
collected in the following Tables 1 and 2.

TABLE 1. Relative approximation errors (first H2?-matrix ap-
proach, cf. Section 5.1).

(Nm ] 2 [ 3 [ 4 [ 5 | 6 |
256 || 2.38605_3 | 2.42547_4 | 2.22014_1¢ | 2.36817_16 | 2.10329_1¢
1024 || 4.66221_3 | 4.74404_4 | 4.42905_5 | 4.45515_¢ | 3.85638_7
4096 || 6.08654_3 | 6.08069_4 | 6.14339_5 | 5.88869_¢ | 5.21420_7
16384 || 7.28966_3 | 7.41998_4 | 7.76218_5 | 7.11627_¢ | 7.26753_7
65536 || 8.42299_3 | 8.57423_4 | 8.83683_5 | 8.26648_s | 8.21227_5

TABLE 2. Relative approximation errors (second H?2-matrix ap-
proach, cf. Section 5.2).

(Nm] 2 [ 3 [ 4 [ 5 | 6 ]
256 || 1.47377_o | 1.80771_3 | 2.46549_1¢ | 2.25802_1¢ | 2.15506_1¢
1024 || 3.80124_5 | 3.47728_5 | 2.38627_4 | 2.65527_5 | 2.05902_¢
4096 || 5.48085_2 | 4.98563_3 | 4.17924_, | 3.81013_5 | 3.65331_¢
16384 || 6.54358_> | 6.24201_3 | 5.19552_4 | 5.21367_5 | 5.78795_¢
65536 || 7.10886_2 | 7.69041_35 | 6.14949_4 | 6.02877_5 | 6.88747_¢
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In summary, the errors in the second approach (cf. Section 5.2) seem to be larger
by one order of magnitude. The convergence rates, however, are optimal in both
cases: every increase of m by one reduces the error by an order of magnitude. Note
that for N = 256 and m > 4, our choice of Cy implies that there are no admissible
blocks; the error in this case is due to rounding. The error estimates themselves
are computed by a power iteration, with a maximum of 100 iterative steps.

Second, we consider the times needed for building the two H2Z-matrix approxima-
tions and compare them to the setup times of the full matrix A, see Tables 3 and
4.

TABLE 3. Setup time in seconds (first approach).

| N/m [ 2 [ 3 | 4 [ 5 | 6 [ ful |
256 0.7 0.7 0.8 0.8 0.8 0.8
1024 3.8 3.8 9.0 9.0 10.3 13.5

4096 18.1 18.0 50.9 o1.1 60.1 215.6
16384 78.2 78.5 2374 | 2379 | 286.1 n/a
65536 | 329.0 | 330.9 | 1037.3 | 1042.2 | 1263.9 | n/a
262144 || 1353.3 | 1361.8 | 4303.4 | 4308.8 | 5248.6 || n/a
1048576 || 5421.2 | 5925.1 | n/a n/a n/a n/a

TABLE 4. Setup time in seconds (second approach).

| N/m [ 2 [ 3 [ 4 | 5 [ 6 [ ful |
256 07 | 06 | 08 | 09 | 09 | 08
1024 38 | 39 | 91 | 91 | 104 | 135
4096 || 181 | 180 | 511 | 51.4 | 60.7 | 2156
16384 || 78.6 | 784 | 238.0 | 2385 | 287.7 | n/a
65536 || 330.1 | 3315 | 1036.8 | 1037.3 | 12628 | n/a
262144 || 13435 | 1349.4 | 4291.0 | 4311.0 | 5259.6 | n/a
1048576 || 5450.3 | 54454 | n/a | n/a | n/a || n/a

The time required for setting up the full matrix by far surpasses the setup times of
the approximations; the gap increases with the number N of degrees of freedom.
For m fixed, the difference between the two approaches is negligible here.

Third, of particular interest is the amount of memory required for storing the matrix
approximations, as compared to the storage requirements of the original matrices;
these are listed in Tables 5 and 6.

Overall, the figures compare very favourably with the storage required by the full
matrices; here, the second approach is clearly superior to the first one for m fixed
and N large. This is probably due to the fact that the multiplication matrices on
admissible blocks only have to be stored once instead of for each block. Note that
on meshes with N small, the memory requirements slightly favour the full matrix
approach. This is due to the organizational effort involved in constructing the
cluster tree of the H2-matrix approximation and in allocating memory blockwise
for subblocks instead of for the whole matrix.
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TABLE 5. Memory requirement in KBytes/N (first approach).

