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Pattern formation in 
nature
• How does nature form its structures?



Lets focus on one: CDIMA reaction 
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question, since it is well-known that square TP do not form
spontaneously in systems of this type.17,34 We also investigate
other types of two-dimensional patterns that can emerge and
be stabilized by ‘‘square’’ forcing when the forcing wavelength
is either near to or far from the natural pattern wavelength.

Experimental

The experiments were carried out in a continuously-fed
unstirred reactor (CFUR). The CFUR, which consisted of a
2% agarose gel (Fluka, thickness 0.3 mm, diameter 25 mm)
and served as a working medium for the pattern formation,
was in contact on one side with a continuously-fed stirred tank
reactor (CSTR) and on the other side with an impermeable
optical glass window through which the spatial forcing by
illumination was applied. The CSTR was placed underneath
the CFUR and served as a feeding chamber for the CFUR.
The volume of the CSTR chamber was 2.7 mL. Three small
magnetic stirring bars rotated at a constant speed of 1000 rpm
to homogenize the reaction mixture in the CSTR compart-
ment. The CFUR was separated from the CSTR compartment
by two membranes: a cellulose nitrate membrane (Whatman,
pore size 0.45 mm, thickness 0.12 mm) placed beneath the gel
for enhanced contrast, and an anopore membrane (Whatman,
pore size 0.2 mm, impregnated with 4% agarose gel, overall
thickness 0.10 mm) to provide rigid support to the gel and to
separate the CFUR from the intensively stirred feeding chamber.
The reactor assembly was thermostated at 4 1C.

Three reagent solutions: (i) I2 (Aldrich), (ii) a mixture of
malonic acid (MA, Aldrich) and poly-(vinyl alcohol) (PVA,
Aldrich, average molecular weight 9000–10000), and (iii) ClO2

prepared as described in ref. 35 were fed into the CSTR by
three peristaltic pumps (Rainin). The PVA is a binding agent
for triiodide ions and also acts as a color indicator. It plays a
key role in diminishing the effective diffusivity of iodide, which
is essential to the formation of Turing patterns.12 The initial
concentrations of reactants (at the instant of mixing in the
feeding chamber) were the same in all experiments: [I2]= 0.4 mM,
[MA] = 1.8 mM, [ClO2] = 0.14 mM, and [PVA] = 10 g L!1.
Each of the input solutions contained 10 mM sulfuric acid.
The residence time of the reagents in the CSTR was 160 s.

The spatial forcing was implemented by projecting two-
dimensional grayscale images of squares on the working
medium with a PC-controlled DLP projector (Dell 1510X).
A CCD camera (Pulnix) equipped with a Hamamatsu camera
control unit was used to record images of TP. Snapshots were
taken in ambient light (0.6 mW cm!2), with no image projected
on the CFUR. In this study we investigated resonant pattern
formation employing forcing wavelengths, lF, between 0.6lP
and 2.5lP, where lP is the intrinsic wavelength of the Turing
patterns in the absence of forcing.

Experimental results

It typically took several hours from the start of feeding the
CSTR with reactant solutions for TP to spontaneously develop
and to become stationary. Under the above reaction conditions,
we obtained labyrinthine patterns composed of randomly oriented
stripes in the presence of a few spots (Fig. 1a). After the TP

became stationary, we took a snapshot of the pattern and
evaluated the pattern wavelength from its Fourier spectrum.
The average wavelength of spontaneously developed patterns
in our experiments was lP = 0.40 " 0.03 mm. The pattern was
then illuminated by strong, homogeneous white light (Imax =
101 mW cm!2) for 2 min in order to suppress the TP and to
create uniform initial conditions.
After the pattern suppression, spatial forcing was applied by

projecting images composed of grayscale squares. The squares
were produced by overlaying two perpendicular sets of stripes
with the same wavelength, lF. Each set of bands had a square-
wave, or ‘‘on–off,’’ intensity profile in the normal direction;
therefore the superposition of the two sets created squares of
equal size with three different grayscale levels. During forcing,
the maximum light intensity, Imax, was applied through the
square areas where the bright stripes intersect (Fig. 2a). At the
intersections of the black bands, the intensity was zero.
Medium intensity light, Iint = Imax/2, was cast on the areas
where perpendicular stripes of ‘‘on’’ and ‘‘off’’ overlapped.
As reported previously,33 when the intensity of the forcing was

very low (Imaxo 2.0 mW cm!2) the evolved patterns were similar
to the spontaneously formed ones. When the light intensity was
increased above 2.0 mW cm!2, the influence of spatial periodic
forcing on the pattern formation process became noticeable.
Forcing just above the threshold can result in TP that differ
from the applied mask. There was often no locking between the
forcing wavelength and the wavelength of the patterns that
developed in the presence of illumination. Typically, above
Imax = 7.0 mW cm!2 the illumination was strong enough that
images projected on the CFUR became completely imprinted. In
general, the symmetric ‘‘square’’ patterns that formed under the
influence of illumination were stable only as long as the forcing
was maintained, irrespective of the forcing strength. In a few
cases, when the wavelength of the forcing was equal to or near
the intrinsic wavelength, forced stripe patterns persisted after the
illumination was switched off.
Two-dimensional forcing led to formation of TP that displayed

resonant behavior within a large domain of forcing wave-
length, lF, and forcing amplitude, Imax, as illustrated in Fig. 3.
Two-dimensional 1 : 1 locking between the forcing image and
the TP was found when lF was close to the intrinsic pattern
wavelength (Fig. 2 and 3a). However, for lower light intensities

Fig. 1 Labyrinthine Turing patterns in the unforced CDIMA reaction–

diffusion system. (a) Results of experiments, snapshot area 5 # 5 mm.

For reaction conditions, see text. (b) Results of simulations with model

(1): a = 12, b = 0.32, d = 1, and s = 50. System size is 84 # 84 space

units (grid 168 # 168). Black represents high concentration of [SI3
!].
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ABSTRACT: We investigate the sensitivity of Turing patterns
in the chlorine dioxide−iodine−malonic acid reaction to
illumination by strong white light. Intense illumination results
in an increase of [I−], in contrast to previous studies, which
found only decreased [I−] for weak and intermediate
intensities of illumination. We propose an expanded
mechanism to explain the experimental observations. Both
experimental and numerical results suggest that [ClO2] is the
key parameter that determines whether the high iodide state is
obtained under strong illumination. When strong illumination
is applied through a spatially periodic mask with black and
white stripes, a dark state with high [I−] is produced in the illuminated domain and a light state with low [I−] forms in the
nonilluminated domain. Depending on the black:white ratio of the mask and its wavelength, Turing patterns can coexist with
either the light or the dark state in the nonilluminated domain.

1. INTRODUCTION
Formation of Turing patterns (TP) in the chlorite−iodide−
malonic acid (CIMA) reaction and its variant, the chlorine
dioxide−iodine−malonic acid (CDIMA) reaction, has been
thoroughly studied because of the first experimental verifica-
tion1 of Turing’s theoretical predictions.2 In recent years many
studies on Turing pattern formation have utilized the
photosensitivity of the CDIMA reaction to control the pattern
formation and to produce novel patterns, including superlattice
patterns3 and square Turing patterns.4 Many of these patterns
do not form spontaneously, and some of them can only be
sustained in the presence of spatiotemporal forcing. The light
sensitivity of the CDIMA reaction has been investigated by
several research groups, and it is relatively well understood what
triggers the photosensitivity of the CDIMA reaction: when
visible light is applied, photons absorbed by molecular iodine
initiate its photodissociation, and this rate-determining step
results in formation of reactive iodine atoms. What happens
next is less clear, but the general consensus is that a sequence of
fast reactions results in the overall reduction of chlorine dioxide
to chlorite and in the oxidation of iodide back to molecular
iodine.5

The effect of light on pattern formation in the CDIMA
reaction has often been simulated using a simple Lengyel−
Epstein (LE) model6 modified to include the effect of
illumination. This model treats only iodide and chlorite as
variables and assumes that all other concentrations, including
iodine, malonic acid, and chlorine dioxide, do not change
significantly; a quasi-steady state approximation for these
species is applied. This assumption is reasonable in many

cases, including when illumination is weak and when the input
reagents are delivered in relatively high concentrations, so that
changes due to reaction do not significantly affect them. Even
though more detailed models for the reaction have been
proposed,5,7−9 these extended models are not as practical for
numerical simulations of pattern formation in the presence of
light. Because most recent experimental studies have utilized
relatively weak illumination, the LE model sufficed and the
results of simulations were typically in good agreement with the
experimental results.10−18

In this paper, we report our investigation of the effect of
strong white light on pattern formation in the CDIMA reaction.
We show that strong illumination results in consumption of
iodide ions in the illuminated area as observed in the case of
weak illumination, but this decrease in [I−] is only temporary
and is followed by sudden production of iodide. We propose a
modified scheme and expand the LE model to account for the
effects of strong illumination by taking into account that the
assumption of fixed chlorine dioxide concentration is invalid
and introducing [ClO2] as a variable in the model.

