ASYMPTOTIC APPROXIMATION OF A MODIFIED COMPRESSIBLE NAVIER-STOKES
SYSTEM

RYAN GOH, C. EUGENE WAYNE, AND ROLAND WELTER

AsTrAaCT. We study the long time asymptotics of a modified compressible Navier-Stokes system (mcNS) inspired by the
previous work of Hoff and Zumbrun |4]. We introduce a new decomposition of the momentum field into its irrotational and
incompressible parts, and a new method for approximating solutions of the heat equation in terms of Hermite functions
in which nt" order approximations can be computed for solutions with nt" order moments. We then obtain existence of
solutions to the mcNS system and show that the approximation in terms of Hermite functions gives the leading order terms
in the long-time asymptotics, and under certain assumptions can be evaluated explicitly.

1. INTRODUCTION

The compressible Navier-Stokes equations are given by

a5 (229)] cor-aa(2) s (%)

These equations model the flow of a fluid with density p, momentum 7 and pressure P. We assume that the
fluid is barotropic, hence P = P(p) is a function only of the density. In the present paper, we are motivated
by the question of stability of the constant density, constant momentum solution (p*,7*)7 to the compressible
Navier-Stokes system in three dimensions, which without loss of generality we can take (p*,m*)T = (1,0)7.

Kawashima appears to have been the first to partially answer this question in dimension d > 1. In |7], he
proves existence of global solutions for a general class of hyperbolic-parabolic systems which include and
proves these solutions decay in LP at a given rate for p > 2. In the course of his analysis, he studies a system
with an artificial viscosity term, then shows that the results hold in the limit that the viscosity term is taken to
Z€ro.

Hoff and Zumbrun ([4], [5]) study the asymptotic behavior of small perturbations from the constant state
for the compressible Navier Stokes equations. Following Kawashima, they prove existence of solutions u(t) =
(p(t),m(t))T for initial data ug € L* N H* chosen sufficiently small for some s > [4] + 1, and find that the
solutions decay as ||u(,t)||lzr < Ct_%(l_%) for p > 2. They show that there exists a unique linear, artificial-
viscosity system associated with given by

1
Op+V-m= §(€+77)Ap
(2)
1
8tﬁ'L+02Vp:eAm+§(n—e)V(V-rﬁ)

which can be used to approximate solutions to , in the sense that

. ~4a-1)-1
1) = G(t) * ugllzr < Ct

where G is the Green’s matrix of . They go further by obtaining decay rates in LP for 1 < p < 2, and
show that the momentum field can be decomposed into an irrotational and incompressible piece, and that the
solutions are asymptotically irrotational as measured in LP for 1 < p < 2 and asymptotically incompressible for
p > 2. Furthermore if one additionally has (1 + |z|)up € L', then the solutions can be approximated by the
explicit function

lu(- 1) = GOU||1» < Ct2075)72
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where U = [ uody is the total mass vector. The Green’s matrix is shown to consist of diffusing Gaussians which
are convected by the fundamental solution of a wave equation, which they call diffusion waves.

Recently, Kagei and Okita [6] extended the result of Hoff and Zumbrun by computing a second order approx-
imation to the solutions of in dimension d > 3. Among their findings, they prove that

- > 0 —40-1)-3
Hu(t)_G(t)*UO_ZaxiGl(t,') . Fi dydsHLp <Clog(1+t)(1+1t) 2 »
i=1

for p > 2, where G(t) is the Green’s matrix for the linearization of (1)), G1(¢) is a low frequency cutoff of G(t),
and the F? are quantities which can be computed with knowledge of the solution p(t), m(t), as well as knowledge
of the pressure P and its derivatives. Their results also show that the solutions can be explicitly approximated
by Gaussian functions

“U(t)—Gl(t)/Uod?J+Z 97 Gu(t, ')/yauody—izd;axiGl(f,')/ooo

=1

0 _2(1_1)_5
fidydsH < Clog(1+4t)(1+t) 207574
Rd Lpr

if one includes the additional correction factor given by the F? terms.

On the other hand, Gallay and Wayne (|2], [3]) study the asymptotic behavior of solutions of the incompressible
equations in two and three dimensions. They show that one can obtain an approximation of any desired order
if one is willing to assume more spatial locality. Specifically, if one chooses % < p < 2and n € Z>o such that
n > 2,u+% the for initial data (1+ |z|)"ug € L? one can obtain the existence of solution u(t) and approximations

Ugpp,k(t) such that

n
lu(t) =3 ttappi(®zr < CE07H1

k=1
where the approximation terms wgpy x(t) are also given in terms of diffusing Gaussians and their derivatives.
The key insight is that for each moment that the solution has one can compute a higher order, and hence more
accurate, approximation.

We aim to use the tools developed in [2], [3] to extend the approximation of solutions to the compressible

Navier-Stokes in [4], [6] to a higher order. To do so we begin with the modified compressible Navier-Stokes
system

1
8tp+V-ﬁi:f(e+7])Ap
(3) S
Ay + [v-(m®m)]T+c2vp=eam+§(n—e)vw.m)

obtained from by adding an artificial viscosity term and assuming that the density is bounded away from
zero. From the work of Hoff and Zumbrun, we know that the leading order long-time asymptotics of are
the same as those of the compressible Navier-Stokes equations, but this model is somewhat simpler from a
technical point of view, so we defer the consideration of to future work. For incompressible fluids, the work
of Brandolese [1] showed that solutions of the Navier-Stokes equation which initially have finite moments may
fail to have finite moments at later times. This problem does not occur if one works with the vorticity. While
it is not known if the momentum field of the compressible Navier-Stokes equation has this same property, we
avoid its possible appearance by working with the curl and divergence of m. If one lets a =V - m, &d = V x m,

and u(t) = (p(t),a(t),&(t))” and computes the divergence and curl of , one arrives at the curl-divergence
form of the modified compressible Navier-Stokes system:

(4) Ou = Lu — Q(u,u)

where we let v = %(e + 1), I3 be the 3 x 3 identity matrix and where

vA —1 0
£=|-c2A vA o Quyu) = [ V- [0 Or, (myi)]
eAl3 V x [Z?:l Ou; (m]ﬁiﬂ

We take as our starting point, and address the question of equivalence to the original system in the
course of our analysis. Our main results can then be summarized in the following theorem:
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Theorem 1. Let iy = (po,ag, o)’ where ag, &y have zero total mass (ie fR3 ap(xz)dx = 0), and suppose
(14 |z|)"idp € WP x LP x (Lp)3 for some 0 <n <2 and forall1 <p< % If k > 1 is fized and if

o= sup (1041l poll 1108+ )0l + 11+ o) "ol 1)
1<p<3/2

is chosen sufficiently small, then there exists a unique mild solution (p(t),a(t),d(t)) of ({4)) such that for a blowup

rate rop and decay rates Uy p . bnp o defined below we have

102 p()1r < CEpt™ew (1 4 £)Cnw0*3
102a(t) ||y < CEpt™ " (1 + 1)~ o

|07@(t)||Lr < CERt™ P (1 + t)*fn,p,o

for la| < k — 1, where C depends only on n,k,v,e. Furthermore, for n > 1 there exist efficiently computable
functions (papp, aapp,diapp)T such that

19z (p(t) - papp(t)) lor < CEpt™" (14 t)*fn,p,wé—é
105 (a(t) = aapp(t)) || r < CEpt™"r (1 + t)—lfn,p,o—%
1

102 (5(t) — Bapp(t)) 1o < CEpt 7w (14 £)~frr0~3

and for n = 2 one can take these functions to be explicitly computable with knowledge only of the moments of
order |n| of the initial data.

For n,u € R>g, let |[n|1 = min(n, 1) and |x|1 = min(u, 1), and we define the rates via

(5) Top = 59 %{' o fOflSZ;S% gnpu: %(1—%)4_%_“ fOTlSpS%
’ @ ? U
5(5_5)+7 fOI“pZ§ %4_%_# fOI“pZ%

<
6 <
(6) (l—l)—l—@—u for p >

’ _{g(l—;)—%—ktgjl—u for 1
n7p7ll‘—
2

p

In section 2, we prove a number of inequalities for later use in our existence and asymptotic analysis. We also
introduce an expansion for solutions of the heat equation which we call the Hermite expansion, and demonstrate
how it works for related systems. In section 3, we prove that has unique solutions, and that these solutions
remain in the same weighted Lebesgue spaces as the initial data. We obtain asymptotic rates for these solutions
in weighted spaces, and find our solutions are asymptotically irrotational as measured in LP for 1 < p < 2
and asymptotically incompressible for p > 2. In section 4, we prove results about the accuracy of the linear
approximation, and then show how this approximation can be improved if the initial data is appropriately
localized.

1.1. Mild formulation. The nonlinear term in still depends on m, and hence we introduce the operators
Ila = V(A_la)
(7) . .
Bi=-V x (A w)
and
3
N(a,@) = 3y, ((Ma + Ba); (Tla + B3))
j=1

Note that the inverse Laplacian is well-defined only when we make a suitable choice of function spaces for a and

. We will do so below in subsection [2.1] and then obtain estimates for the action of IT and B over these spaces.
3



We can now apply Duhamel’s formula to obtain an integral formulation of :
t
p(t) = Opw(t) x K, (t) * po — w(t) * K, (t) * ag + / w(t —s)*« K,(t —s) = [V - N(a(s),d(s))]ds
0
t
(8)  a(t) = —0%w(t) * K, (t) * po + dpw(t) * K, (t) * ag — / dw(t — s) * Ky(t — s) * [V - N(a(s),d(s))]ds
0

G(t) = Ke(t) x &y — /0 Ke(t — s) = [V x N(a(s),d(s))]ds

Here we use the fact that the Green’s matrix G for the linear part of the hyperbolic-parabolic system for p,a
above can be decomposed as the composition of the wave evolution with the heat evolution

(9) G(t) = (”0> = Gw(t) * [Ky ()] * <ZO> ]

ap 0
in which
_( Gw(t)  —w(t)
aw) = (5hutty amis
is the Green’s matrix for the wave evolution, K, (t) = m exp [ - %} is the scalar heat kernel and Is is
the 2 x 2 identity matrix. The wave operator w(t) is the Fourier multiplier defined by
sin(ct|£])
§t) = —
o0 ="

which together with its temporal derivatives determine the components of the wave evolution for various initial
data. For sufficiently smooth functions this can be expressed via Kirchhoff’s formula, which in odd dimension
d > 3 is as follows:

(wxh)(z,t)= > bag(ct) Dh(x + ctz)z%dS(z)

0<al< 53 ==L
(10) O h)(z,t) = > baa(ct)! Dh(x + ctz)z%dS(z)
0<fal<ds? =

@Pwsh)(,t)= Y bag(ct)! Dh(x + ctz)z%dS(z)

1<]a|< gL l21=1

with S, the surface element on the unit sphere, and some constants b, ;. Finally, K(¢) is the diagonal matrix
having the heat kernel K (t) for each entry on the diagonal.

We want to prove existence of mild solutions to in some function space and determine the asymptotic
behavior of these solutions. We'll see that the natural setting for our analysis is found in the homogeneous,
algebraically weighted Lebesgue spaces

L) = (F W@y = ([ oI @) " < o0)

and their inhomogeneous counterparts
p np p 1/p
LP(n) ={f : [ f(@)llLr(n) = ( R3(1 + |z|)"P| f (2)| da:) < oo}

We let WP (n) be the subspace of the Sobolev space W¥P consisting of algebraically weighted, weakly differen-
tiable functions:

WhP(n) = {f € WE | f I pipiny = D 108 FI17, 0 < o0}

|a| <k
We also introduce the vector-valued function space ILP = (Lp)d with norm
[@llLe = max lwil|Le
1=1,2,3
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as well as the function spaces LP(n) = (Ic/p(n))d, LP(n) = (Lp(n))d and W*P(n) = (WkP(n))? with analogous
norms. Furthermore let LL be the closure of the space of divergence free vector fields in the space LP, and let
L2 (n), LY (n) and WhP (n) be the closures in the analogous spaces. Finally, we will make use of Schwartz class
functions as tools in our analysis, and hence we will write S for the space of Schwartz class functions and S, for
the space of Schwartz class divergence free vector fields.

2. PRELIMINARY ANALYSIS

2.1. The II and B operators. The results here apply to the d = 3 case. We first define the operators II and
B for (a,d) € 8 x S, via (7). Note that the inverse Laplacian is well defined on the space of Schwartz class
functions, and for such functions we have

Mo=—+ [ =Y 0 o= L [ -y xel),

- : d — f
im Jys [z — yP? o in Jus o Jz-yP Y

In the following proposition we obtain estimates on the action of Il and B, which then allow us to extend
these operators to be defined on all of LP(n) x L5 (n), for suitable choices of p and n.