(W [ 2[5 [ &[5 [ 6] fi ]
256 52 | 56 | 6.8 | 7.2 | 7.6 6.0
1024 8.8 | 11.6 | 18.8 | 20.5 | 22.1 24.0
4096 11.4 | 16.2 | 28.9 | 34.6 | 42.6 96.0
16384 12.9 | 19.1 | 35.5 | 44.6 | 58.2 384.0
65536 13.7 1 20.7 | 39.3 | 50.6 | 67.9 || 1536.0
262144 || 14.2 | 21.6 | 41.3 | 53.9 | 73.4 || 6144.0
1048576 || 14.4 | 22.1 | n/a | n/a | n/a || 24576.0

TABLE 6. Memory requirement in KBytes/N (second approach).

| N/m [ 2 | 3 ] 45 ] 6 [ ful |
256 5.2 | 55 | 72 | 81 | 9.2 6.0
1024 83 | 94 | 18.6 |19.9| 225 24.0
4096 10.4 | 12.2 | 26.9 | 29.5 | 35.4 96.0
16384 || 11.6 | 13.8 | 31.8 | 35.6 | 44.1 | 384.0
65536 || 12.2 | 14.8 | 34.6 | 39.1 | 49.2 || 1536.0
262144 || 12.6 | 15.2 | 36.0 | 40.9 | 51.9 || 6144.0

1048576 || 12.7 | 15.5 | n/a | n/a | n/a || 24576.0

Altogether, these numerical experiments underline the applicability of H-matrix
techniques to the discretized potential operator P from (RP; ). For given approx-
imation order m, the first approach leads to lesser approximation errors, but is
otherwise also more costly numerically, as is reflected by the much higher storage
requirements.

In a certain sense, however, the two approaches seem almost equivalent: if we
require some fixed accuracy, the approximation order m always has to be higher by
one in the second approach, as the errors lag behind by one order of magnitude.
A comparison of the respective setup times and memory requirements then shows
the numerical cost to be almost even.

6.3. An Example with Known Exact Solution. In our second example, we
consider a model problem for the relaxed Landau-Lifshitz problem (RP) taken from
[CP04b]. As above, let the domain © be the unit square; assume 2 to be filled with
some uniaxial magnetized material, with the easy axis given by e = (—1,1)/v/2
and the corresponding normal by z = (1,1)/v/2, see Remark 1. Define (m,\) €
W (Q;R?) x L>(Q) as

fi <1 0 f <1
(61) m(z) := . or le] < 1, and A(x) := orlel < 1,
x/|z| for |z| > 1 1 for |z| > 1.
Then, (m, ) solves (RP) with given right-hand side
(62) f:=Pm+ (m-z)z+Am in L*(Q;R?),

cf. (11),(12). In the following, we replace Pm in (62) by Pmy, where m7 denotes
the piecewise integral mean of m. Note that there are no fully analytic examples
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for (RP) with known solutions, which is why we have to restrict ourselves to the
present model.

As m is Lipschitz continuous and therefore in W1:°°(Q;R?), the a priori analysis
from [CPO04b] yields [[(m — my) - z||2(0) = O(e + h), with ¢ the penalization
parameter from (14). For our experiments, we choose ¢ = h and compute the
discrete solution my, = fol xjp; with respect to the basis {¢1, ..., pan} from (50)
by a classical Newton-Raphson scheme: the unknown coefficient vector x € R2¥ is
determined as the unique zero of

(63) F(X) = (<th + ng**(mh) + Apmy, —f g0j>)jfl =0.

[A detailed discussion on the relevance of € can be found in [CP04b].] Note that
the convergence of the Newton-Raphson method is not guaranteed mathematically,
since F' is only differentiable almost everywhere. The Jacobian of F' can be written
as a finite sum DF(x) = A + E;\Ll D;(x) with symmetric positive semidefinite
matrices Dj(x) € R2V*2N cf. [CP04a]. For a triangulation by rectangular elements
such as ours, the matrix A can be shown to be positive definite by applying the
Gauss Divergence Theorem, see [CP04b]. We therefore employ a preconditioned
conjugate gradient method, with the LU decomposition of a coarsened H-matrix
version of A as preconditioner.

TABLE 7. Number of Newton steps: first approach (left), second
approach (right).

[ N/m [[2][3]4[5[6] [ N/m [[2]3]4]5[6]
256 [ 6]6]6]6]6 256 [[6]6]6]6]6
1024 [8]8|8[8|8 1024 | 8|88 (8|8
1096 | 8|8 [3]8 8 1096 | 78888
16384 |9 9999 16384 |88 9[99

In Table 7, we summarize the number of Newton steps required for finding the
coefficient vector x of my, in (63). One sees that the number of steps is nearly
constant, i.e., independent of m and growing only slightly with N.

Figure 2 gives the convergence history of the full error [[m —my, || 2 () for different
choices of the order m in the H2-matrix approximation. The convergence rate is
almost the optimal 1/2, up to minimal deviations which are presumably due to
the fact that we approximate Pm by Pmy in (62). As was to be expected, the
interpolation order m has to increase with the number N of degrees of freedom in
order to maintain optimal convergence; the effect is clearly more pronounced for
the second approach.

Note that we consider the full L? norm instead of |D¢**(m) — D¢**(mp)||12(0),
although only the latter is covered by the available a priori error analysis. Recently
it has been shown that one always obtains weak L? convergence of m; — m; more
precisely, there holds ||m — mp| 7. = O(e + h), cf. [CP04c] . Nevertheless,
the numerical experiments available from [CP04b] indicate that one may hope for
sharper results.
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FIGURE 1. The discrete solution (mp,Ap) of (RFP: ;) as in the
model example for N = 1024, with mj on the left (displayed as
vectors my|r and |my|r|) and Aj, on the right. In the white region,
we have |my| <1 and therefore A, = 0.

im-ml,
fim-ml,

5,

FIGURE 2. Experimental convergence of |[m — my,||z2(q) over N:
first approach (left), second approach (right).
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