2. EXPERIMENTAL PROCEDURE
Patterns were studied in a continuously fed unstirred reactor
(CFUR) consisting of a 2% agarose (Sigma-Aldrich) gel with
thickness 0.3 mm and diameter 25 mm. One side of the CFUR
was placed against an impermeable optical glass window,
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MA  +  I2        —> IMA + I-  + H+ 

ClO2 +  I         —> ClO2
- + 0.5 I 

ClO2
- + 4I- + 4H+ —> 2I2 + Cl- + 2H2O

“Simple set of chemical reactions can create spatial patterns”

Well-stirred vat of chemicals feeds into gel suspension,   
slows down diffusion of chemical species —> 

[I-]  concentration

Chemical reaction occurs in a spatially non-constant manner: 
Striped and spotted states form at random orientations. 

How does this happen?

[Epstein ’12 et. al]



Mathematical modeling of patterns
• Alan Turing: 

• Mathematics reveals how simple physical mechanisms can combine and lead to complicated 
spatial behavior 

• Foundational work inspiring whole area(s) of research

Turing’s idea: Reaction + Diffusion = spatial patterns

THE CHEMICAL BASIS OF MOKPHOGENESIS 

BY A. M. TURING, F.R.S. University qf Manchester 

(Received 9 November 195 1-Revised 15 March 1952) 

It  is suggested that a system of chemical substances, called morphogens, reacting together and 
diffusing through a tissue, is adequate to account for the main phenomena of morphogenesis. 
Such a system, although it may originally be quite homogeneous, may later develop a pattern 
or structure due to an instability of the homogeneous equilibrium, which is triggered off by 
random disturbances. Such reaction-diffusion systems are considered in some detail in the case 
of an isolated ring of cells, a mathematically convenient, though biolo:~irall, unusual system. 
The investigation is chiefly concerned with the onset of instability. It  is faund that there are six 
essentially different forms which this may take. In the most interesting form stationary waves 
appear on the ring. It  is suggested that this might account, for instance, for the tentacle patterns 
on Hydra and for whorled leaves. A system of reactions and diffusion on a sphere is also con- 
sidered. Such a system appears to account for gastrulation. Another reaction system in two 
dimensions gives rise to patterns reminiscent of dappling. It  is also suggested that stationary 
waves in two dimensions could account for the phenomena of phyllotaxis. 

The purpose of this paper is to discuss a possible mechanism by which the genes of a zygote 
may determine the anatomical structure of the resulting organism. The theory does not make any 
new hypotheses; it merely suggests that certain well-known physical laws are sufficient to account 
for many of the facts. The full understanding of the paper requires a good knowledge of mathe- 
matics, some biology, and some elementary chemistry. Since readers cannot be expected to be 
experts in all of these subjects, a number of elementary facts are explained, which can be found in 
text-books, but whose omission would make the paper difficult reading. 

I n  this section a mathematical model of the growing embryo will be described. This model 
will be a simplification and an idealization, and consequently a falsification. I t  is to be 
hoped that the features retained for discussion are those of greatest importance in the 
present state of knowledge. 

The model takes two slightly different forms. In one of them the cell theory is recognized 
but the cells are idealized into geometrical points. In  the other the matter of the organism 
is imagined as continuously distributed. The cells are not, however, completely ignored, 
for various physical and physico-chemical characteristics of the matter as a whole are 
assumed to have values appropriate to the cellular matter. 

With either of the models one proceeds as with a physical theory and defines an entity 
called 'the state of the system'. One then describes how that state is to be determined from 
the state at  a moment very shortly before. With either model the description of the state 
consists of two parts, the mechanical and the chemical. The mechanical part of the state 
describes the positions, masses, velocities and elastic properties of the cells, and the forces 
between them. I n  the continuous form of the theory essentially the same information is 
given in the form of the stress, velocity, density and elasticity of the matter. The chemical 
part of the state is given (in the cell form of theory) as the chemical composition of each 
separate cell; the diffusibility of each substance between each two adjacent cells rnust also 
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not change. The concentration of C, together with its combined form C', will be supposed 
the same in all cells, but it changes with the passage of time. Two different varieties of the 
problem will be considered, with slightly different assumptions. 

The results are shown in table 1. There are eight columns, each of which gives ihe con- 
centration of a morphogen in each of the twenty cells; the circumstances to which these 
concentrations refer differ from column to column. The first five columns all refer to the same 
'variety' of the imaginary organism, but there are two specimens shown. The specimens 
differ merely in the chance factors which were involved. With this variety the value of 
y was allowed to increase at  the rate of 2-7 s.u. from the value -;to +&. At this point 
a pattern had definitely begun to appear, and was recorded. The parameter y was then 
allowed to decrease at  the same rate to zero and then remained there until there was no 

FIGURE3. Concentrations of Y in the development of the first specimen (taken from table 1). 
- - - - - - - original homogeneous equilibrium; ////// incipient pattern; ---final equilibrium. 

more appreciable change. The pattern was then recorded again. The concentrations of Y 
in these two recordings are shown in figure 3 as well as in table 1.  For the second specimen 
only one column of figures is given, viz. those for the Y morphogen in the incipient pattern. 
At this stage the X values are closely related to the Y values, as may be seen from the first 
specimen (or from theory). The final values can be made almost indistinguishable from those 
for the first specimen by renumbering the cells and have therefore not been given. These 
two specimens may be said to belong to the 'variety with quick cooking', because the 
instability is allowed to increase so quickly that the pattern appears relatively solon. The 
effect of this haste might be regarded as rather unsatisfactory, as the incipient pattern is 
very irregular. I n  both specimens the four-lobed component is present in considerable 
strength in the incipient pattern. I t  'beats' with the three-lobed component producing 
considerable irregularity. The relative magnitudes of the three- and four-lobed components 
depend on chance and vary from specimen to specimen. The four-lobed component may 
often be the stronger, and may occasionally be so strong that the final pattern is four-lobed. 
How often this happens is not known, but the pattern, when it occurs, is shown in the last 
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situations might result. In both of them, the concentrations
rise and fall around the ring in the form of waves. In one
case, the waves are stationary, like acoustic standing waves:
the peaks and troughs of concentration stay in the same
place, creating a series of bands. In the other case, the
waves are oscillatory, meaning that the peaks and troughs
move around the ring: they are ‘travelling waves’.

In fact, there may be several such waves of different wave-
lengths, and their interference can result in a series of ‘blobs’
that differ from one another in size—a pattern, but not a per-
fectly regular one. Because he had to solve his equations by
hand—not difficult, but laborious—Turing could offer only a
rather sketchy indication of what the patterns would look
like. One of them, in a 20-cell ring, is shown schematically in
figure 2a. Turing showed this rather less strikingly as a histo-
gram of concentrations; but a two-dimensional pattern that
he calculated for a particular case of his reaction–diffusion
system was much more evocative. It is shown in figure 2b,
and one can see at once what it evokes: a dappled animal
marking (see, for example, figure 2c), as Turing himself hinted.