Proposition 2.1. Leta € S and J € S,
(a) Suppose that 1 < p1 < oo. Then there exists a constant Cy depending only on p1 such that

(11) H(‘)xiHaHLm < CIHCLHLpl ’ HawchUHLm < ClH(EHLPl
(b) Suppose that n € [0,2) and 1 < p3 < p2 < oo are such that

(12) r_1.1

and ps3 satisfies the constraint
1—n 1 3—n

< <
3 P3 3

Then there exists a constant Co depending only on n,ps such that

(13) ITalzr2(n) < Callallprsmy 5 1BG|Lren) < Colld||Les ()

(c) Suppose n € [1,3), 1 < p3 < p2 < 00 solve and p3 satisfies the new constraint
3—n 1 4-—n

3 p3 3

If, in addition, a and & are such that

(14) ‘éﬂ@Mx:O , u&ﬁ@ﬂm:O

then there exists a (possibly different) constant Co depending only on n,ps such that holds.

The proof of these estimates follows closely the strategy used to the study the B operator in Proposition B.1
of [3], but we extend the results to general values of p and n, rather than focusing on the L? based spaces in
that reference, as well as studying the operator II. We defer the proof to Appendix [A] The following Corollary
is immediate from the definition of the I, B operators for a,& € LP3(n) x LE?(n):

Corollary 2.2. (a) Suppose p1,C1 are as in Prop. part (a). Then for a € LP* & € LY holds.
(b) Suppose that n,ps,p3, Co are as in Prop. part (b). Then for a € LP3(n) and & € L5 (n) (13) holds.
2.1 14

(¢) Suppose that n,ps, p3, Co are as in Prop. 2.1| part (c). If a € LP*(n) and & € 1LH?(n) satisfy , then

holds.
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2.2. Heat evolution estimate. In any dimension d > 1, the heat evolution tends to dissipate the LP norms
of a function. We have D s

102K () % fllze < Cot) = ~2GT |||l
using Young’s inequality for 1 < ¢ < p < oo and f € L?. In weighted spaces, one can obtained faster decay

under certain conditions described in the following proposition, which is an extension of Proposition A.3 found
in [3]. We defer the proof to Appendix

Proposition 2.3. For dimensiond > 1, let 1 < q <p < 0o be Lebesgue indices, let n, pu € R>¢ be weight indices
such that n > p and that 3 1 € Z>o such that d(1 — %) +n<n<d(l-— %) +n+1, and let f € L9(n) be such
that its moments up to order i are zero, ie for all multi-indices B € N, |3] < 7 we have

/ 2P f(x)dz =0
R3
Then there exists a C > 0 depending only on d,p,q,n, u, @ such that

_lel_de1_1 _n—u
(15) 109 K () # Fllog < Cot)™ 2 20 (14 0) ™2 fl| oy

2.3. Heat-wave evolution estimate. We obtain the following bounds on the heat-wave operators of the linear
evolution of the p, a system in homogeneous weighted spaces in a general odd dimension d > 3.

Proposition 2.4. For general odd dimension d > 3, Lebesgque index ¢ > 1 and weight n > 0 there exists a C' > 0
depending only on d,c,v,n such that the following estimates hold:

d—3 _d—1,{_1
(1=

d—1 d—

(16) 18w (2) * Kv(t)Hiq(n) < Ct%_g(l_é)(l + t)%JrT—Tl(l—%)

”&?w(t) * K”(t)Hiq(n) < Cti_%_%(l—%)(l + t)%—l—%_%(l_é)

We defer the proof to Appendix Note that the term d2w(t) * K, (t) blows up as t — 0 as a result of the
fact that K, (t) tends to a delta function, and hence the LP norms of derivatives of K, (t) in the formula
become arbitrarily large. However, when the heat-wave operator d2w(t) * K, (t) acts on a function with a little
bit of smoothness we can obtain the following improved estimate with milder blow up, the proof of which we

defer to Appendix

Proposition 2.5. Suppose pg € W4(n) for some q¢ > 1. There exists a C > 0 such that forp > q and p < n

we have

11 —1/,1_1

_d(1 y—lyd=1_d-1(1_ 1
102w () % Ko (1) % poll oy < C 22 (14 025072670 gl

2.4. Hermite expansion. We aim to study the asymptotic behavior of solutions to by computing an
expansion of the solution using Hermite functions. This is the point where we begin to diverge strongly from
the approach of [4] or [6]. We illustrate this process first for the heat equation. To do so, we define

d
do(z) = (4m) 2 exp [ — — -]
and let H, be the ath Hermite polynomial given by
olel w2 a2
Ha(z) = —re 705 (e 1)
Note that these satisfy the orthonormality property:
(17) (Hal(), 920()) = dag

Proposition 2.6. For arbitrary dimension d > 1, suppose that ug € L'(n) for n > 0. If u(t) = K, (t) * ug is
the solution of the heat equation in C° [[0, oo),Ll(n)], then we can write
u(z,t) = Z (Ha,u0)00 Ky (t) * ¢o(z) + R(x, t)
laf<[n]
where for any u <n
,d(l,l),%
IRC Ol g < Clluollpry(wt) 20>
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Proof. If we write
u(a,t) = Y (Ha,uo)03 Ky (t) * do(x) + Rz, t)

laf<[n]

then we note that the remainder term R(x,t) is itself a solution of the heat equation. Furthermore, we note
that at time ¢ = 0 we have

<H5,R(-,O)> =0

for all |3] < [n]. Therefore R; satisfies the moment zero condition required in Proposition which then gives
us our result. N

The Hermite expansion illustrates a few of the features of the heat evolution. We note that orders of this
expansion decay sequentially faster, and the remainder at least matches the fastest decay rate. The Hermite
functions are self similar under the heat evolution, in the sense that the heat evolution acts on these functions by
dilation and scaling. See [2] for details. Importantly, the Hermite expansion illustrates how the heat evolution
dissipates the moments of a function. The ath moment evolves according to the ath term in the Hermite
expansion. For instance, the zeroth order Hermite function gives an explicit example of an initial condition for
which the heat evolution preserves the L' norm, yet has any degree of algebraic decay one could ask for, and
hence the estimate in is sharp with respect to the zero mass condition. However, the L norm decays, so
here the heat evolution is spreading mass around, but it conserves the total signed mass. The first order Hermite
function provides an example where the total signed mass is zero, and we see that its L' norm does decay. The
Hermite expansion can be used to show that this holds in general, and similar statements can be made about
higher order moments.

2.4.1. Hermite expansion for the hyperbolic-parabolic system. We need a Hermite expansion for the hyperbolic-

parabolic system
(18) Owpr = vApr —ar
oway, = —CQA[)L +vAag,

Asin we can write the solution of the linear equation in terms of the heat-wave operators via
(19) pr(t) = Orw(t) * K, (t) * po — w(t) x K,(t) x ap
ap(t) = —0%w(t) * K, (t) * po + Opw(t) * K, (t) * ag

Since the heat and wave operators commute, we can apply them sequentially, and since K, (t) * pg and K, (t) *ag
are solutions of the heat equation, we can use the scalar Hermite expansion. We define

e (@) -G R) we (38)-GR0IRE)

where é; are the standard unit two vectors. We determine these asymptotic profiles explicitly in Appendix [D|
below. We then have the following analogue of the Hermite expansion, where for convenience we assume that p
has at least one weak derivative:

Proposition 2.7. For general odd dimension d > 3, suppose that po € Wbl (n), ag € L'(n) for n > 0. If
(pr(t),ar(t)T is the solution of in CY[[0,00), L' (n) x L*(n)], then we can write

() = 5 o () e (20) + (226e)
|| <[]

where for any up <n

d d—
Hl_dl1-1)-24y

,d(l,L)
loLa( D) zog < Cllpollriny + llaolligy)t 207 (1 +4) :
_dr_1 d=1_d—=1¢_1y_n
larr( D) zog < Clpollrn + laollzig )t 207 (1 +8) T — 7 07 matn

The proof makes use of Props and is similar to that of Prop and we leave it to the reader.
7
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2.4.2. Hermite expansion for divergence free vector fields. We will assume the dimension d = 3 for the remainder
of the paper. When counsidering the asymptotics of the vorticity equation, we will need a Hermite expansion for
divergence free vector fields. If we write

(22) QL(t) = Ke(t) * (o

and naively expand each component of &(t) using the scalar Hermite expansion, the terms we obtain are not,
in general, divergence free. For the purposes of this paper, we will only consider Hermite expansions out to
moments of order 2, hence we define these asymptotic profiles in the following table. Higher order Hermite

expansion can be defined and we let p5 ; = f;w = 0 for all |&@| < 3 not listed below. We determine these profiles
explicitly in Appendix [D] below.

’ a I ] I Pa.j ‘ s ‘
(1,L,0) | 1| (=322, 321,0)7 V x (¢o€3)
(1,0,1) | 1| (325,0,—531)7 V X (¢0€2)
0,1,1) [ 1] (0,—323, 522)" V x (¢o€1)
(2,1,0) | 1| (32122, — 121,007 | V x (95, $0€3)
(1,2,0) | 1| (323, —32122,0)7 | V X (9p,00€3)
(2,0,1) | 1| (=3z123,0, 327)" | V X (9z, $0€2)
(1,0,2) | 1| (—323,0, 32123)7 | V X (9, h0€2)
(0,2,1) | 1| (0, z223, —123)" | V x (9p,00€1)
(0,1,2) | 1| (0,323, —2aa23)” | V X (02, ¢0€1)
(1,1,1) | 1 (z923,0,0)T V X (O, P0€3)
(L,1,1) | 2] (0,0,—z122)T | V X (8, 0061)

TABLE 1. Asymptotic profiles for the divergence-free vector field Hermite expansion. See also [3].

All of the profiles ﬁ” are clearly divergence-free, and straightforward computations show that for pj ;, f;;’j
defined above we have the orthonormality condition

(Pajs f,0) = 9ikdap
We then have the an analogue of the Hermite expansion, and we again leave the proof to the reader:

Proposition 2.8. Suppose that &y € LL(n) for 0 < n < 2. If G1(t) is the solution of the heat equation in
C°[[0,00),LL(n)] given by , then we can write

Gr(xt) =Y (Pay,@0)Ke(t) * fa;(z) + Trr(z,t)

j<2
|l&|<[n]+1
where for any u <n
. . _3(1_1y_n-u
(23) 2Rl < Cll@ollagey () 207973

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR THE (p,a,d) SYSTEM

Note that from the form of (), if we can prove the existence of a and &, we can get the solution for p by
integration. Hence we need to choose a function space for (a,d). In the Hermite expansions above, we saw
that we could obtain higher order approximations by increasing the spatial localization of the initial conditions.
Hence for a given n € R>o we might choose (po, ag, @) € L' (n) x L*(n) x LL(n) as a sufficiently general space to
start with, and expect to obtain solutions with |n| orders of asymptotic profiles. Note however that we expect
that o and & come from a velocity vector field via a = V - m and & = V x m, hence we can assume they have
zero total mass as in . Since m is assumed to have at least one derivative, we assume that p has at least one
as well, hence we assume (pg, ag, o) € Wht(n) x L*(n) x LL(n)

8



It will be desirable that the moments be continuous functions of time. To obtain this we will see that we need
a slightly stronger assumption: we require that (po, ag,do) belong to WP (n) x LP(n) x LE(n) for all 1 < p < 3/2.
We therefore define the function space

(24) Zy= () C°[[0,00),LP(n) x LE(n)]
1§p<%

Due to the smoothing properties of the heat evolution the solutions have more regularity for ¢ > 0, so if we fix
a degree of smoothness k > 1 we define

(25) Zt.= ) C°0,00), WFP(n) x WEP(n)]
1<p<oo

Our existence analysis begins by studying the linear part of the evolution in To this end we let (pr(t), ar(t), &L (t)T

be defined by and for t > 0 and (pr(t), ar(t), &L ()" = (po,ao, o) for t = 0. Tn Appendix [E] we
determine the smoothness properties and decay rates of these functions. Based on our findings we look for
solutions of in the function space