Given his initial intention to explain embryonic mor-
phogenesis, Turing focused the discussion of biological
implications on the matter of how the scheme could account
for the shapes of organisms that approximated his ideal geo-
metries: for example, the sprouting of shoots as radial whorls
in plants such as woodruff, or of tentacles on the cylindrical
stems of the primitive aquatic animals called hydra. But, the
glory of dappled things has excited more interest, and indeed
Waddington wrote to Turing in 1952 saying that the best
application of his theory would be ‘in the arising of spots,
streaks and flecks of various kinds in apparently uniform
areas such as the wings of butterflies, the shells of molluscs,
the skins of tigers, leopards, etc’ [5]. Much of the focus of
interest in chemical ‘Turing structures’, as his stationary-
wave patterns are now known, has subsequently turned to
these pigmentation patterns as the ideal test-bed for whether
Turing’s theory stands up. I will turn to that shortly. First,
it is apt to look more closely at why the theory, for all its
originality, had precedents [6].

4. Chemical waves
The key attributes of the chemical system that Turing
described, in which travelling or stationary waves in concen-
tration can arise from a combination of reaction and diffusion,
had already been discussed more than 40 years earlier. In
1910, the Austrian–American ecologist and mathematician
Alfred Lotka described a chemical reaction that could

undergo oscillations of this kind [7]. Lotka was not particu-
larly interested in chemistry per se. For him, the reaction
was an analogy for the dynamics of animal populations,
and the collisions and reactions that may take place between
molecules were just proxies for the interactions between pred-
atory beasts and their prey. Chemical ingredients can be
‘consumed’ by reactions just as prey can be consumed by
their predators. And both predators and prey can multiply
their own kind by reproduction.

This last aspect is the crucial one: an ingredient of the process
can produce more of itself. This is possible for a chemical reagent
if it is autocatalytic, which means that it acts as a catalyst that
speeds up the rate of its own formation. Autocatalysis is a posi-
tive feedback process: the more that is made, the faster it appears.
That kind of blow-up allows small, random fluctuations in con-
centration to be amplified into large non-uniformities—into the
‘patches’ that Turing’s process can generate. Unchecked, positive
feedback will blossom out of control, at least until the ingredients
that feed it are exhausted. For chemical reactions, fresh reagents
are brought into playat any location when they diffuse there, and
so the outcome depends on a delicate balance between the rates
of reaction and the rates of diffusion.

Lotka’s paper described only a chemical system in which
oscillations are transient—eventually they die out, like the
damped oscillations of a ringing bell. But 10 years later he
outlined conditions under which they could persist [8].
And in 1921, chemical oscillations were reported by
William Bray of the University of California at Berkeley in a
real reaction, that between hydrogen peroxide and an
iodate salt to produce iodine. Although Bray was a distin-
guished chemist, no one knew what to make of his
observations and they were largely ignored.

Travelling wavefronts resulting from a reaction–diffusion
process were also identified in the 1930s by the geneticist
Ronald Fisher, who devised a mathematical model [9]—
extended by the Soviet mathematical physicist Andrei
Kolmogorov [10] and now called the Fisher–Kolmogorov
equation—describing how an advantageous allele spreads in a
population. This model is now regarded as a very general pre-
scription for a certain type of reaction–diffusion process, but
at the time, with theoretical biology in its infancy (Fisher was
one of the pioneers), there was little appreciation that an
approach devised in one area of biology (population genetics)
should have anything to say about another (morphogenesis).

In this respect, Lotka’s perception that population
dynamics could be rephrased as a problem of chemical kin-
etics was deeply insightful, and foreshadowed Turing’s own
recasting of a biological problem as a chemical one. It was
also prescient, for at the same time that Turing was working

(a) (b) (c)

Figure 2. (a) The morphogen pattern in a ring of cells as deduced by Turing. The greyscale indicates concentration differences. (b) Turing’s hand-calculated ‘dappled
pattern’ created by a morphogen scheme in two dimensions [1, fig. 2]. (c) The resemblance to animal markings (here a cheetah) was obvious, albeit at this point no
more than qualitative.
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• Lets start with no spatial variation in the model: 

• In a well-stirred mixture there exists a chemical equilibrium: 

• Dynamics near equilibrium: Taylor expand about U=U* 

• 2D-Linear system: 

• Stability: Do solutions       grow or decay in time?

Chemical reaction

V(t)

- concentration of [I-] 
- concentration of [ClO2

-]  U =
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u
v

◆

<latexit sha1_base64="Gs+yARmzZFtOMfaV04K830UvC4M="></latexit>
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✓
@uf @vf
@ug @vg

◆
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(ordinary differential equation)
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− ϕ

vt = σ(bu −
uv

1 + u2
+ ϕ)

⟹

a, b, ϕ, σ → parameters

Ut = F(U ) = (f(u, v)
g(u, v))



Linear system

Study the eigenvalues of A:

Stability condition:

Upshot: If well-stirred, chemical concentrations will approach a stable equilibrium state. 

Ũt = AŨ, A = DF (U⇤) =
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=) V (t) decays in time
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• Do solutions       grow or decay in time?V(t)



Reaction - Diffusion
• Now allow the chemical species to spread or diffuse in space (i.e. fed them into a gel): 

• What effect does the diffusion have?  

• Linear stability analysis about    :   insert   

• Taylor expand and truncate at linear order in V:

U*

Eigenvalues:

x

= spatial period   2π /k

Re eikx = cos(kx)
Spatial “mode”

�±(k) = ⌧(k)±
p

⌧(k)2 � 4�(k), ⌧(k) = a11 + a22 � k2(du + dv), � = (a11 � d1k
2)(a22 � d2k

2)� a12a21
<latexit sha1_base64="tTBSr1cXpN8l4uYFiEEuD7PAM20="></latexit>

⌧(k) = a11 + a22 � k2(du + dv),

�(k) = (a11 � d1k
2)(a22 � d2k

2)� a12a21
<latexit sha1_base64="m0YesTs4PP7WSjun8ulkSVjAi7Y="></latexit>

(partial differential equation)
ut = duuxx + a − bu −

4uv
1 + u2

− ϕ

vt = dvvxx + σ(bu −
uv

1 + u2
+ ϕ)

U = U* + Vkeikx

d
dt

Vk = A(k)Vk, A(k) := (
−duk2 0

0 −dvk2) + DF(U*)

Vt = AV, A = DF (U⇤) =
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◆

<latexit sha1_base64="KIkqsjEt8I9oVztxjmdusu4EnAM="></latexit>



• Choose parameters correctly: typically                          (short range activation, long range 
inhibition), obtain an unstable eigenvalue        with non-zero wavenumber

“Turing” instability
du ≪ 1 and dv ∼ 1

Re λ+(k)

k ⟹

u

x

= spatial period   2π /k

“Linear growth of spatially 
non-constant modes”

If no diffusion, then no 
spatial patterns!
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question, since it is well-known that square TP do not form
spontaneously in systems of this type.17,34 We also investigate
other types of two-dimensional patterns that can emerge and
be stabilized by ‘‘square’’ forcing when the forcing wavelength
is either near to or far from the natural pattern wavelength.

Experimental

The experiments were carried out in a continuously-fed
unstirred reactor (CFUR). The CFUR, which consisted of a
2% agarose gel (Fluka, thickness 0.3 mm, diameter 25 mm)
and served as a working medium for the pattern formation,
was in contact on one side with a continuously-fed stirred tank
reactor (CSTR) and on the other side with an impermeable
optical glass window through which the spatial forcing by
illumination was applied. The CSTR was placed underneath
the CFUR and served as a feeding chamber for the CFUR.
The volume of the CSTR chamber was 2.7 mL. Three small
magnetic stirring bars rotated at a constant speed of 1000 rpm
to homogenize the reaction mixture in the CSTR compart-
ment. The CFUR was separated from the CSTR compartment
by two membranes: a cellulose nitrate membrane (Whatman,
pore size 0.45 mm, thickness 0.12 mm) placed beneath the gel
for enhanced contrast, and an anopore membrane (Whatman,
pore size 0.2 mm, impregnated with 4% agarose gel, overall
thickness 0.10 mm) to provide rigid support to the gel and to
separate the CFUR from the intensively stirred feeding chamber.
The reactor assembly was thermostated at 4 1C.

Three reagent solutions: (i) I2 (Aldrich), (ii) a mixture of
malonic acid (MA, Aldrich) and poly-(vinyl alcohol) (PVA,
Aldrich, average molecular weight 9000–10000), and (iii) ClO2

prepared as described in ref. 35 were fed into the CSTR by
three peristaltic pumps (Rainin). The PVA is a binding agent
for triiodide ions and also acts as a color indicator. It plays a
key role in diminishing the effective diffusivity of iodide, which
is essential to the formation of Turing patterns.12 The initial
concentrations of reactants (at the instant of mixing in the
feeding chamber) were the same in all experiments: [I2]= 0.4 mM,
[MA] = 1.8 mM, [ClO2] = 0.14 mM, and [PVA] = 10 g L!1.
Each of the input solutions contained 10 mM sulfuric acid.
The residence time of the reagents in the CSTR was 160 s.

The spatial forcing was implemented by projecting two-
dimensional grayscale images of squares on the working
medium with a PC-controlled DLP projector (Dell 1510X).
A CCD camera (Pulnix) equipped with a Hamamatsu camera
control unit was used to record images of TP. Snapshots were
taken in ambient light (0.6 mW cm!2), with no image projected
on the CFUR. In this study we investigated resonant pattern
formation employing forcing wavelengths, lF, between 0.6lP
and 2.5lP, where lP is the intrinsic wavelength of the Turing
patterns in the absence of forcing.

Experimental results

It typically took several hours from the start of feeding the
CSTR with reactant solutions for TP to spontaneously develop
and to become stationary. Under the above reaction conditions,
we obtained labyrinthine patterns composed of randomly oriented
stripes in the presence of a few spots (Fig. 1a). After the TP

became stationary, we took a snapshot of the pattern and
evaluated the pattern wavelength from its Fourier spectrum.
The average wavelength of spontaneously developed patterns
in our experiments was lP = 0.40 " 0.03 mm. The pattern was
then illuminated by strong, homogeneous white light (Imax =
101 mW cm!2) for 2 min in order to suppress the TP and to
create uniform initial conditions.
After the pattern suppression, spatial forcing was applied by

projecting images composed of grayscale squares. The squares
were produced by overlaying two perpendicular sets of stripes
with the same wavelength, lF. Each set of bands had a square-
wave, or ‘‘on–off,’’ intensity profile in the normal direction;
therefore the superposition of the two sets created squares of
equal size with three different grayscale levels. During forcing,
the maximum light intensity, Imax, was applied through the
square areas where the bright stripes intersect (Fig. 2a). At the
intersections of the black bands, the intensity was zero.
Medium intensity light, Iint = Imax/2, was cast on the areas
where perpendicular stripes of ‘‘on’’ and ‘‘off’’ overlapped.
As reported previously,33 when the intensity of the forcing was

very low (Imaxo 2.0 mW cm!2) the evolved patterns were similar
to the spontaneously formed ones. When the light intensity was
increased above 2.0 mW cm!2, the influence of spatial periodic
forcing on the pattern formation process became noticeable.
Forcing just above the threshold can result in TP that differ
from the applied mask. There was often no locking between the
forcing wavelength and the wavelength of the patterns that
developed in the presence of illumination. Typically, above
Imax = 7.0 mW cm!2 the illumination was strong enough that
images projected on the CFUR became completely imprinted. In
general, the symmetric ‘‘square’’ patterns that formed under the
influence of illumination were stable only as long as the forcing
was maintained, irrespective of the forcing strength. In a few
cases, when the wavelength of the forcing was equal to or near
the intrinsic wavelength, forced stripe patterns persisted after the
illumination was switched off.
Two-dimensional forcing led to formation of TP that displayed

resonant behavior within a large domain of forcing wave-
length, lF, and forcing amplitude, Imax, as illustrated in Fig. 3.
Two-dimensional 1 : 1 locking between the forcing image and
the TP was found when lF was close to the intrinsic pattern
wavelength (Fig. 2 and 3a). However, for lower light intensities

Fig. 1 Labyrinthine Turing patterns in the unforced CDIMA reaction–

diffusion system. (a) Results of experiments, snapshot area 5 # 5 mm.

For reaction conditions, see text. (b) Results of simulations with model

(1): a = 12, b = 0.32, d = 1, and s = 50. System size is 84 # 84 space

units (grid 168 # 168). Black represents high concentration of [SI3
!].
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In two spatial dimensions, this corresponds to an annulus of 
wavenumbers becoming unstable

eik·x, x = (x1, x2)
T , k = (kx, ky)

T , k2 = k2x + k2y
<latexit sha1_base64="CqHWhRXRfTd6uN0+AlJVg/jq5qk="></latexit>
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Light-sensitivity of CDIMA 
reaction

• Light suppresses spatial patterns 

• Traveling mask speed selects pattern 
and mediates defects 

• Experimental model for a growing 
organism

with constant velocity. Thus, the illuminated zone (with no
patterns) decreases its size at the expense of the nonillumi-
nated region (in which patterns can arise).

All the experiments shown here are performed in the
absolutely unstable domain [35,36], which means that the
velocity of the moving boundary of illumination (!) is
smaller than the spontaneous spreading velocity of the
Turing pattern, estimated as !spon! 1:8" 0:1 mm=h for
the concentrations used. Under these circumstances, the
pattern always arises close to the moving boundary.
Ongoing experiments in the convective unstable domain
reveal other interesting behavior, which is outside the
scope of this Letter.

Quasi-one-dimensional experiments are performed to
investigate the dependence of the wavelength of the pattern
on the growth velocity in a simple configuration. For this
quasi-one-dimensional experiment we use a concentration
of #MA$0 % 1 mM, which produces a pattern composed of
hexagonal spots with an intrinsic wavelength value of " %
0:51" 0:05 mm.

The geometry of the nonilluminated region in which
patterns can form is carefully selected. In fact, the system

is two dimensional but the length of one (transverse)
dimension is short and fixed to be slightly larger than
1 full intrinsic wavelength of the Turing pattern. The other
(longitudinal) dimension of the nonilluminated domain is
continuously growing.

This geometry only allows the development of a single
array of spots as shown in Fig. 2. The results of these quasi-
one-dimensional experiments reveal that the wavelength of
the Turing spot pattern depends on the moving boundary
velocity. Figure 2(d) shows that the wavelength decreases
with the growth velocity.

In the two-dimensional experiment, the fixed transverse
dimension of the nonilluminated area is significantly larger
than the intrinsic wavelength of the Turing patterns, and
therefore the Turing patterns can develop in a full two-
dimensional space. The concentration of malonic acid used
in the two dimensional experiments is #MA$0 % 1:2 mM,
which spontaneously produces stripes without preferential
ordering [21] and with " % 0:54" 0:05 mm.

Stripes parallel to the growing axis arise in the system
for relatively small values of the growth velocity [! %
0:21" 0:01 mm=hin Figs. 3(a) and 3(b)]. The wavelength
of the stripes is equal to the intrinsic wavelength of the
spontaneously formed labyrinthine stripes, " % 0:54"
0:05 mm. The length of the stripes increases with the speed
of the moving boundary.
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FIG. 2. Turing pattern formation in a quasi-one-dimensional
system with moving boundary. (a)–(c) Snapshots of Turing
patterns taken at intervals of 2 h. The shaded (nonilluminated)
domain is growing from left to right. The velocity of the moving
boundary is ! % 0:62" 0:02 mm=hThe bar in (c) corresponds
to 1 mm. (d) Plot of the wavelength versus the moving boundary
velocity for the experiments. (e) Wavelength vs velocity for the
numerical simulations in the one-dimensional system.

FIG. 3. Turing pattern formation in a two-dimensional system
with moving boundary. Snapshots at two different times for
different velocities of the moving boundary: (a),(b) ! %
0:21 mm=h; (c),(d) ! % 0:43 mm=h; and (e),(f ) ! %
1:26 mm=h. The boundary between the illuminated and non-
illuminated zones moves from left to right. Size of each snap-
shot: 3:8 & 6 mm.
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We have performed one-dimensional and two-dimensional experiments and simulations to study the
formation of patterns in a system that grows continuously in one direction. Depending on the growth
velocity, three basic spatial configurations can be obtained: stripes that are parallel, oblique, or
perpendicular to the growth direction. The dependence of the wavelength on the growth velocity has
also been observed. Our results illustrate the importance of these growth mechanisms in determining the
final configuration of chemical and biological pattern-forming processes.