(26) Xk = {(a,o_j) €ezZdnzt, / a(z,t)dr = 0 and / &(z, t)der = O}
’ R3 R3
with norm
I(a,d)|x,, = sup sup sup sup {tmvp(l + t)gn’f’#“"ék%a||(")§‘a(t)||zp(u) 4 trer (1 4 t)fnow agﬁ(t)ﬂﬂzp(u)

|| <k 1<p<oo 0<pu<n 0<t<oo

where rop, £y p o and £, 5, are as in , @, and £, o is defined by

o7 / _ 0 for |a| < k and for |a| =k ,1<p <2
(27) pe = —2(1-L)+1 forfa| =k, p>2

The factor tﬁk’pva accounts for a slightly slower admissible decay rate for the highest order derivative in LP, p > 2

as compared to the linear evolution. Note that X, ; is a Banach space with this norm. We will also need to
define

Ly, 7 (t) =log(1 +t) when n =7 and Ly, 7(t) = 1 otherwise

Theorem 2. Fiz n € [0,2], k > 1 and let (po, ao,&o) belong to WHP(n) x LP(n) x L (n) for all1 <p < 3, and
suppose that ag and g have zero total mass. If

(28) E,= sup  (lpollwirgm + llaoll o) + l&ollLe )

1<p<3/2
is chosen sufficiently small, then there exists a unique solution (a(t),d(t)) of belonging to X, such that
(a(0),&(0)) = (a0, Fo).
Proof. Having chosen an initial condition satisfying the above, define the map F{,) .,.q,) on Xpx sending
(a(s),&(s))" to a new function of space and time by letting F(,, 4, ) [(a,@)](0) = (ao,&o)" and

—0fw x Ky, * po + Opw * K,y % ag — fg [Opw * K] (t — s) * [V : N(a(s),ﬁ(s))}ds

Flpo,a0,50) [a,d)'] (t) = K, * &g — fg Ke(t — s) * [V X N(a(s),@’(s))} ds

for t > 0. For convenience, we’ll drop the subscript. We claim that F' maps X, ; into itself and has Lipschitz
constant equal to 1/2 on a ball of radius R centered at the origin, which we prove below. Given these two claims,
we can conclude our proof as follows. If (ar,d;) are as above, we note that each of the bounds determined in
Appendix [E] depend on the magnitude of the initial condition, hence

Iz 50, < OB

Therefore if we choose the initial condition sufficiently small, (ie E, < %) we then have

HF(CL,(D) - (aLv(IjL)HXn,k = HF(%Q) - F(O’O)Hxnk

R

1 ., R 1 .
< *”(aaw) - (aL7wL)HXn,k + §H(aL7wL)HXn,k < 9

9



for (a,&) € B((ar, @), &), the closed ball of radius £ centered at (ar,,@r)T. Therefore F maps B((ar,or)T, &)
into itself, and since F' is a contraction here, the unique solution of is given by the fixed point of F.

Claim One: F': X, — X, ;. We begin by proving that for (a,d) € X, the X, ; norm of F(a,d) is finite and
that F(a,d) € 20N Zik. We note again that the decay rates and smoothness requirements to belong to X,
were found to be more than satisfied by those of the linear terms in Appendix [E] so we need only analyze the
evolution of the Duhamel terms. Furthermore we note that is sufficient to bound the fp(u) norms for p = 0
and p = n since we can interpolate via

3=

=2 —
lall i < (lallzog) " (lallz)’

For p fixed either as u = 0 or p = n, we need only bound the ip(u) norms p = 1,2, 0o for times t > 1 and LP
norms for p = 1,3/2, 0o for times ¢ < 1, and the result then follows from interpolation via

”aHfJ(#) < Ha”ip(u)HaHiq(#)

forr~t =p~t4 ¢ L.

We begin by bounding the unweighted LP norms of the Duhamel term corresponding to a(t) using our estimates
above. First we use Young’s inequality, then split the integral into two parts:

/Ot Hatw(t — 8)x05 K, (t — s) * [V - N(a(s),d(s))] ‘ L, ds
: /ot [orwte = s« (5D foe 552 « 19 Neats), 3], s
= ( ot/2+/t/t2>(t_s)_g(qll_’l”)(lﬂ—8)5_(411_;) ok, (L0 5 V- N(als), &) ds

=L+

Here 1 + % = % + q%' We can then bound the integrals for s € (0,¢/2) and s € (¢/2,t) separately.
First we handle the I; term. We use the heat estimate to pull the divergence and the 0 derivative off of the
nonlinearity:

t/2 7§(L7l)71+\a| l,(ifl)
zls/ (t—5) 2@ D7 (14t — )7 @) N(a(s), 3(5))|| oy ds
0

t/2 _3(1_1y_ltlal 1_(1_1
e [ (0= 9) DT @ 9 o, (m)m] 4, ds
ij 0

We can then use our above estimates on II, B in Cor. parts (a), (b) to bound the nonlinear term:

102, (mg)mul| Loy < [|0wmjllos ||| 1oy < Clllaller + & lLe ) (llallzes + [15]Lrs)

29 | ) , i
( ) < C's~T0.p1~T0,p3 (1 + S)—mln(£n7p17(),(”71;170)_m1n(en7p3,07zn,p3,0)||(a’Q_})H%( .

Note that the use of Young’s inequality, Holder’s inequality, and puts the following restrictions on the
set of admissible values for pq, ps:

(30) l<p <o , 1<p3<3 ;

We choose q; = 1 hence we require p% + p% - % = 1. Letting p1 = p3 = 3 1) becomes

_2_

182, (my)mul |, < C(1+ )75 (0, @) 1%,

hence putting this together we have

Ilg/ (t— ) 20750 (14t —5)2" 07D (1 4 5)"5 100 (a,@)||%,  ds
(31) 0 ’
,%(1 1)7 1+2\(1\ (1 + t)%f(lfi)‘i’max(%*\jd1,0)Ln’1/3(t)

10
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for ¢ > 1. Thus the LP norms of I; have sufficiently fast decay as ¢ — oo for all 1 < p < oo such that the X, ;.
norm remains bounded. For ¢ < 1 we have

1—|af

N

t/2 _§(1_1)_1+\a| _(1_1) 2 . o _3(1_1)_;,_
B [T T @ - 9D 00, s < Cl@ ), 20
0 : :
and hence we see the LP norms have the right behavior for 1 < p < oo such that the X, , norms remain bounded.
Furthermore we note that for 1 < p < 3/2 and |a| = 0 the LP norms tend to zero, which is consistent with the
continuity of F'(a,d) at t = 0.
For I> we use the heat estimate to pull the divergence off of the nonlinearity:

t—s

t ,é(;,l) l,(i,l)
I :/ (t—s) 20a P/ (14+t—s)2 ‘a1 » H@g‘Kl,( ) * [V-N(a(s),@’(s))]Hquds
t

/2 2
t (L 1y_1 111y
< [ (0= D090 020 g, s
il Jiy2
For an arbitrary multi-index (3, we can use the estimates in Cor. parts (a), (b) to obtain
050w, (mjmu) | oy < D2 1103 Grimsllion |03
Y1+72=08

(32) <C Y (l07aloen + 107 @ ) (11072 allLes + 1032 Lrs)
mM+y2=5

< CS_TO,pl_TO7p3_@(1 + S)—min(fn,pl,o,gn,pl,o)—min(fn,pS,o,fn,p3,())||<a7(3)||g( .
= n,

provided that the constraints in are met. Here we take = a. We must also ensure that the singularity at
s =t is integrable. For 1 < p < 3/2 we can choose p; = p3 = 3/2 as before, and we obtain

t
I < / (t—s) 2073 (14t — 5)2 07D~ (1 4 5) 310 (0, @) % ds
t/2 ’

1—|of
< o 3Rt (g 3 17%%%%@1”(@,&)11%

(33)

for 0 < t < 00, hence these LP norms have the right behavior as ¢ — 0 and as t — oo, and tend to zero for
|a] = 0 which is consistent with continuity at ¢ = 0. Similarly, for 3/2 < p < 2 we can choose p; = p3 = 2 in
and obtain the pointwise bound

le' —1_lo —1-|n -
1020z, (mymy)|| 5 < Cs™37% (14 5) 10, @)%, ,

from which it follows that

t
Izé/ (t—s) 3G 9 31 41— )2 G525 (14 5) (0, @)% ds
t ,

al
TR @),
for 0 < t < o0, hence these LP norms also have the right behavior as ¢ — 0 and as t — oco. Finally, we can
obtain bounds on the L® norm by choosing p; = 8, p3 = 8/3 in to obtain the pointwise bound
_5_lof 11— -
10205, (mjmu)|| 5 < Cs™17 5 (L4 ) "M@, @)K,

from which we then obtain the following bound on the integral for 0 < ¢ < oo:

Lo

-1-l2l ~l+5-[n] MK
(34) L <Ot 7= (1+t) 737" (e, 0%, ,
Note this is slower than the linear evolution rate. For |a| < k we can make an improved estimate to match the

linear rate as follows. With p = oo, we keep all derivatives on the nonlinearity when using the heat estimate,
and we obtain

t .
(35) I, < r%ax/tﬂ(t - 5)7%(1 +t— s)%fi 102 02,04, (mimj)Hqu ds
11



We can then use the estimate in [32| by taking § = o + e;, and we choose p; = p3 = 12/5 to obtain

t
L<C| (t—s) 1712 (L) " Mdsf|(@, @)%, , < Cl(a, @)%, kt_l_%(l +1) 7t

For n = 0 we are done. For mn > 0 we bound the weighted norms when p = n of the Duhamel term
corresponding to a(t), and the results then follow by interpolation. We first bound the weighted norm of the
convolution in terms of the weighted norms of each of its components using Young’s inequality:

/ot |Buots = 5) % gt = ) [V - Nals), 36|, ds
(36) < /Ot Hﬁtw(t —5) * K,,(t ; 8) La(n) @?Ku(t_?s) x [V N(a(s),d(s))] ’ quds
b [ fonste -5 o 50 19 N ae],

For the first term, we can use the weighted estimate of the heat-wave operator in Prop and then repeat the
analysis used above for the unweighted norm of the nonlinearity line by line to obtain the appropriate bounds
for this term. So we need only bound the second term.

For the second term we use the unweighted estimate in Prop and split the integral as before:

/OtHGtw(t—s)*Kl,(t;s)HLq‘8§‘Kl,(t_3 ds

Lai(n)

)« [V Nals),3(5))]|

t (L1 1 (L_1 t—s
<[9P 9GPk () < [9 N3], ds
0 tn
t/2 ¢ _3(L_1y iy t—s .
< +/ (t—s) 2o »/(14+t—s)2 ‘o P ||0FK,( ) * [V-N(a(s),w(s))]‘ . ds
0 t/2 2 Lai(n)

The next step is to use our heat estimate, and then we will need bounds for the weighted norm of the nonlinear
term analogous to , (32). Note however that these bounds are essentially the same, so here we will derive
both at once. The derivation is similar to , but one must always place the weight on the term with fewer
derivatives in order to use Cor. part (a). For 0 < n < 2 we make the estimate

107 0, (mgm)| 1oy (y < 1070, (mgmy) | o ()

(37) <C > (I3 alle + 107 @lLe ) (1032 all Los my + 11022E 1Les (n)
m+72=58
181

< COg~TOp1 0033 (1 + S)*min(zn,pl,o,gn,pl,0)*min(fn,p3,n,gn,p3,n)”(a7w‘)”§( .
J— n,

using parts (a) and (b) of Cor which requires the set of constraints

3 3 1 1 1 1
(38) l<pi<oo , —<m<—— , -<—+——-<1
3—n 1—|n] P p ps 3

or for 1 <n < 2 we can obtain the same bound using parts (a) and (c) of Cor which require

1 3 3 1 < 1 1 1 <

(39) <pp <00 , m<p3<ﬁ , ];_]714‘]73*5_1
Note that in the overlapping region 1 < n < 2 we can use either bound, but if we use Cor (a) and (c)
by satisfying the constraints in , we are allowed to choose smaller ps than allow, a fact which we will
exploit. The task then becomes obtaining various choices of p; and p3 for I1, I, 1 <p <oo0,0<n < 2.

For I; we use the heat estimate to pull the divergence and the 0% derivative off of the nonlinearity, and use
(37) with 8 =0. For 0 < n < 1 we can satisfy the constraints in (38]) with ¢; = 1 by taking p1 = p3 = 3/2, and

12



we obtain

t/2 : 14]al
B [Ca-9 T @ - g D g T 0 @) R s
: ,

P L i S G R IR

n,k

whereas for 1 < n < 2 precisely the same estimate holds by taking p; = ps = 3/2 in . Hence these weighted
LP norms decay sufficiently quickly as ¢t — oo for 1 < p < co. For ¢t < 1 this bound becomes

< Cll(a, D)%

1-|af

(40) I < Cll(a,@)|%, 20 7H

hence these norms have the right behavior as ¢ — 0. For 1 <n < 3/2 we can use by taking p1 =2, p3 =6/5
and for 3/2 < n <2 we can use p; = 6/5, p3 = 2. In both cases we have

1 1+|af

t/2 51
I1§/ t—s) 2070772 (14+¢—5)
0

N

1
T )R (0, 6) %, d

_3¢1_1y,1_la] L i a
SCH(%Q)H?’%,J )t (1+1)2 (1-3)+n—3

for 0 <t < oo, hence the weighted LP norms of this term decay sufficiently fast to remain in X, ; for 1 < p < oco.
For t < 1 this bound shows that the L”(n) norms have the right behavior as ¢ — 0 for 1 < p < 6/5. Then we
need only prove that the LP(n) norms for 6/5 < p < oo have the right behavior as ¢ — 0 for n = 1 and n = 2.
Here we can choose p1 = 3/2, p3 = 2 for n = 1 using and using for n = 2 and we again obtain , S0
the weighted LP norms blow up sufficiently slowly for 6/5 < p < co as t — 0, hence I; belongs to X, .

For I we can reuse many of the estimates in the unweighted case, but we have to modify these slightly. We
again use the heat estimate to pull the divergence off the nonlinearity, and we again have to worry about the
singularity at s = t. For 0 < n < 1 we can make the precisely the same choices as in the unweighted case.
Namely that we can obtain the appropriate bounds for the LP (n) norms using by taking p; = p3 = 3/2 for
1 < p < 3/2 and we obtain the analogous weighted pointwise bound

1020s, (mjm)| 1 < Cs™ 5 (14 )54 (@,5)[%,,
We can then make the identical estimate in with this analogous pointwise bound to show that these norms
have the correct behavior for 0 < ¢ < co. Similarly we can use by taking p; = p3 = 2 for 3/2 < p < 2
and taking p; = 8, p3 = 8/3 for p = 0o and obtain the analogous pointwise bounds, from which it follows in
the same way that these norms have the correct behavior for 0 < t < oo, except for p = 0o, |a| < k. We can
then match the decay rate for p = oo, |a| < k by keeping all derivatives on the nonlinearity as in , taking
f=a+ejin and taking p; = ps = 12/5 in .

The case 1 < n < 2 is also similar, and we can show that the LP (n) norms have the correct behavior for
1 <p < 3/2 by taking p; =p3 =3/2in . For the LP(n) norms for 3/2 < p < 2 we make a slightly different
estimate by taking p; = 3, p3 = 3/2 in and we obtain the pointwise bound

_1_lof _ 11 —
105 Ou; (e rm) <Cs7272 (L+5)7 0 (0, @)%, ,

Hi%(n)
and repeating the above analysis. For 1 < n < 2 we can set g1 = 6 by choosing p; = 8/3 and p3 = 8 using
, and show that the Loo(n) norms have the correct behavior for 0 < ¢ < oo, except for p = oo, |a| < k.
We can then match the decay rate for p = 0o, |a| < k by keeping the derivatives on the nonlinearity and using
f=a+ejin with p1 = 2, p3 = 3 in (38).

It remains to show the [O/p(n) norms have the correct behavior for n = 1 and n = 2. We can choose p; = 2,
p3:6/5f0r1§n<3/2andp1:g,p3:2for3/2<n§2andweﬁnd

N

t
I < / (t—s5) 20075 (1 41— 5)2~ 007 i -5 (1 4 5) 12 (0, @) [ % ds
t/2 ’

< TR (14 0B g R,
for 1 < p < 3/2, which decays appropriately quickly as t — oo. Note also that this bound holds for ¢ < 1, and

hence the weighted LP norms tend to zero as t — 0 for 1 < p < 6/5. For 3/2 < p < 2 we can set ¢ = 3/2 by
13



choosing p; = p3 = 2 using for 1 <n < 3/2 and for 3/2 < n <2 and we find

2_1y_|of

Lo T 14 DS @),
for 0 < t < co. Finally, for 1 < n < 3/2 we choose p; = 8/3, p3 = 8 using and for 15/8 < n < 2 we
choose p; = 8, p3 = 8/3 using and we see that the L°°(n) norm has the right behavior for t > 1 |a| = k
and ¢t < 1 for all o, and we can then match the decay rate for p = 0o, |a| < k by keeping the derivatives on the
nonlinearity and using f = o+ e; in (37) with p; =2, p3 =3 in for 1 <n < 3/2 and p; =24/11, p3 = 8/3
in for 15/8 <n < 2.

The bounds on the Duhamel term for &(¢) can be obtained in a very similar manner. The only difference
is that one need not make the initial step of using Young’s inequality. Namely, we begin by looking at the
unweighted norms, and we first split the integral

[l

We can then use the heat estimate directly, and for s € (0,¢/2) we pull the divergence and the 0% derivative
off the nonlinear term using the heat estimate, whereas s € (t/2,t) we only pull the divergence off. By making
the exact same estimates as for the Duhamel term for a(t) with the same choices of p; and p3 we arrive at the
analogous bounds. The weighted norms can be obtained in the same way. For brevity we omit this.

It remains to obtain continuity for ¢ > 0, in which case we would have F(a,&) € Z9 N Z;;k. Beginning with

IXK(t — s) % [V x N(a(s),d(s))]

the Duhamel term for a(t), we note that this is equivalent to showing that

t+h

() Jim | Hatw(t +h—s)*0K,(t+h—s)« [V N(a(s),d(s))] ’ L ds=0
53%/0 H [Ow(t + h — 5) % K, (t+ h — 5) — duw(t — 5) * 02K, (t — )] + [V - N(a(s),5(s))] ( L ds=0

For the first limit we can re-use the methods used to obtain a bound on the Is term above to show that this
limit is zero. For the second, we can use the estimate

H [Oiw(t + b — 5) % 0K, (t+ h — s) — Buw(t — s) % OV, (t — 5)] * [V - N(a(s),d(s))] ‘ .
t—s t—Ts)‘L Ky(t;S)*[V,N(a(s),dﬁ(S))]‘

and show that this first factor tends to zero uniformly in s as h — 0. The weighted norms can be bounded
similarly, and one can obtain continuity for the Duhamel term corresponding to &(t) by showing that the limits
analogous to are zero.

Claim Two: F has Lipschitz constant K = 3 on a ball B(0, R) in X,, ;. We need to bound || F(a,d)—F(a, cf)’)||Xnk

for (a,@), (@,&) € B(0, R), where R is yet to be chosen. The analysis is similar to the above, but now we use
the bilinear property of the nonlinearity to get the analogous unweighted estimates

|02N (a(s),&(s)) — 05N (a(s), d(5))]| ;o
(42) < ma 102 [0x, (my) (my — 17y)]

+h) — Qw(t — s) * 0T K, (

< H@tw(t+h—s) 99K, (

1 Lp

Hqu + H(‘)f [89%(7”]' - mﬂ')ml} Hqu

~ ~ [ - 7 - 7
< O (@@, + 1@ D )@ = 8@ = D, 57700 770073 (14 )7 50 by )=l 0]

corresponding to and , which require the set of constraints , as well as the analogous weighted
estimate

(43) (|02 [N (a(s), @(s)) — N(a(), 3] | s

< C(|@Dx, .+ 1@,@)x, 1)@ = @& = B)llx, . 570m 70r™ 5 (1 4+ )70 0Py 0)-minllng )

corresponding to which requires the set of constraints for 0 <n < 2 and for1<n<2.
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The proof then follows exactly the steps used to prove Claim 1 with these analogous estimates. We begin by
looking at the norms of the difference between the Duhamel term corresponding to a(t):

/Ot Hatw(t — §) %« 0K, (t — 5) % [V - [N(a(s),@(s)) — N(a(s),&(s))]] )

t/2 t _3(L_1y 1(1_1y
< _|_/ (t_s) 2\q p(1_|_t_3>2 a1 P
0 t/2

ds

82 a1y 1_ lal 111

L < Cm?}cx/ (t—s) T (I+t—s)2 G p)<Haﬂﬁi(mJ’)(ml - mZ)Hqu + Ha’ﬁi(mj - mj)mlHqu)ds
i 0

We can then repeat the analysis for the Duhamel term above for a(t) line by line for each of these terms, using

with @ = 0 and then making the same choices for p; and p3 to handle the cases t > 1 and ¢t < 1 separately

for different values of p, and we find

@y pwp s sup (e etieely < O(I@D), + ) x, ) le =68 - D,
o< SpsooUs o0

Similarly for I we can use the heat estimate, and the preceding analysis to obtain

() sw swp sup #er(l 4 p)frrotiinaly < (@) x,., + @ D)x,, ) o - 6,5 -, ,

|a|<k 1<p<oo 0<t<oo
The bounds on the weighted norms can be obtained by following the steps used in the proof of Claim 1 with
the analogous bound , and the bounds on the Duhamel term for &j(¢) can be obtained by repeating this
procedure. By combining , , the bounds on the weighted norms and the analogue for the Duhamel term
for @(t), we obtain

HF(a,w) _ F(a,d)

o <O(1@ D%, @ Dx, ) @ -as =D,

so by letting R = % we have our result.
O

Having proven the existence of solutions a(t) and &(t), we now complete the proof of existence of solutions
to by proving the existence of a solution p(t). For n € R>¢ we define the function space

Yor=1{p:pe€ ﬂ COHO,OO),LP(TLH and p € m C’O[(O, 00), Wkp(n)]}
1<p<3/2 1<p<oo

equipped with the norm

IPllv, = sup sup sup sup [t7er(1+ )t hned 02 p(0)]| 1,
o || <k 1<p<oo 0<pu<n 0<t<oo H

where r4 5, € p s Lk po are as before.

Corollary 3.1. Fizn € [0,2], k > 1 and let (pg, ag,@o) belong to WHP(n) x LP(n) x Lb(n) for all 1 < p < %,
where ag, &y have zero total mass and (po, ap, Do) have sufficiently small norms as in Theorem 2| If (a(t),d(t))

1s the solution of from Theorem 2|, then the solution p(t) defined by belongs to Y, .

Proof. As before the decay rates and smoothness properties are chosen to match those of the linear terms hence
we need only check the Duhamel term. We first estimate the unweighted norms

/ Hw(t — 5) % O K, (t — s) * [V - N(a(s),d(s))] ‘ Lpds
0
t/2 t 3,1 1 11 — 5
< HilﬁqX < ; +/t )(t —3s) 2 H_E)H(l +t— s)_(ﬁ_i) 8§Ky(t . ) * [V . N(a(s),@'(s))] HLpds =1+ I



For Iy, we pull the divergence and the 0¢ derivative off of the nonlinearity using the heat estimate, use
estimate (29)), let p1 = p3 = 3/2 and find

I < Cl(@, @), 130T (14 7Ol

which holds for all ¢ > 0, hence the LP norms of this term have sufficiently fast decay for 1 < p < oo as t — oo,
tend to zero as t — 0 for 1 < p < 3/2, || = 0 and blow up sufficiently slowly for 3/2 < p < oc.

For I, we use the heat estimate to pull the divergence off the nonlinearity, use estimate and set p; =
p3 =3/2 for 1 < p <2 and find

_lof _(1_1y_2_
L < Cl(a, @)%, 73 (1+) s3Il

which also holds for all ¢, hence these behave correctly both as ¢ — 0 and as t — oo as well. For p = 0o, we can
choose p; = 8, p3 = 8/3 and we obtain

o]
L < Cl(a,@)|%k, 2 (14+1) sl

separately for ¢ > 1 and ¢ < 1 and hence L*™ norm has the correct behavior for t < 1 and ¢t > 1 if |o| = k.
We can then match the linear decay rate for p = oo, |a| < k by keeping the derivatives on the nonlinearity and
using f = o+ e; in with p; = p3 = 12/5.