DOI: 10.1103/PhysRevLett.96.048304 PACS numbers: 82.40.Ck, 05.45.!a, 05.65.+b, 47.54.!r

Over the past decades, chemical reaction-diffusion sys-
tems have been used to model pattern formation mecha-
nisms observed in nature [1–5]. This was Alan Turing’s
main focus when he launched the field more than half a
century ago [6]. Turing showed that relatively simple, pure
reaction-diffusion systems can produce stationary patterns
in time and periodic in space [7,8]. These Turing patterns
are commonly used as chemical models to understand
symmetry breaking processes that occur in biology [9–15].

Living biological systems develop, change, and interact
with their environment [16–18]. In the past, the majority of
experimental studies on pattern formation in reaction-
diffusion systems have been performed with static domains
(i.e., systems with fixed sizes and fixed parameter condi-
tions) [19–21]. But since living organisms develop under
the continuous influence of external changes [22], the final
shape of a living tissue (such as in somitogenesis and skin
patterning) is strongly influenced by environmental varia-
tions [5,13,23,24]. The most relevant of these mechanisms
is growth, which is obviously present in almost every living
system [16]. The effects produced by the boundary shape
and by the dynamical growth have been studied numeri-
cally and theoretically [25–30]. In this Letter, we focus
on pattern formation in reaction-diffusion systems under
controlled (longitudinal) axial growth in one- and two-
dimensional media. We study experimentally and numeri-
cally how the growth velocity influences the wavelength of
the pattern. The dependence of the spatial configuration on
the velocity of the moving boundary is also reported. Our
results reveal a rich, complex, and rather surprising behav-
ior of the patterns when the boundary growth velocity is
modified.

Experiments are performed using the chlorine dioxide,
iodine, malonic acid (CDIMA) [31–33] reaction in a ther-
mostated, one-sided, continuously fed unstirred reactor
(CFUR) at 4" 0:5 #C. The patterns are observed in an
agarose gel (2% agarose, 0.3 mm thickness, 20 mm diame-
ter). Reagents are fed into a continuously fed stirred tank
reactor (CSTR) placed underneath the gel CFUR layer. A

nitrocellulose membrane (Schleicher and Schnell, pore
size 0:45 !m) and an anapore membrane impregnated
with 0.5% agarose gel (Whatman, pore size 0:2 !m) are
placed between the CSTR and the gel layer to avoid
convection in the CFUR. Initial concentrations inside
the CSTR were $I2%0 & 0:45 mM, $ClO2%0 & 0:1 mM,
$poly'vinyl alcohol(%0 & 10 g=l and $H2SO4%0 & 10 mM,
and two different concentrations for the malonic acid (MA)
due to experimental requirements.

Because of the sensitivity to light of the CDIMA reac-
tion, the effect of growth can be easily introduced into the
system [34]. High light intensity suppresses the pattern and
low light intensity allows Turing patterns to develop in the
gel. A moving image is projected from a video projector
(Hitachi CP-X327) computer controlled onto the gel (see
Fig. 1). Images were recorded by a CCD camera connected
to a computer for further analysis.

A typical experiment is performed as follows: at the start
of the experiment, high intensity homogeneous illumina-
tion is applied to the entire system and the pattern is sup-
pressed. Hence, the initial condition for all the experiments
is the homogeneous steady state. Then the light from the
video projector is blocked (masked) in a rectangular area.
The size of the rectangular opaque mask image increases
with time along the longitudinal direction, while the trans-
verse dimension remains unchanged. The boundary be-
tween the illuminated and nonilluminated regions moves

v

CFUR

Light Intensity

Turing
Steady
State

FIG. 1. Schematic of the experiment. A moving opaque mask
image creates a growing shadow domain where Turing patterns
can develop. In the illuminated domain the pattern is suppressed.
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question, since it is well-known that square TP do not form
spontaneously in systems of this type.17,34 We also investigate
other types of two-dimensional patterns that can emerge and
be stabilized by ‘‘square’’ forcing when the forcing wavelength
is either near to or far from the natural pattern wavelength.

Experimental

The experiments were carried out in a continuously-fed
unstirred reactor (CFUR). The CFUR, which consisted of a
2% agarose gel (Fluka, thickness 0.3 mm, diameter 25 mm)
and served as a working medium for the pattern formation,
was in contact on one side with a continuously-fed stirred tank
reactor (CSTR) and on the other side with an impermeable
optical glass window through which the spatial forcing by
illumination was applied. The CSTR was placed underneath
the CFUR and served as a feeding chamber for the CFUR.
The volume of the CSTR chamber was 2.7 mL. Three small
magnetic stirring bars rotated at a constant speed of 1000 rpm
to homogenize the reaction mixture in the CSTR compart-
ment. The CFUR was separated from the CSTR compartment
by two membranes: a cellulose nitrate membrane (Whatman,
pore size 0.45 mm, thickness 0.12 mm) placed beneath the gel
for enhanced contrast, and an anopore membrane (Whatman,
pore size 0.2 mm, impregnated with 4% agarose gel, overall
thickness 0.10 mm) to provide rigid support to the gel and to
separate the CFUR from the intensively stirred feeding chamber.
The reactor assembly was thermostated at 4 1C.

Three reagent solutions: (i) I2 (Aldrich), (ii) a mixture of
malonic acid (MA, Aldrich) and poly-(vinyl alcohol) (PVA,
Aldrich, average molecular weight 9000–10000), and (iii) ClO2

prepared as described in ref. 35 were fed into the CSTR by
three peristaltic pumps (Rainin). The PVA is a binding agent
for triiodide ions and also acts as a color indicator. It plays a
key role in diminishing the effective diffusivity of iodide, which
is essential to the formation of Turing patterns.12 The initial
concentrations of reactants (at the instant of mixing in the
feeding chamber) were the same in all experiments: [I2]= 0.4 mM,
[MA] = 1.8 mM, [ClO2] = 0.14 mM, and [PVA] = 10 g L!1.
Each of the input solutions contained 10 mM sulfuric acid.
The residence time of the reagents in the CSTR was 160 s.

The spatial forcing was implemented by projecting two-
dimensional grayscale images of squares on the working
medium with a PC-controlled DLP projector (Dell 1510X).
A CCD camera (Pulnix) equipped with a Hamamatsu camera
control unit was used to record images of TP. Snapshots were
taken in ambient light (0.6 mW cm!2), with no image projected
on the CFUR. In this study we investigated resonant pattern
formation employing forcing wavelengths, lF, between 0.6lP
and 2.5lP, where lP is the intrinsic wavelength of the Turing
patterns in the absence of forcing.

Experimental results

It typically took several hours from the start of feeding the
CSTR with reactant solutions for TP to spontaneously develop
and to become stationary. Under the above reaction conditions,
we obtained labyrinthine patterns composed of randomly oriented
stripes in the presence of a few spots (Fig. 1a). After the TP

became stationary, we took a snapshot of the pattern and
evaluated the pattern wavelength from its Fourier spectrum.
The average wavelength of spontaneously developed patterns
in our experiments was lP = 0.40 " 0.03 mm. The pattern was
then illuminated by strong, homogeneous white light (Imax =
101 mW cm!2) for 2 min in order to suppress the TP and to
create uniform initial conditions.
After the pattern suppression, spatial forcing was applied by

projecting images composed of grayscale squares. The squares
were produced by overlaying two perpendicular sets of stripes
with the same wavelength, lF. Each set of bands had a square-
wave, or ‘‘on–off,’’ intensity profile in the normal direction;
therefore the superposition of the two sets created squares of
equal size with three different grayscale levels. During forcing,
the maximum light intensity, Imax, was applied through the
square areas where the bright stripes intersect (Fig. 2a). At the
intersections of the black bands, the intensity was zero.
Medium intensity light, Iint = Imax/2, was cast on the areas
where perpendicular stripes of ‘‘on’’ and ‘‘off’’ overlapped.
As reported previously,33 when the intensity of the forcing was

very low (Imaxo 2.0 mW cm!2) the evolved patterns were similar
to the spontaneously formed ones. When the light intensity was
increased above 2.0 mW cm!2, the influence of spatial periodic
forcing on the pattern formation process became noticeable.
Forcing just above the threshold can result in TP that differ
from the applied mask. There was often no locking between the
forcing wavelength and the wavelength of the patterns that
developed in the presence of illumination. Typically, above
Imax = 7.0 mW cm!2 the illumination was strong enough that
images projected on the CFUR became completely imprinted. In
general, the symmetric ‘‘square’’ patterns that formed under the
influence of illumination were stable only as long as the forcing
was maintained, irrespective of the forcing strength. In a few
cases, when the wavelength of the forcing was equal to or near
the intrinsic wavelength, forced stripe patterns persisted after the
illumination was switched off.
Two-dimensional forcing led to formation of TP that displayed

resonant behavior within a large domain of forcing wave-
length, lF, and forcing amplitude, Imax, as illustrated in Fig. 3.
Two-dimensional 1 : 1 locking between the forcing image and
the TP was found when lF was close to the intrinsic pattern
wavelength (Fig. 2 and 3a). However, for lower light intensities

Fig. 1 Labyrinthine Turing patterns in the unforced CDIMA reaction–

diffusion system. (a) Results of experiments, snapshot area 5 # 5 mm.