As above, we can bound the weighted norms in terms of the weighted norms of each of the components of the
convolution. For the term in which the weight falls on the heat-wave operator we can repeat the estimates on
the unweighted norms of the nonlinearity above. For the other term, we split the integral into two pieces:

agKV(t*TS) « [V Nea(s), &), ds

Lai(n)

t
/(t—s)‘2(q1‘i)“(1+t—s)‘(qﬁ‘i)
0

.. ds
L1 (n)
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We can then make use of in each to bound the nonlinear term. For I; we as usual pull the divergence off
of the nonlinearity, and for 0 < n < 1 we use to choose p1 = p3 = 3/2, whereas for 1 < n < 2 we use
to choose p; = p3 = 3/2 and we find

_3(1_1yy1_lal C(1_1yLl_
I < Cll(a, @)%, ¢ 20702 E (14 )"0 e

which holds for 0 <t < 0o, 1 < p < co. Then we use to choose p1 = 2 and p3 = 6/5 for 1 <n < 3/2 and
p1 =6/5 and p3 = 2 for 3/2 < n < 2 and we obtain

3

_3(1-1yy1_lof _(1_1y_ 7
L < Cll(a, @)%, 2T (e

for 0 <t < oo, 1<p<oo. Similarly for Is we use to choose p; = p3 = 3/2 for 0 < n < 1 and we use
to choose py = p3 = 3/2 for 1 < n < 2 and we obtain

_3(1_1y43_lal (1_1y_2_
I < Cll(@,@)[%, 20795 (14 gy U)o
for 1 <p<2and 0 <t < oo. Next we use (39) to choose py =2 and p3 = 6/5 for 1 <n < 3/2 and p; =6/5
and p3 = 2 for 3/2 < n <2 and we find
L <Cla@)|k, ¢ 30T (1 g O

which holds for 0 < ¢t < oo and 1 < p < co. For p = 0o we can set g = 6 by choosing p; = 8 and p3 = 8/3
for 0 < n < 1 using (38), choosing p; = 8/3 and p3 = 8 for 1 < n < 2 using and p; = 8 and p3 = 8/3 for
15/8 < n < 2 using (39) to obtain

[
I, < CH(G,(Z)’)H?X” kt_T(l + t)‘%‘[nh-ﬁ-n

We can then match the linear decay rate for p = oo, |a| < k by keeping the derivatives on the nonlinearity and
using B = o +¢; in and choosing p; = p3 = 12/5 for 0 < n < 1 using , choosing p; = 2 and ps = 3 for
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1 <n <2 using and p; = 24/11 and pg = 8/3 for 15/8 < n < 2 using ([39). Continuity for ¢ > 0 is proven
as before. g
4. ASYMPTOTIC APPROXIMATIONS TO THE MODIFIED COMPRESSIBLE NAVIER-STOKES

With these solutions in hand, we turn to the task of approximating these solutions efficiently and accurately,
especially in the regime t — oco. If u(t) = (p(t),a(t),@(t))T is the solution belonging to Y, x X X, given by
Theorem [2| with initial condition (pg, ag,@o)”, ag,@o with zero total mass, then we can write

(46) u(t) = ur(t) + un(t)

where up,(t) is the linear evolution defined in (19)), (22)), and un(t) = u(t) — ur(t). We saw in Prop. [2.7,
that for initial conditions ug belonging to L!(n) spaces, we can write

(47) ur(t) = qun(t) + uLR’n(t)

where the Hermite profiles up ,,(t) are defined as in the linear case by

(@) 3 R - L 3
s (el S (e () o (20)  Gale = X (g @)K oo
| <[] la|<[n)+1

where p;, a; are defined in , and where pj j, f:;é,j are defined in Table For simplicity, we will drop the
n dependence in the subscript. We obtained the temporal behavior of urr(t) in Prop . In the above
existence analysis, we saw that up(¢) decays faster than wuy(f) in some, but not necessarily all, LP norms, hence
we need to study un(t) more closely. We note that uy(t) can be written as

t
un(t) = —/ ec(t*S)Q(u(s),u(s))ds
0
so inspired by , , we define the Hermite-Picard profiles ugyp(t) and nonlinear remainder uypg(t):
t
ugp(t) := —/ eﬁ(t_s)Q(uH(s),uH(s))ds
0

’LLNR(t) = uN(t) — qu(t)

(49)

where u;(t) = (pr(t),ar(t),dr(t))T, I = L, HP, NR. We have already obtained upper bounds on the temporal
behavior of ug(t) in Appendix [E|and uyr(t) in Prop and [2.8] In what follows, we will obtain upper bounds
for ugp(t) and ung(t), as well as lower bounds for ug (t). Our goal is to emphasize the role that the localization
of the initial conditions (and consequently, the localization of the solutions) plays in determining the nature of
the asymptotics. In particular, we will establish:

e For all n > 0, ug(t) captures the leading order behavior for p(t), but for n < 1 we need to take
Uapp(t) = ur(t) to capture the leading order behavior for a(t) and &(t).
e For n > 1 we need only evaluate the explicit functions ug(t) to obtain the leading order behavior.
e For 1 < n < 2 the next order of behavior is given by upg(t), and ugp(t) and uyg(t) decay faster still.
Hence we could either use ugpp(t) = ur(t) or uagpy(t) = un(t).
— In the first case, the error decays 1/2 power faster than ug(t), hence is more accurate, but we need
to compute a convolution (this is the result in Theorem [I]).
— In the second case the error decays (n—1)/2 powers faster than ug () but we can explicitly evaluate
the approximation.
e Finally, for n = 2 there is no loss in accuracy by taking w.py(t) = up(t).

4.1. Temporal behavior of the Hermite and Hermite-Picard profiles. We can use the substitution
z

= \/ﬁ together with the explicit form of the Hermite profiles &g (t) in Table [1] and the explicit form of

B&p(t) to show that their temporal behavior is given by

F 1-|a|—|al
109K (t) # fall 1y = Ca1 + p-Ru-rilaiel g

f ~ 2|l ~|o|
108 BE(t) * fajll gy = Call +8) 20775748
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The temporal behavior of the Hermite profiles pg(t), ap(t) are given in the following proposition. These results
follow from explicit calculations of the norms involved, as well as the fact that II commutes with the heat-wave
operator, and we leave the proof to the reader. Note that while these estimates might also hold for higher
derivatives, we only require derivatives up to the order shown.

Proposition 4.1. There exist functions C,(t), | = 1,2,3 and constants m, M € R such that 0 < m < C,(t) <
M < oo for allt > 0 such that
_5(1_Lyyq_ltlal
19w (t) * Ko (t) % 0260l 1oy = Cra(t)(1 +1) 720712050
forla| <2,1=0,1,2, p € R>g and 1 < p < co. Furthermore we have
3—Il—|af

IT0kw(t) Ko ) 020l < C(1 -+ 1)~ 307345100

for any « € N3, 1 =1,2, p € R>g and 1 < p < o0, except the case when (a,l) = (0,1) and 1 <p < ﬁ

This implies that the linear Hermite profiles have temporal behavior given by

~ _5(1_1yyl=lal
(50) 1020 (D 1y = Cra () En(1+ 1) 20T 270

~ _5q_1y_lof ~ _5q_1yy 1=lof
102 am(®)ll () = Coa®)Ea(l+6) 21072 102 Tan (t)] 1, = Con(t)Ea(1+ 1) 2070020
14|

10251 (D2 = Cral®Ea(1+6) 2070724502 By (1)

~ _3(1_1y_lel p
H]ip(#):CS,a(t)En(l—Ft) > (1 p) 5T

where E,, is as in , la] <1 and C’l,a(t), C’l,a(t), I =1,2,3 are independent of (pg, ag,Jo)” and are such that
there exist constants m, M € R such that 0 < m < CLa(t),CA’l’a(t) < M < oo for all t > 0. We also have the
following bounds on the Hermite-Picard profiles:

Proposition 4.2. There exists a constant C such that we have
lorp Ol < CA+ B2 g p(t)],, < O+ 6730743
|85 (O)llagy < C1+8)720 70
Jorallt >0, |a|<2,0<pu<2and1<p<oco.

Proof. We start with the Hermite-Picard profile agp(t). We look at the weighted norms for an arbitrary weight
1. We first split the convolution:

/Ot H(?tw(t —s) % K (t — ) * [V N(an(s),du(s))] ‘ iz)(u)ds
. /Ot Hatw(t —5) * K,,(t_?s)‘ ié(ﬂ)HKV(t ; 8) % [V N(an(s),du(s))] ’ quds
+/O-tHatw(t—s)*Ky(t;9) N K,,(t_TS)* [v.N(aH(s),wH(s))Hm(mds

We’ll bound the second term, and then as in the existence proof the bounds on the first term follow by repeating
the estimates for the second term line by line after using the weighted estimate on the heat-wave operator in
Prop and taking p = 0 on the nonlinear term. We first split the second integral into two:

t/2 t PR
L +1:= / +/ Hﬁtw(t —s)x K, ( 5 )‘
0 t/2

For ¢t < 1 we can choose ¢ = 1 in both terms, and since our heat estimate and equation (50 can be used to

show the resulting integrand is bounded, these remain bounded as ¢ — 0. Hence we need only consider ¢ > 1.

For I} we can use the heat estimate to remove both of the derivatives from the nonlinearity, set ¢ = 1, use
18

Ky(t%s) « [V Nants).au)] ||, ds

L1 ()
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Cauchy-Schwarz and make use of to bound the norms of My via

Kl,(t_TS) <[V Nan(s). 5 ()], ds

L (p)

L= C/Q(t —s) 20 (14— )z )
0

< CmaX/
1] 0

<CE2(1+1) 3079 stn

[SIES

_3(1_1y_ 1_ (11
(t—s) 20D Wt = 8)2 D ()| ol (5) | 12 ds

For Is we use the heat estimate but keep all of the derivatives on the nonlinearity and we obtain

t 7§(Lfl) l,(i,l)
o< Cmpe | (0= HED 0 ) 000, O 5 (90) 1
v Jt/2

t ~3(E-1) (E-1)

<Cumge [ (0= D@4t 970 (0000 mn]
=J1 4+ Jo

For J; we use Cor part (a) to obtain

L) T 10z m211,5| 101 HakaHfHL”(uDds

HamiamijJHLm HmHJHLpQ(M) = ijax (HamJ'aHHLm + Hawj(“vHH]Lpl)HmH,jHLPZ(,U)
so for 1 < p <2 we can set ¢ = 1 by choosing p; = p2 = 2 and use to obtain
B < CE2 207D (1 4 )20 mi e

whereas for p = co we can let ¢; = 3/(2 — 0) by setting p1 = p2 = 6/(2 — ¢), where 0 < § < 1/5 is any number
and we obtain the following

J < CE?L(I _'_t)—%(4+6)—1+u
For Jy; we can just use directly, and by choosing p; = p2 = 2 for 1 < p < 2 we obtain

Jy < CH(a,w)Hi f%(l*%)*l(l +t)*2*(1*%)+ﬂ
and we can obtain the analogous results for p = co by choosing g1 = 3/(2 — 0) by setting p1 = p2 = 6/(2 — 0)
for some 0 < 6 < 1/5.

The bounds for the Hermite-Picard profiles pyp(t) and &gp(t) can be obtained by similar arguments. O

4.2. Temporal behavior of the linear and nonlinear remainders. If one naively uses the estimates in
Cor. to obtain the decay rate of Ila, then one finds that the LP norms of Ila(t) grows by a factor of ¢%/
relative to a(t), whereas one finds that Ba(t) grows by a factor of t1/2 relative to &(t). We saw in Prop [4.1|that
ag (t) grows by a factor of t'/2 relative to ay(t), and we now prove that the same holds for remainder ar,p:

Proposition 4.3. Let n € [0,2] and let (po,a) belong to WHP(n) x LP(n) for all 1 < p < 3. Then for arr(t)
defined as in Prop. we have

n_ lof

10°Ta 7 (t) < CE,t30=p)+3+n—5-13

)

fort>1,0<p<n and any nonzero o € N3, 1 < p < 0co. If « = 0 the above estimate holds for p > % On
the other hand for t < 1,0 < p <mn and for 3/(2—p) <p < oo ifn <1, ormax(3/2,3/(3—p)) <p < o0 if
n > 1 we have

||3?HGLR(75)||1119(“) < CEt "p
where p~! = p~1 — 371,

Proof. The estimate for t < 1 follows from Cor. parts (c), (c), and from interpolation in the case when
n>1and p < 1. For ¢t > 1 the interesting case is when |a| > 0, and we have

05 Tarr (b)) < ITOpw(t) + O3 Ky (t) * arr(0) 1,y + IT07w(t) + O Ky (t) * prr(0)]l 11,
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so if a = e; + B for some 4, 3, we can use Young’s inequality to obtain

Hﬂatw(t)*aﬁf(u(t)*aLR(O)Hip ) = [l Opw(t) * Or, Ky (E) oK, (2)*aLR( Miv

)
2
< TDpw(t) * 0u, K (2 )i l22 K( ) *arr(0)]|zr + [Myw(t) * Os, Ko (5 Ol 02K, ( ) *arLr(0)l 1,

where
() 1 =z
m(r) = ———
47 |x|3

is the integral kernel of the IT operator. The result then follows from our estimates of the II operator acting on
the Hermite term in Prop since the same result applies to the heat-wave operator. However, for a = 0 the
heat-wave operator only belongs to LP for p > 3/2. We leave the remainder of the proof to the reader. 0

In the following lemma, we collect the bounds for ux(¢) obtained during the contraction mapping argument
in the existence proof and sharpen one of them. For this purpose we define the rate b, , to measure the excess
decay of un(t) above the linear rate as follows, using interpolation for 2 < p < oc:

min(3 + L"Jl, 0t LnJl) for1<p<2

(51) bnp = mm(%,%—i—H ) for p = oo
(bn _n)(l )+bn2 for2<p< oo

Lemma 4.4. Let n € [0,2], k > 1 and let ug = (po, ao,&o)? € ﬂ1<p<3W1’p( n) x LP(n) x LE(n). If u(t) =

(p(t),a(t),&(t)T is the solutzon in Yo X Xy, given by Theorem@ and Corollary with initial condition uyg,
then the nonlinear term uy(t) in (@) satisfies

102 o8 (1)l 1y < CERETo (14 ) vtz b

107 an ()|l 0, < CE2Ten(1 4 t) trwn—bnp

102G (D), < CE2 0w (14 )b
for1<p<oo,0<pu<n and |a| <k.

Proof. The estimates for t < 1 are the same as those obtained in the existence proof, hence we need only consider
t > 1. By inspecting the estimates in the existence proof, we see that all of the bounds obtained already exhibit
the extra decay listed in the first argument of the minimum in , with one important exception. The estimate
of the unweighted norm of I; in stops improving relative to the linear rate for n > 1/3. The |o| = k
derivative also may decay slower, but we don’t estimate this here.

So we need only improve on the bound in for n > 1/3. We can split I; into two pieces:

13/5 t/2 _,(L_l) 1_(L_1y
IL = / (t—s) 20 P (1+t—s)2 ‘a7
0 t3/5

Since we are interested in the limit ¢ — oo we assume t/2 > t3/° here, but for 1 < #*/5 < 2 we can obtain the
analogous result. For J; we make a modified estimate by taking all of the derivatives off of the nonlinearity and
onto the heat-wave propagator by using our heat estimate. We can then set ¢ = 1, use Cauchy-Schwarz and
use Cor 2.2| part (b) to obtain

t—s

8K, (

x

) * [V . N(a(s),ﬁ(s))} Hqu ds =: J1 + Jo

3/5 s
,,(f ,) -5 l,(i,l)
I < / (t—s) 3 S (1t — )20 ma(s)my (s) | o ds

lo]

S-4H-1- lod s-dy—L1_leli 7 _3lnh
< CEp =0 (la(s)lloss + 18(s)llgoss) *ds < CEZe 2073727310775
For J,, we can use the same estimate as before. Taking the divergence and 0 off of the nonlinearity by using our

heat estimate, setting ¢; = 1, using Hoélder’s inequality and Cor parts (a) and (c) we obtain the following
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forn > 1/3:

t/2 _3(L1_1y_1_la| 1-(&-1)
JQS/ (t—S) 2Yq; p’/ 2 2 (1—|—t—3)2 ”8 (ml)mkHqudS
t

3/5
1-1 lel t/2 _2_ _5(1_1y_lal 1_3n)y
< o2 80-H-8 [0 L g3, < o2 ta-b-lle -2
$3/5
This same improved bound can be obtained for py(t) and Wy (t) as well. O

We now use the estimates just proven, together with a bootstrapping argument, to obtain more refined
estimates of the temporal decay of the nonlinear remainder. For this purpose we define the rate 6, ) to measure
the excess decay of uyg(t) above the linear rate via

%-Fmin@n— tn,3) forl<p<?2
bnp = % + min(n — 3, 3) for p =00

(52) (bn,oo - bn,2)(1 - 1%) + bn,2 for 2 < p <

byp = max(bpp, by p)

)

Theorem 3. Let n € [0,2], k > 1 and let ug = (po,ao, @)’ € MNi<p <3W1’p(n) x LP(n) x LE(n). If u(t) =

(p(t),a(t),d(t))Tis the solution in Yy X X given by Theorem @ and Corollary with initial condition ug,
then the nonlinear remainder ung(t) in (@) satisfies

102 pN R(E)| 1y < CEZ(L+ B2)t"or (14 )bt 360
102 an R(E)l| o,y < CE2(L+ B2)t7or (1 + )~ =bs

102G R (1)l < CE2(L+ E2)t 7o (14 )~ frn=bor
for1<p<oo,0<pu<nand |of <min(l,k—1).

Proof. Again the estimates for £ < 1 are identical to those in the existence proof, so we only consider ¢t > 1. Here
we need only obtain the rate b, ,, and the result with rate 4, ) follows from our bounds on uy(t). By definition
we see that the nonlinear remainder uyp must satisfy the following equation:

t
ung(t) = — /0 L) [Q(UH, urr +un) + Qurr + un,ug) + Q(uLr + un, uLr + UN)} ds

We start by looking at the Duhamel term corresponding to aygr. By expanding the nonlinearity, we see that
for an arbitrary weight 0 < p < n we need to bound the norms of terms of the form

/Ot Hatw(t —8) % 09K, (t — s) % [8;51.8&;]. [m17i(s)mJ7j(s)H ’ ip(#)ds
- /Ot Hatu)(t - S) * Kl,(t_?s) Lq(,u)’ 804[( ( 8) * [83;75'% [m17i(s)mJ7j(s)H ‘ Tl ds
t
+ /O Hﬁtw(t Ce)x Ky(t%s) . 6§Kl,(t_TS) . [a%axj [mu(s)mj,j(s)ﬂ ‘ o

for pairs of indices (I,J) = (H,LR),(H,N),(LR,LR),(LR,N) and (N, N). We will bound the second term,
and the bounds for the first can then be obtained by repeating the same analysis by using the weighted bounds
in Prop. as described previously. We split the second term into two:

S

/OtHatw(t — 5) % Kl,(t_?s) ’LQ‘ 8;‘](1,(%) * [8%6% [mj,i(s)mj,j(s)]] ’

VARSI R

. ds
LA ()

t_TS) % [8931.6% [ml,i(s)mJ,j(S)]] ‘ :

Lai(p)

), ds = 1{7 + 1/

9 K (
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Bounds for I{” and I/ can be obtained for (I,J) = (H, LR),(H, N), (LR, LR), and (LR, N) using very similar
arguments. We bound these first, then bound (N, N) later. For I{/ we use the heat estimate to take all of the
derivatives off of the nonlinear term, and then use Holder’s inequality as follows:

t/2 31 _1y_q_lal 111
(53) I{JS/O (t—s) 2(q1 p) 1- (1—i—t ) (ql p)HmIZ( )HLPl )||mJj( )”LPQdS

For (I,J) = (H,LR), (LR, LR) we choose p; = po = 2 for 1 < p < oo and use our estimates in and our
estimates of the linear remainder in Prop and we obtain

_1_ e

PR < CEMRTITTE L, () and  IPRER < ORRTH0TD TS GO L
For (I,J) = (H,N),(LR,N) we use Cor. (b) and pull the first factors out of the integral to obtain

3 lal 111y [t/2 -
7 < 2@ (1 4Gy / 1m21,6(5) | 1o () (s (3) [ 2 + B (5)l|os ) ds
0

and we then set py = p3 = 3/2 for 1 < p < co and use our estimates in and in Prop together with the
estimate of the nonlinear term in Lemma [4.4l We find

_ 51y _1_lel (1
I{{,N S CE?Lt 2(1 p) 2 p) +p+ma (6 n,O)Ln,1/6(t)

_5(q_1y_1_lof 5
If/R,N SCE?Lt 2(1 p) 3 ) “F,U«erax((). n bn’3/2,0)Ln’16/33(t)

For I}/ we leave all the derivatives on the nonlinear term and obtain

¢ _3(L_1y 111
(54) 7 S/ (t—s) 20ar P (1—|—t—s)2 Haaﬁxﬁ% [myi(s)my;(s ]Hqu(u)d
t/2

Using Liebniz’s rule and Hélder’s inequality we have

+e;te;
(55) 18275 [maaCs)mag () zes iy S D2 aere, 102 Ll ) 10371527

For (I,J) = (H,LR),(LR, LR) we choose p; = py = 2 for 1 < p < 2 and make use of our estimates in Prop
and 2.8l Here we obtain

~5(1-1)-lal
and IFRIR < cp2yaU-p)= 2 e
whereas for p = oo we choose p; = pa = 4 and use Prop .3 and 2.8 to obtain
I;LLR < CETQLt_g—g—%ﬂL and ILR LR < C’E2 s lalylog

On the other hand, for (I,J) = (H,N), (LR, N) we use Cor. [2.2] part (b) on my,; when 75 = 0 and choose
p1 =p3 =3/2for 1 <p <2 to obtain

1 \a| _ntlnlg
2

511y _ 1o 1 i1 _51_1y_lo _
IQH’N < CES:t—Q(l St 5 —bus2 and IQLRJV SCEgt 5(1=3) +ut3 bn,3/2

whereas we choose p; = 3,p3 = 2 for p = oo to obtain

—5_la Infa —5_la _ntlnly
LN < CEMNT TR e and PN < CEB S et e

If 72 # 0 then we use Cor. [2.2] E part (a) on my,; and choose py = pa = 2 for 1 < p < 2 to obtain

\al lnl1

_ly ey, 1 _ _5=y_lel , ntlnly
N < opyitmp)=mtema b g [ERN < oo e T b

whereas we choose p; = 0o, ps = 2 for p = 0o to obtain

§7\al+# LnJl 5_ laf n+L2nJ17bn2

IHN < CE3 — —bn,2 and IQLRN < CEg ,,,7+#+2

We also need to bound the norms of the terms for which (I,J) = (N, N). For this we will need to bound
1 =0 and p = n separately, and the remaining bounds follow from interpolation. Starting with g = 0 we first
bound I fv N by removing all derivatives from the nonlinearity using the heat estimate and use Holder’s inequality
as in (53, but we then use Cor. (b) on both terms to obtain

NN t/2 _3(L_1y_q_lal 1(i-1 .
L' < / (t—s) 2o » 2 (1 +t—s)2 ‘a (HaNHLp?, + HLUNH]LP;)(HCLNHLM + HwN”Lm)dS
0
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We can then choose p3 = pg = 6/5 for 1 < p < 0o to obtain
Iﬂ\
INN < CEgtf%( — )= 15 Hu— g Fmax(§—[n]1—2b, ¢/5, )L 17 ()
’36
On the other hand for I3'Y we leave all of the derivatives on the nonlinearity and use Liebniz and Hélder as in

1) 1| Without loss of generality, we assume |y1| > |y2|, and that for some k, 41 = 4 + e,. We then use
Cor. (a) on the first term and Cor. (b) on the second to obtain

NN ' ) _ %*(i*l 71 1 2 2,5
L' < (t—s) 2o P/(1+t—s)2 ‘u (||8 an|[zer + |0} wNH]Lm)(Hax an||zrs + |0} wNH]Lp?,)dS
t/2

For 1 < p < 2 we choose p; = p3 = 3/2 to obtain
IéVN <CE4t 2(1—7)— ‘-&—,u-&-f—L nJ1—2by 3/2

whereas for p = oo we choose p1 = p3 = 12/5 to obtain

Lo

IéVN < CE4 -3 -5 uts—Inli—2bn 125

Finally we need to consider the weighted norms when g = n. For I}V we remove all derivatives from the

nonlinearity using the heat estimate, but we need to split the weight between the two terms. For 0 <n <1 we
split the weight evenly between the two terms and we can then apply Cor. (b) to both terms and pull out
the first factors from the integral via

t/2 lof — 1_1_1
NN < t—s 7%(i7%)7177 1+t—s 2 (qll 11’) mn.,i\S)liip ||77’LN ( | o2 (n)dS
1 0 L 1 ) "] L 2(2)

2 2

(L_l) t/2
a P / (lanllzes(ny + IGN l[Lrs (2y) (lan || Lo 2y + |EN ILra(n)) ds
0

whereas for 1 < n < 2 we split the weight unevenly between the two terms and apply Cor. (b) to the term
with less weight and Cor. (¢) to the term with more weight to obtain

t/2 31 1_@ 1_ 1 _ 1
IINN S/O (t—s) 2 ) 2(1+t—s)2 G p)HmNz( )||Lp1 (1+251) HmN,J( )H[‘:Pz("T*l)dS

t2
D (lawlpns s ety + 188l (1 222) (lanll ooty + (@l (21 ds
( )