For reaction conditions, see text. (b) Results of simulations with model

(1): a = 12, b = 0.32, d = 1, and s = 50. System size is 84 # 84 space

units (grid 168 # 168). Black represents high concentration of [SI3
!].
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How does growth or spatial heterogeneity mediate or select 
patterns? 

• External mechanism travels through system, or system domain grows, 
mediating pattern formation. 

• Aim is to more efficiently and effectively form novel materials at various 
length-scales, and understand growth processes in nature.

J. Phys.: Condens. Matter 21 (2009) 224003 B Ziberi et al

Figure 13. Topography diagram for Ge after Xe+ ion beam
sputtering for different ion energies and ion incidence angles. The
symbols represent the experimental data: —hillock structures,
△—smooth surfaces, ♦—perpendicular-mode ripples,
⊗—parallel-mode ripples + dots, ×—parallel-mode ripples,
!—columnar structures, ◦—dots.

However, there are experimental conditions under which
completely new phenomena are observed. One is the
formation of perpendicular mode ripples with a wavelength
approximately two times larger compared to the wavelength
of parallel mode ripples. Moreover, there is a transition from
ripples to dots with increasing ion energy on Ge surfaces. The
topographical transition between different patterns with ion
incidence angle will be further substantiated in 4.2.

4.2. Time evolution of ripple and dot patterns

In this section results about the evolution of the characteristic
wavelength λ of nanostructures and the surface roughness w

with erosion time (equivalent to the ion fluence ") for different
ion species on Si and Ge will be presented. The ion fluence
equals the total number of ions hitting the surface per unit
area. For a given ion flux the ion fluence " is equivalent to
the sputter time, or with the thickness of the removed layer.
All experiments were conducted under conditions under which
well-ordered ripple and dot structures are formed.

4.2.1. Wavelength evolution. A representative example of
evolving ripple patterns, with increasing ion fluence on Si, is
given in figure 14. The AFM image in figure 14(a) reveals
a parallel-mode ripple topography from the beginning of the
sputtering process with a distinct wavelength, as observed in
the FFT image in figure 14(b). However, the rather broad
radial and angular distribution of the first spot reveal that
ripples have a rather poor lateral ordering (alignment) and
size homogeneity. With increasing ion fluence the ordering
of ripples increases (figures 14 (c) and (d)). The AFM
image shows that ripples are interrupted by defects (denoted
by the circle in figure 14(c)), producing two new ripples or
coalescence of two ripples into one. The number of defects
decreases with ", leading to almost perfectly ordered ripples
with approximately 2 defects per 1 µm2, shown in figure 14(c).

Figure 14. Surface topography on Si after Kr+ ion beam erosion
with Eion = 1200 eV and αion = 15◦; (a) " = 3.4 × 1017 cm−2

(sputter time 180 s), (c) " = 1.3 × 1019 cm−2 (sputter time 7200 s).
The solid circle in (c) indicates an existing defect between ripples.
(b), (d) Corresponding Fourier images.

Figure 15. Ion fluence dependence of wavelength λ and normalized
system correlation length ζ/λ for ripples on Si with Eion = 1200 eV
and αion = 15◦ for different ion species.

Quantitatively, the results for the evolution of λ and
ζ/λ with ion fluence for Ar+, Kr+ and Xe+ ion species are
summarized in figure 15. The ripple wavelength of λ ∼ 50 nm
is constant while ζ/λ increases with ion fluence. At the
beginning (up to an ion fluence " = 2 × 1018 cm−2) there

9

Figure 1.1: Shape and alignment of patterns arising in Langmuir-Blodgett transfer of a homogeneous L-↵–

dipalmitoylphosphatidylcholine Langmuir transfer; reproduced with permission from [5]. Copyright 2007, ACS.”

monolayer (right). Liesegang rings and helices formed through recurrent precipiation in tube-in-tube experiments

Cu2+
(aq) + CrO2

4(aq) ! CuCrO4(s) in 1% agarose gel, schematic of relation to 2d-patterning, and numerical simuila-

tions; reproduced with permission from [26], Copyright 2013, APS.

where µ(x) = �sign (x), c > 0, (x, y) 2 R2, subscripts denote partial derivatives, and we dropped the tilde for
ease of notation. Our focus will be on stationary solutions, ut = 0, and we will only briefly comment on relevant
solutions with nontrivial time dependence. Throughout, we will be thinking of c > 0 small as a perturbation
parameter, starting from the zero speed case.

We are not aware of a systematic study of directional quenching processes in the mathematical literature. Our
work here is motivated to a large extent by phase separation processes in recurrent precipitation [20, 7, 25, 26],
studies of patterning in LangmuirBlodgett transfer [5, 18, 28], and numerical studies in [9].

Both experimentally and numerically, a plethora of patterns can be observed depending on initial conditions and
parameter values. One particular question of interest there is the orientation of interfaces: depending on system
parameters and initial conditions interfaces parallel, perpendicular, as well as slanted relative to the quenching
boundary {x = 0} are observed. Our results can roughly be understood as establishing the existence of stripes
perpendicular to the interface and ruling out slanted stripes. Stripes parallel to the interface were found in an
asymptotic analysis in [17] for the Cahn-Hilliard equation. We rule out the creation of stripes parallel to the
interface in the Allen-Cahn equation.

In the case of zero speed, solutions to the Cahn-Hilliard equation solve

�u+ µ(x)u� u
3 = ⌫, (1.4)

where ⌫ is usually referred to as the chemical potential. If we require zero mass, u ! 0 as x ! 1, we find ⌫ = 0
and we recover the Allen-Cahn problem at c = 0

�u+ µ(x)u� u
3 = 0, (1.5)

As a consequence, much of the present work treats both cases simultaneously. We note here that the unbalanced
cases, ⌫ 6= 0, as well as more generally unbalanced or even non-odd nonlinearities pose significant obstacles to
the analysis here and likely give rise to di↵erent phenomena.

We remark here that somewhat related problems arise in the context of ecology, where a change of stability of the
trivial state encodes a spatial boundary to the habitat of a species, that is, to the region, where small populations
can grow and spread. Much recent work has focused on the e↵ect of shifting habitats due to say climate change,
and the question whether species can follow the spatial shift; see for instance [1, 2, 3, 19, 27] and the references
therein. As we explained above, the main thrust of the present work is towards the characterization of patterns
in the wake of such shifting boundaries, slightly di↵erent from the major questions arising in the context of
ecology.

2
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Patterns and Growth 

was due to the fact that the average spacing of the system
was larger than usual in these experiments (see below),
but the reason of this fact itself (the larger average spac-
ing) was unclear, except that it occurred only in samples
in which the experimental imperfections happened to be
particularly weak.