In both cases the choice of ps = py = 6/5 satisfies the constraints imposed by the use of Cor. (b), (¢), so
for 1 < p < oo we obtain
N < CEth’%(lﬁ) 5= §+max(F—(n)1-2b, 6/, )Ln 17 (t)
736
For 1 < n < 2 we can obtain a different bound, and note that in the overlapping region 1 < n < 2 we can use
the better of the two estimates. We split the weight unevenly in a different way and apply Cor. (b), (c) to
the terms with respectively less and more weight to obtain

t/2 3¢ _1y_q_lo 1(1_1
I{VNS/ (t—s) 2371 (I+1t—s)2 G p)”mN1< >”Lpl(l+" ! HmNd( >HLP2(2(" 1))d8
0

lal 11 t/2

2 (1+t)2 a1 p)/o (||aNHLp3(1+ +||wN”Lp3 (14021 )(Ha’N||LP4(2<";1))+ ”wNHLM(Q(n;n))dS
In this case the choice of p3 = 15/13, ps = 5/4 satisfies the constraints imposed by the use of Cor. (b), (c),
so for 1 < p < oo we have

Y < opt i)

For Iév N we leave all derivatives on the nonlinearity as in , use Liebniz and Holder as in and put the
weight on the term having fewer derivatives to obtain

ds

t 31 _1 iy
IéVNg/ (t—s) 2@ W (1t — )2 @00 m il o 1022 o
t



where without loss of generality we assume |y1| > |y2|. We can use Cor. (a) on the first term, and either
Cor. (b) or (c¢) on the second term, depending on n. In either case one obtains

¢ _3(1_1 111 e e B
B < [ s HE D ) (02 a0 Rl ) (102 a1 e ds
t/2
for some index k. For 0 < n < 1 we use Cor. (b) and choose p; = p3 = 3/2 for 1 < p < 2 to obtain
NN < oEY 30— lnhi =2
= n

whereas we can obtain the exact same bound for 1 < n < 2 using Cor. (c) with py = p3s = 3/2. We can also
obtain the same bound for 1 < n < 3/2 using Cor. (c) with p1 =2, p3 = 6/5 for 1 < p < 2, and also for
3/2 < n < 2 using Cor. (¢) with p1 = 6/5, ps = 2. Finally, for p = 0o and 0 < n < 7/4 we can use Cor.
(b) by choosing p; = p3 = 12/5 and we obtain

IéVN < CE?Ltfgf%+”+%*L”J1*2bn,12/5

and for 7/4 < n < 2 we can obtain the same bound by using Cor. (c). For 3/2 <n <2 we can use Cor.
(c) with p; = 3, p3 = 2 and we obtain

N < CEY— 55 Hnt3—1n)1—bns—bns
— n

The excess decay rate b, can therefore be found by collecting these results and finding the slowest decay,
and the rate the bounds for the terms pyr and Jygr can be obtained similarly. O

APPENDIX A. PROOF OF THE ESTIMATES ON II AND B IN PROPOSITION

We begin the proof with the following Lemmas:

Lemma A.1l. For ps,p3 and n chosen as in part (b) above, and given f,g such that
9(y)
f) = | dy
R3 |7 —y|?

[ £llr2 () < CllgllLrs ()

we have

Proof. The proof is based on a dyadic decomposition
3

where Ag = {z € R?: 2] <1} and 4j = {z e R® : 2771 < |z| < 27} for j € N. Let f; = fxa, and g; = gxa,-
Clearly fi =) oy Aij, where

For the case |i — j| <1 note that if

then by the Hardy-Littlewood-Sobolev inequality (|8] Theorem V.1), we have
1Al e < s (@)|[e2 < Cllgjllzes < C27 | gj][1es
for an a € (0,1) of our choosing. Next, we consider the case i > j + 2. By the triangle inequality

N R R e
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Since i > j + 2 we have |z — y| > 272 and hence

1Al < ( / xa, @) ( / XAj(y)||$gj_(3;)||2dy)p2da:)l/p2 < 21—26( / ya (@) ( / xAj(y)lgj(y)ldy)mdx)l/pz
= o ([aa@in) ™ [ wlawla < g ( [xa@ie) ™ ( oo, wds) ™ ol

C -
66 = /g = 027D g

where in the last step we used . By a very similar argument, if j > i 4+ 2 we have

1
3(1-L

—3(L_Lyii—;
1A re < €275~ 2 0D g1y

Recalling the limits on the support of f; and its decomposition in terms of A; ; we have the inequality:

3
fillrsmy < C2Mfillioe < €2 S 273G 30 60 0y
jEN

—li—j|-3(2—L 1) (i —aliei
(57) < oY 2 G T gy < 3 027 g5 s iy
jeN jeN

for some o > 0, since —1 < 3(2_T” — p%) < 1. Considering now f itself, we have

1F 12 Znﬁ Toa(n

and since
(58) Z HszLp2 < Z (ZCQ_O“i_ﬂ”ngLpg(n)>p2 = Z <2027a|i7j|(1717) —oli 7J‘P3 ”.%HL% )p2

we can then apply Hoélder’s inequality and interchange the order of summation to obtain

(59 1z <OZ[22 W g5 72 ] ™ <0[222 gy ] ™ < CllEi

where in the last step we compute the geometric sum and use convexity since g—i = 3_3p3 > 1. O

Lemma A.2. For 1 < p3 < py < o0 and n € [0,2) chosen such that
2—n 1 3—n

< <
3 p3 3

B 9(y)
/(@) —/RS 2y

£l ez (n—1) < CllgllLrs ()

and given f,qg such that

we have

Proof. Defining f;, g;, A;; and h; analogously to the above much of the proof follows in almost identical fashion.
The key difference arises from the fact that ps lies in a different range in this case. In the step analogous to

, we have

. . [ VST YO S S
Ifillzez o1y < C20 V|| fill oo < C20DN "0 211=31=3(5 =55 J)HQJ'HLP:S(l)

JeN
B PRTIYE- S AV .
< CZ 2 31i—=31-3(3 73 7)( ])”ngLPB(n) < Z C27a|27J‘ng||LP3(n) ,
jEN jEN
for some o > 0 since —3 < 3(2 — p% — 2) < §. The estimate in the lemma now follows by a summation similar

to that in and . O
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Proof of Proposition[2.1] The operators 0,,I1 and 0., B are singular integral operators formed by kernels of
Calderon-Zygmund type, so part (a) follows from Theorem II.3 in [8]. Examining the form of the II and B
operators, we see that part (b) follows directly the result of the Lemma

For part (c¢), we use our modified versions of B.2, B.3 to complete the analogous proof in [3]. Write

1 T — Y x;
a), = —— - d
W) =55 [, (=~ )

using the moment zero condition. Using the identity

|2 (2 — yi) — |2 — y[Pzi = (30 — yo) |2 (lz] — |2 — y]) + |2 — y|zi(z - y) — vl — 2lyl)
it follows that
2 (i — i) — |z — yPPxi| < Clo — yllallyl(z] + |y]) < C(|lz — yllzPly| + |z — y[*|=]|y])

and hence |(Ila);| < C(uj + u2) where

!ylla(y)ldy

uy(z) = 1 |y|\a(y)|dy e

|z J |o—yl?

Therefore, using Lemma [A.1] [A.2 with f1 = |z|u1, f2 = |7|?u2 and g1 = g2 = |y| |a(y)| we have

o wl@) =g

Mallemy < Cllxpi<illal| oy + Cllx51] - [MTal| 1,

< el + il P, + ol P,
= CHHCLHLPQ(nfl)+CHf1HLP2(n71)+CHf2HLP2(n,2)
<

CHaHLPS(n—l) + CHngLps(n_n + CHg2HLps(n—1) S CHaHLm(n)

The proof for B@ is analogous.

APPENDIX B. PROOF OF HEAT ESTIMATE IN PROPOSITION

Proof. We prove that in general dimension d > 1

_lel_ 4 1,, _
109 K (8) # fll gy < COt) ™2 208720 fl| gy

and the result then holds by estimating the i}p(u) norms separately for vt < 1 and vt > 1 using different values
for q. Write

||8$Ku($at) * fHLg(u) = H (/|y|>f+/y|<f>8§KV(x - y7t)f(y)dy|‘[/g(u) < Sl + 52 + 53
where
5= | / a;“KV@:—y,t>f(y>x\y,>mdyum>

S0= 3 Gl [ Kt Fx il
|5\<

ntl ! n H
S5 = Z 3! H/y|<\/ﬁy6f<y)/o (1 - 8)"00P K, (x — sy,t)

|B]=n+1

and where we used Taylor’s theorem

1
ok a—y) = 3 (—pAE D) /3 Al s S ”“"“yﬁ / (1= 8 0K, (2 — sy, £)ds
0

[B|<7 |B|=ri+1
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For S, we change variables and use |z| < |Z — g| + |7]:
p_ ol d SO -~ - -
I ] 08K = 00 Xyl < @055 [ 7= 08K = ) (Vo il
[ NPOE KL = ) )il
We can then use Young’s inequality and change back to our original variables:
i Bl < i S 2K, i
I, 0w = 5.0 ity ) < (1) (108 KN,y W D511

171 (V15121 s |

(63
T uamx)HLW i

p=n _ a\
< oot T 16D 1)l g0

For Sy, we can factor out the y dependent terms from the L norm

_laltls N
I ] 08 Kl Sy yiadvllingy < 0075 N K@ o] [P r ]

Since |f| <n<n—d(1l - l) we use the zero moment property to obtain

)/|y|<m )dy| = ’/>f }z;n il @)ldy

n \/3\
- -2+
<y o gl o 1 gy < CO1)2
Yy

—4(
2 (

1_
‘ HfIILq

For S3, write

H /|f @5y F(W)d 3 = |12 /lywyﬁﬂy) [ (1= 80 E, (- s, 1] o,

e /| 7| [ (1 5P Kz - 7))
1

ar || o - s

— ()T

la|

< (Vt)_7+ AT

Now using the fact that s < 1,|y| < 1 we have

At+1+]af - . -
K (F — s & — syl* =1yt 1+ | — syl
oK = sp)| = | D0 (@ — s expl— ]| < C(1L+ [y expl - ]
=0
and 2 2 2 2| ~12 2
| — sy |Z] 7 st-g STyl |z
exp[—T] :exp[—?]exp[—?—i-T—T] SC’exp[—?]
If we let 6 > 0 be such that n — d(1 — %) + 9 <n+1, then we have
_lelypyd N = o -
| Sy’ f(9)dyllin gy < (v8) 2 T2 (1 4 |t 91" f (Vtg)| expl——-

ly|<v/vt |7]<1
and since the integral in § no longer depends on T we have

~12
- = T
(1+ |x|)u+n+1+|a| exp[_u]

G f(Vutg)|d
8 ‘ La /Iz?|<1

_M n—d(1—1 N g~
< Oy 35V /| lry| A= (Vo) dg
y<

lof gy d
| Oy’ f(y)dyll o, = (vt) 2 2T
lyl<v/vt Lelu)
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APPENDIX C. PROOF OF THE HEAT-WAVE ESTIMATES

C.1. Proof of Proposition We first obtain point-wise estimates. Recalling the form of the Kirchhoff
formula, we need a bound on the spherical integral of the Gaussian, so we begin with the following estimate:

Lemma C.1. In any dimension d > 1,
(| —ct)?

—\m+ctz\2 _d=-1
/ e dS(z) < C(d) (1 + 1) F o Ui
|z[=1

Proof. We recall the proof given by [5]. First note that the integral above is rotationally invariant so that we
may, without loss of generality, set © = |x|e;. It then suffices to integrate over the set {z : |z| = 1, 23 < 0},
since the other part is smaller, and we’ll relabel z with —z for convenience. Note that for such x and z,

Bl —tz)? > (|z| — ct)? + 2|z — ctz|* > (Jz| — ct)? + 2(|z|* — 2|z|z1ct + AH2|2]?)
> (|| — ct)? + 222 (1 — 27)
> (|lz] — ct)® + P2 (1 — 21)

This can then be used to obtain the estimate

—llz|eg —ctz|? —(|z|—ct)? At(x-1) ct\— %5 —(zl-ct)?
/ e at dS(z) < e 3at / e 3« dS(z)=C(d) (—) ? e 3ar
| | 1 Zl>0 |Z‘ 1 2’1>0

a

by a simple calculation using the parameterization z; = \/ 1— (224 ..+ zi) of the hemispherical integral. We

can improve this somewhat when 0 < ¢t < 1. Note that for |z| = 1, we have
2
|z + ctz|? = |z|* + 2t — 2ct|z| > ‘gj — 2727

soif 0 < ct < a,
‘2

_\m+ctz|2 _ﬂ 2c2t _|‘L
e at dS(z) < e date a dS(z) < C(d)e” 4at .
|z]=1 |z|=1

d—1

On the other hand, for a < ¢t <1, (¢t/a)” = <1, so we have

_ Uz|=ct)®

[ e ase) <c@e
|z|=1
O

Proof of Proposition [2.4 Working in general odd dimension d > 3, we first derive pointwise bounds for the
Green’s functions w * K;, Oqw * K, and 8,?111 x K. Using and the above lemmas, we find

lw * K¢ ()| < Z ‘boé7()(01f)|0‘|Jr1 DK (x + ctz)z*dS(z)

0<|al< 52 ==L

| |x c,z\2

<c Y (a)ysti / e s dS(z)

0<fa|< 453 #=

Tr|—cC 2

<O+ )T 31405 e i

where we have used the fact that

_\£|2 lel?