The transition from symmetrical to zigzag patterns
was studied as follows. An almost uniform zigzag pattern
was obtained in a large (about 1-mm wide) eutectic grain
after a 4 h pulling at V ! 0:5 !ms"1. It was then sub-
mitted to a sequence of four V jumps separated by 30 min

pullings at constant V. We first decreased V to 0.39 and
0:3 !ms"1 and then reincreased it to 0.39 and
0:5 !ms"1. The first three steps of the sequence are
illustrated in Fig. 4. We extracted the local values of ",
the amplitude A, and the wavelength L of the zigzag
modulation by fitting the skeletonized image of the la-
mellae with a sine function over some space periods in
different regions of the micrographs. We assumed that the
control parameter of the instability is "="m, as it is for the
1D instabilities. The measured values of A and L are
plotted as a function of "="m in Fig. 5. Despite the
dispersion of the data, it is clear that there exists a
threshold "c, located between 0:85"m and 0:95"m, below
which no zigzag pattern was observed, and above which A
increased as "="m increased. This is a clear sign of a
bifurcation, although the character (supercritical or
slightly subcritical) of this bifurcation could not be de-
termined. The existence of a region without zigzags at the
lowest values of V in Fig. 4 does not necessarily mean
that the bifurcation was subcritical. The zigzag pattern
actually exhibited a slow global (upward) drift along the
y axis, at a velocity vd of about 0:05 !ms"1 for V !
0:5 !ms"1. Most probably, this was not an intrinsic
property of the pattern, but the consequence of a thermal
bias, which was comparable to tan"1#vd=V$ ! 5:7% in
this experiment. This external forcing can explain the
persistent absence of zigzags up to a certain distance
(which increases as "" "c decreases) from the colder
wall, as observed in Figs. 4(b) and 4(c). Finally, Fig. 5(b)
shows that L steeply increased when V was diminished
and redecreased with some hysteresis as V was switched
back to its initial value. This is a characteristic behavior
of the zigzag instability, as studied, for instance, in
Rayleigh-Bénard convection, which originates from its
‘‘diffusive’’ character, i.e., from the fact that its amplifi-
cation coefficient ! and wave vector k are related by ! !
"D#!$k2 at small k, where ! ! #"" "c$="m is the dis-

FIG. 4. Top views of zigzag patterns (a) V ! 0:5 !ms"1.
Solidification time: 4 h; (b) V ! 0:39 !ms"1. Solidification
time: 30 min; (c) V ! 0:3 !ms"1; solidification time: 30 min.
Sample thickness 300 !m. Horizontal width 440 !m.
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FIG. 5. (a) Amplitude A and (b) wavelength L of the zigzags
vs the reduced spacing "="m. Filled (open) symbols: data
obtained by decreasing (increasing) V. The error bars represent
the experimental dispersion.

FIG. 3. View of a pattern after 10 min at V ! 0:5 !ms"1, and
35 min at V ! 1 !ms"1 in a 300-!m-thick sample. Lamellar
domains are separated by disordered regions containing topo-
logical defects, and rods. Horizontal width 440 !m.
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Quenching/solidifcation in 
Eutectic Lamellar Crystals

Fig. 1B for Hoxa13+/−;Gli3XtJ/XtJ) and plotted re-
sults (Fig. 1C). In control, Hoxa13+/+;Gli3XtJ/XtJ,
and Hoxa13+/−;Gli3XtJ/XtJ mutants, the average

digit period increased along the PD axis, where-
as the ratio between the average digit period and
the AP length was constant, suggesting that the

wavelength of a Turing-type mechanism was
scaled along the PD axis to maintain a constant
number of digits. However, this was not true for

Fig. 2. Representative skeletal phenotypes of new-
borns of the Hoxa13;Hoxd11-13;Gli3 allelic series.
Digit number (indicated for the Gli3XtJ/XtJ condition)
increases as distalHox dose is reduced. When only one
functional copy of Hoxa13 remains (right column), the
tip of the digits is connected by a continuous band of
ossified (red) and cartilaginous (blue) tissue rimming
the distal border of the limb and becoming more
conspicuous as Gli3 copies are removed.

Fig. 3. The phenotypes of triple mutants can be
replicated by the Turing model. (Top) The first three
rows show Sox9 expression at E12.5 and E13.5 for
different combinations of the triple Hoxa13;Hoxd11-
13;Gli3 allelic series. As more Hox are removed, the
general trend shows an increase in digit number and
a decrease in digit thickness. The trend is most
strongly evident in the complete absence of Gli3
(third row). (Bottom) A similar behavior is shown by
the reaction-diffusion simulations, where a decrease
of the PD gradient used to modulate wavelength is
correlated with reduced Hox dose (khox). Additionally,
the model predicts a narrower digital region along
the PD axis, which eventually shrinks to zero, and no
pattern is formed.
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Nonlinear Dynamics viewpoint
Existence, Stability, Bifurcation, and Dynamics of nonlinear coherent states, which organize behavior 

• Simple ODE example:  

• Bifurcation indicated by a linear instability of          , at        : 

• Dynamics saturated by nonlinearities, non-trivial states     attract nearby trajectories  

• What is the “basin of attraction” of each non-trivial state     ?   

µ - bifurcation parameter

A⇤ = 0, equilibrium, changes stability at µ = 0

μ

u u+ = μ

u±

μ = 0

u±

u* = 0

u* = 0

ut = μu − u3

vt = μv

u− = − μ

u 2 R,
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Dynamics of spatial patterns?

Could introduce (2D) spatial dependence by adding in diffusion: 

Allen-Cahn equation

but patterned solutions are unstable, or not persistent

Turns out... a simple way to get stable patterns,     
in scalar PDE:

ut = �(1 +�)2u+ µ0u� u3, u : Rn ! R,

[SH-’77], [Cross, Hohenberg ’93]

Swift-Hohenberg equation

ut = �u+ µ0u� u3, � := @2
x + @2

y
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“Reaction”“Diffusion”

Can we study patterns in a simpler setting compared with coupled system: so a scalar equation?



• u - order parameter, measures state of system  

•    -bifurcation/“onset” parameter:  

• Originally derived for Rayleigh-Bénard convection —> 

• Universal model for many phenomena:  

• In fact Turing was working on a similar equation!  

• “Outline of development of the Daisy” [Turing, unfinished draft] 

•  Been used as a model for liquid crystals, soft-materials, plant phylotaxis, reaction-
diffusion 

• Nice starting point because much is rigorously known: 

Pattern forming model: The Swift-Hohenberg equation

ut = �(1 +�)2u+ µ0u� u3, u : Rn ! R,

µ0 u ⌘ 0 stable/unstable for µ0 7 0

[SH-’77], [Cross, Hohenberg ’93]
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Patterns in Swift-Hohenberg equation

• Turing Patterns: “Pitchfork” bifurcation of a family of spatially periodic equilibria 

ut = �(1 +�)2u+ µ0u� u3, u : Rn ! R,

Turing instability: insert                   into linear equation yields 

Re{�}

µ0 % 0

Nonlinear bifurcation of family of stable      
“roll”/stripe equilibrium states

[CrossHohenberg’93]

Rotational invariance -> all orientations of stripes are solutions

� = �(1� k2)2 + µ0, k = |k|
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 = k2 � 1, k ⇠ 1
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u

x

Linear instability of base state u  = 0 ⟹

u = reik⋅x+λt

t=300 max u=8.3724000206e-01
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k

up(x) =
p

4(µ0 � )/3 cos(kx) +O(|µ0 � |3/2),
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up(k · x; k)
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= spatial period   2π /k



Swift-Hohenberg equation
ut = �(1 +�)2u+ µ0u� u3, u : R2 ! R,

“Incoherent patches of patterns”



• Spatially progressive bifurcation: jump heterogeneity changes stability of u=0 for x� ct ? 0

ut = �(1 +�)2u+ µ(x� ct)u� u3, µ(⇠) = �µ0sgn(⇠)

“Fast” growth

“mild” growth

“slow” growth

Growth model in Swift-Hohenberg equation



• Similar behavior to experimental RD system
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Increasing grow
th speed c 

with constant velocity. Thus, the illuminated zone (with no
patterns) decreases its size at the expense of the nonillumi-
nated region (in which patterns can arise).

All the experiments shown here are performed in the
absolutely unstable domain [35,36], which means that the
velocity of the moving boundary of illumination (!) is
smaller than the spontaneous spreading velocity of the
Turing pattern, estimated as !spon! 1:8" 0:1 mm=h for
the concentrations used. Under these circumstances, the
pattern always arises close to the moving boundary.
Ongoing experiments in the convective unstable domain
reveal other interesting behavior, which is outside the
scope of this Letter.