Dgem"1 <Ce™ 5
for some constant C. Using the analogous bounds we then find

1 _ (z|=ct)? 1 _ (|z[-ct)?

Ow * Kop(z)| St 2 (1+8) " Te 2wt and  |0Pw* Kpu(z)| < CtF (1+ )" T e 200t
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The desired L9(n) bounds then follow from an estimate of the L4(n) norm of the translating exponential:

(:]—ct)? (z|—ct (r—ct)?
lle™ S0t HL‘I(n) —/ (|Jz|™)%e P 20v dx—C/ e~ gl Sovird-1gy
R4

1/2y2

o0
:/ (11/2F)ma+d=1q —glfoct )

0

t'/2dr, r=tl/?

1/2y2

o0 F—c S 2
— {(ng+d)/2 / Fratd=1o= TS gx  y(nakd) /2 / Lt S dp, F = p 4 ct'/?
0 tl 2

g t(nq+d)/2 / (panrdfl + t(nq+d71)/2>ef%dp S Ct(nq+d)/2(1 + t(anrdfl)/Q)
R

and hence
_(=ct)? nid n4d=l
He 200t ‘ La(n) 5 t2 2q(1 + t) 2q
O
C.2. Proof of Proposition
Proof. The proof follows by putting one of the derivatives in on pg. Specifically, we have
8§w*Kyt*p0‘ < cat!®l™ 1‘/ D¢ ,,t*po(a:qLctz)]zddS(z))
1<|a]< 2 d+1 l21=1
< Z Z Cate; ¢l D3 Dy, [Kyt * po(x + ctz)]zjzo‘dS(z)
0<fa|< 45 J=1 1=t
d lol _a |z —y + ctz|?
< Y St [ e[ L8] [s, o)y
a1 j= RS HJ[2)=1 vt
0<]a]<d5E =1
and we can then use Lemma
0w * K, *p0‘<Czt 21—|—t) dl/ exp[—w”D po(y)}dy
t vt RS 20vt "
_d a1 (|- —ct)?
Z a4 e [~ T Dy ol (0)
hence for small times we can make the estimate
d 2
) L aen (-] -t
105w * K,y * po”ip(u) < Cz;t 2(14+¢t)7 2 ||exp[— W] * ’Dszomir)(u)
]:
d
<o G DA T TG Ip t5(141)5|D
= Z e P/(1+1) H xypOHLq )+ (1+ ) | a:;POHLq
j=1
whereas for large times we use the Young’s inequality together with the estimate in Prop.
O

APPENDIX D. EXPLICIT CALCULATIONS OF THE HERMITE PROFILES

D.1. Explicit functional form for the hyperbolic-parabolic Hermite profiles. The functions p1, a1, po,
as, lay and Ilag are given by the following explicit formulas:
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_ (z|-ct)? _ (z|+et)?
(la] = ct)e” 50 4 (|| 4 ct)e” 0

2|z|(4m(1 + vt))3/2

p1($, t) =

2 (lz|+ct)? — ct)? (lz|=ct)?
ai(z,t) = ¢ [[(“ﬂ +ct) _ 1]6* 4(1112) — [M _ 1}6* 4(1+Vtt) }
2|z|(4m(1 + vt))3/2 Lt 2(1 + vt) 2(1+vt)
_ (e|+et)? _(z|=ct)?
1 e 40d+vt) — e 4(1+vt)
x,t) =
P01 = B 1 o) 2 T
1 t - (Z:—Ctz)f t - (Jﬁq(c‘lj—c?f
0 (. 1) = (|z| — ct)e + (Jz| + ct)e
(47 (1 + vt))3/2 2||
cr e (|| - ct) e (|| + ct)
Ta; = [ strwar +1) — e at ( +1)]
LT An )32z P(1 + vt) 12 2(1+ vt) 2(1+ vt)
1 -GSy | ] — ct ] + ct
T (& v (& vt | —C T C
Hazi—(— + Ef(——— r 7)
27 (Am)32 o | (14 vt)l/2 (2(1 + 1/15)1/2) (2(1 - ut)1/2)

where
C 2
Erf(¢) = 2/ e “dz
0
Given a spherically symmetric initial condition (ug,0)”, the solution to the wave equation is given by

(] = etyuo(ll=] = ct]) + (J| + ct)uo(|z] + ct)
2|

(60) u(z,t) =

Taking ug to be K, (t) * ¢o, we obtain the equation for p;. We compute a1 by plugging ug = K, (s) * ¢ into
(60), taking the derivative of u(z,t) with respect to ¢, multiplying by —1 and then setting s = ¢.
To compute Ilaq, note that

Ha1 == V(A_lal)
and that since a; is spherically symmetric it suffices to compute Vu, where
19 [72@
r2ort or

The result follows by computing an indefinite radial integral, ensuring the integal is zero at the origin, and
making use of

l=a

z Ou

To calculate the explicit forms of ps and as we use the fact that the solution of the wave equation with a
spherically symmetric initial condition of the form (0,ug(r))? is given by

(62) (e, t) = _/0 (|| = es)uo(||z] — csg‘;i—'(]x\ + es)uo(|z| + Cs)ds

hence we have the result above for ps, and ao is found by using . [Tay is computed using the same method
used for Ila;.
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D.2. Explicit functional form for the divergence-free vector field Hermite profiles. We compute Bg;

where
o 1 \V/ ( _4(‘11215) ")
;= - X (e b €
T (4m )32 (1 + et)32 ’
and note that in view of the definitions in Table [1| the terms B f:;é,j can be computed by taking appropriate
derivatives. One can check that the function

1
(4m)3/2(1 + €t)3/2

has curl equal to g; since the second term is a gradient, hence has zero curl. Furthermore the divergence of the
above expression is zero, since the divergence and gradient cancel the inverse Laplacian in the second term. As
before we can compute the inverse Laplacian of the Gaussian term by exploiting the spherical symmetry and we
get

__le? __le?
[6 4(1+et)é‘i _axiV(Afle A(1+et) )]

2 T 22
@ — _M6_4(1+5t) + 2<1+6t)/ e 40+et) dz
or r r2 0

50 using we have

|2 |=|2
. 1 e 4(l+et) . T 2‘$|€74(1+et) | |
BG, = i_mﬁgf_ggg—f %f—————}}
g (47)3/2 (1+at)3/26 ' \:c|3[ (1+ et)t/2 e (2(1+6t)1/2)]

APPENDIX E. ANALYSIS OF THE LINEAR EVOLUTION

We show that pr,(t), ar(t) and & (t) defined in defined by and for t > 0 and (pr(t),ar(t), @ ()T =
(po, ap, @o)T for t = 0 map [0, 00) continuously into LP(n) for initial conditions in LP(n), and that these define
differentiable functions of space and time for ¢ > 0. We also determine bounds on the temporal evolution of the
norms of these terms.

E.1. Smoothness properties.
Proposition E.1. (a) Let n € R>o, p > 1 and (po, ao,&)T € WHP(n) x LP(n) x Lh(n). Then
(pr(t),ar(t),&L(t))" € C°[[0,00), LP(n) x LP(n) x Lk (n)]
(b) Let n € Rsq and (po, ao, )T € Whi(n) x Lt(n) x LL(n). Then
(02 pL(), 0 ar(t), 053 (1))T € C°[(0,00), LP(n) x LP(n) x L (n)]
for every 1 <p <oo and a € N3,

Proof. We prove continuity at ¢ = 0 for part (a), then prove part (b), and the continuity for ¢ > 0 follows from
the fact that solutions are differentiable in time, and that these time derivatives can be written in terms of the
spatial derivatives by virtue of the differential equation that the solutions satisfy. Starting with &y we show
continuity at ¢ = 0 by first noting that it suffices to consider &y which is smooth and has compact support by
a density argument, together with the linearity of the heat operator, Young’s inequality and the heat estimates
in Proposition Standard arguments show that for such &y we have K(t) * &y — & uniformly as t — 0, and
the result follows. For ¢t > 0 one obtains 0¢K,(t) *Jp € LP(n) via Young’s inequality and the differentiability as
a map into LY follows from the fact that

oz]:(e _ aKE
h—0 h

— 00K ()] 1,y =0

for all u, together with Young’s inequality.

For pr(t) we start with dyw(t) * K, (t) * po. Again we can assume that pg is smooth and has compact support
using Proposition For such pg the uniform convergence of dyw(t) * K, (t) * pg to po as t — 0 is immediate
from the formula .

Oyw(t) * K, (t) * pg = — K, (t) % po(x + ctz)dS(2)
4 |z|=1
and from the result for K, (t) * pg. The continuity in LP(n) then follows. For ¢t > 0 the differentiability follows
by the same reasoning as above. The proofs for the smoothness properties of the other terms are similar. ]
31



E.2. Linear evolution decay rates. Let r,;, ¢, , and gn,p,u be as defined in and @

Proposition E.2. Let n € R>q be given. Suppose (pg,ap,&o)f € () WHP(n) x LP(n) x LZ(n). Ifn >0,
1<5<3/2
suppose also that ag and Wy have zero total mass. Then

1
102 P ()|} » ( SO (1 +1)” btz sup (loollwr.a(ny + llaoll ()
1<p<3/2

[ o —Ta,p _Zn,p, _ -
63) 15050 < 14000 0 (ol + ool

185GL () lzp(y < CtTw (L4 )" re sup ([ SollLagm))
1<p<3/2

holds for all t € (0,00), 1 <p<o00,0<pu<n anda c N?

Proof. In the following computations we ignore constant proportionality factors for simplicity. The proof follows
from Young’s inequality, together with the the fact that we can split the weight via (1+|z|)* < (14 |y|)* + (1+
|z — y|)* and estimate in different L? norms. For the first term in (19)), this is as follows. For large times ¢ > 1
we have

10w % B2  poll gy < 100w 5 XK (D) 1oy o021 + 1050 % XK ()] 210l 11,

|

\ ||
< 57307078 (1 50D g+ 47207 (1 270D po
whereas for small times ¢ < 1 we have

o 2K ol < 1900 ¢ KOl 1900 OO sl ol s
(

7 E (1456

|
2
: z HPOHL3/2 (1)

3
2

B_3c2_ 1
<3G (1 )5 G ol e + ¢
for p > 3/2 and
10w 07 Ky * pol| o,y < [Oiw x 07K (t)Hil(M llpollLr + Hatw * 8QKV(t)HL1Hp0H[°,P(M)

,,M
<55 (140t 2HPOHLP+75 5140200l g

\ B

as t — 0 for p > 3/2, blow up at the rate

372 1
for 1 < p < 3/2 hence these norms blow up at the rate t_i(§ 5)
1

RS

w\

|| _51_1y, 1
t—2 ast— 0for 1 <p<3/2and decay at the rate =z (=p)t+s—
term in pr, we find

ast — oo for all 1 < p < oco. For the next

t
[l 05 Ky * aoll o,y < llw* O Ko ()] o 1 (5 )*a0||L1+Hw*8a (Q)HLPHK( )*GO||L1
p_3_1y_lal L_(1_1 H _1y_lof _1
§t1+‘2‘ 51 p) 2 (1—}—25)5 1 p) 1||CLOHL1 njl)‘|’t1 2(1 ) 2( ) (1 HK( )*CLOHLl

for large times. For the case p = 0 note that the second term on the right hand side does not appear since we
can use Young’s inequality directly, and if 0 < g < n then we can use

_1n J1 [m]1
HK( 5) * aoll g, =1 laol L1 (n)
For small times we have
% 82Ky # aoll oy < e % XK ()| o o laoll vz + w % 2K (8) 15 a0l /2,

—la] _ & : Lo
<R ET A 05 6 gl + 67567 TE A+ 070 D llaol agag,
for p > 3/2 and
o« K el < I+ TR g ol + 0 Ol

— laf
< 1 0 pollze + 15 ool g

for 1 < p < 3/2. The time estimates of the other terms in , are obtained similarly. Note the weighted
estimates in (63)) aren’t sharp for &y, but instead match the decay rate of solutions of . O
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