Quasi-one-dimensional experiments are performed to
investigate the dependence of the wavelength of the pattern
on the growth velocity in a simple configuration. For this
quasi-one-dimensional experiment we use a concentration
of #MA$0 % 1 mM, which produces a pattern composed of
hexagonal spots with an intrinsic wavelength value of " %
0:51" 0:05 mm.

The geometry of the nonilluminated region in which
patterns can form is carefully selected. In fact, the system

is two dimensional but the length of one (transverse)
dimension is short and fixed to be slightly larger than
1 full intrinsic wavelength of the Turing pattern. The other
(longitudinal) dimension of the nonilluminated domain is
continuously growing.

This geometry only allows the development of a single
array of spots as shown in Fig. 2. The results of these quasi-
one-dimensional experiments reveal that the wavelength of
the Turing spot pattern depends on the moving boundary
velocity. Figure 2(d) shows that the wavelength decreases
with the growth velocity.

In the two-dimensional experiment, the fixed transverse
dimension of the nonilluminated area is significantly larger
than the intrinsic wavelength of the Turing patterns, and
therefore the Turing patterns can develop in a full two-
dimensional space. The concentration of malonic acid used
in the two dimensional experiments is #MA$0 % 1:2 mM,
which spontaneously produces stripes without preferential
ordering [21] and with " % 0:54" 0:05 mm.

Stripes parallel to the growing axis arise in the system
for relatively small values of the growth velocity [! %
0:21" 0:01 mm=hin Figs. 3(a) and 3(b)]. The wavelength
of the stripes is equal to the intrinsic wavelength of the
spontaneously formed labyrinthine stripes, " % 0:54"
0:05 mm. The length of the stripes increases with the speed
of the moving boundary.
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FIG. 2. Turing pattern formation in a quasi-one-dimensional
system with moving boundary. (a)–(c) Snapshots of Turing
patterns taken at intervals of 2 h. The shaded (nonilluminated)
domain is growing from left to right. The velocity of the moving
boundary is ! % 0:62" 0:02 mm=hThe bar in (c) corresponds
to 1 mm. (d) Plot of the wavelength versus the moving boundary
velocity for the experiments. (e) Wavelength vs velocity for the
numerical simulations in the one-dimensional system.

FIG. 3. Turing pattern formation in a two-dimensional system
with moving boundary. Snapshots at two different times for
different velocities of the moving boundary: (a),(b) ! %
0:21 mm=h; (c),(d) ! % 0:43 mm=h; and (e),(f ) ! %
1:26 mm=h. The boundary between the illuminated and non-
illuminated zones moves from left to right. Size of each snap-
shot: 3:8 & 6 mm.

PRL 96, 048304 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
3 FEBRUARY 2006

048304-2

Light Sensing RD systemSwift-Hohenberg
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Curves       give mechanism and prescription for control of pattern formation process 
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behind inhomogeneity.

c < cinv : pattern wants to invade 
faster than you’re letting it
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ut = �(1 + @2
x)

2u+ µ(x� ct)u� u3 µ(⇠) = µ0sgn(�⇠)
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Fast speeds:

Look for “small amplitude” solutions with onset multiple scaling:

Existence for speeds near detachment point

Theorem: For                     sufficiently small, there exists a pattern forming front with wavenumber     ✏ and 4� c̃ > 0

µ0 = ✏2, c = ✏c̃, 0 < ✏ ⌧ 1

cinv 

c ⇠ cinv = 4
p
µ0

kx(c) = 1 + γ̃c + 𝒪(c2)
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ωuτ = − (1 + ∂ξ)2u + μ(ξ)u − u3 + c∂ξu (MTW, ky=0)
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Numerics
Leading order prediction

ξ = x − ct

ξ = x − ct



Spatial Dynamics approach

• Look for front solutions as trajectories in a dynamical system with space    as evolution variable, in 
phase space of    - periodic functions,  

• non-autonomous in    (but only piece-wise constant!) 

• Write as first order system  —>

ξ

τ

!u⌧ = �(1 + @2
⇠ )

2u+ µ(⇠)u� u3 + cu⇠
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u⇠ = v,

v⇠ = w,

w⇠ = ✓,

✓⇠ = (µ(⇠)� !@⌧ )u+ cv � w � u3,
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ξ

PDE equilibrium (stable) u ⌘ 0 =) ODE equilibrium (hyperbolic) U = 0
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⇠ = x� ct, ⌧ = !t
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stripe patterns up(kx⇠ + t)

u

ξ

PDE Front

ODE objects

µ = µ0
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periodic orbits

Equilibrium (u, v, w, θ) = (0,0,0,0)



• Look for front solutions as heteroclinic orbits:  

• Intersections of invariant manifolds                        of asymptotic states 

•          := set of trajectories which converge to state in forwards/backwards evolution 

• Geometry of intersection gives wavenumber predictions!
u⇠ = v,

v⇠ = w,

w⇠ = ✓,

✓⇠ = (µ(⇠)� !@⌧ )u+ cv � w � u3,
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stripe patterns up(kx⇠ + t)

periodic orbits
PDE equilibrium (stable) u ⌘ 0 =) ODE equilibrium (hyperbolic) U = 0
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Exploring 2-dimensional patterns
• How to characterize relationship between patterns and growth speed? 

• Rigorous analysis requires application/development of new techniques 

• Explore (ky,c)- parameter space first using direct simulations 

• Fix a vertical period ky:  

• Exponentially growing quenching/growth front 

• Freeze pattern in the wake (gets rid of possible secondary instabilities)

ky = 0.85
<latexit sha1_base64="LIHkKMd0Pdm+qt7mP9bisnSviHk=">AAALAnicpZZNb9MwGMczXrfwtsGRS0SFxAGNduJlF6RJu8ClG9PetLaaHMdprdqJZzuDysqNj8AVPgA3xJUvwpVPgp2EJunqrECkNk/9/J6/Hz997MRnBAvZbv9cunL12vUbN5dX3Fu379y9t7p2/1DECYfoAMYk5sc+EIjgCB1ILAk6ZhwB6hN05I+3jf/oHHGB42hfThgaUDCMcIghkHroxBufTl577fXNF6errfZ6O7u8i0 </latexit><latexit sha1_base64="LIHkKMd0Pdm+qt7mP9bisnSviHk=">AAALAnicpZZNb9MwGMczXrfwtsGRS0SFxAGNduJlF6RJu8ClG9PetLaaHMdprdqJZzuDysqNj8AVPgA3xJUvwpVPgp2EJunqrECkNk/9/J6/Hz997MRnBAvZbv9cunL12vUbN5dX3Fu379y9t7p2/1DECYfoAMYk5sc+EIjgCB1ILAk6ZhwB6hN05I+3jf/oHHGB42hfThgaUDCMcIghkHroxBufTl577fXNF6errfZ6O7u8i0 </latexit><latexit sha1_base64="LIHkKMd0Pdm+qt7mP9bisnSviHk=">AAALAnicpZZNb9MwGMczXrfwtsGRS0SFxAGNduJlF6RJu8ClG9PetLaaHMdprdqJZzuDysqNj8AVPgA3xJUvwpVPgp2EJunqrECkNk/9/J6/Hz997MRnBAvZbv9cunL12vUbN5dX3Fu379y9t7p2/1DECYfoAMYk5sc+EIjgCB1ILAk6ZhwB6hN05I+3jf/oHHGB42hfThgaUDCMcIghkHroxBufTl577fXNF6errfZ6O7u8i0 </latexit><latexit sha1_base64="LIHkKMd0Pdm+qt7mP9bisnSviHk=">AAALAnicpZZNb9MwGMczXrfwtsGRS0SFxAGNduJlF6RJu8ClG9PetLaaHMdprdqJZzuDysqNj8AVPgA3xJUvwpVPgp2EJunqrECkNk/9/J6/Hz997MRnBAvZbv9cunL12vUbN5dX3Fu379y9t7p2/1DECYfoAMYk5sc+EIjgCB1ILAk6ZhwB6hN05I+3jf/oHHGB42hfThgaUDCMcIghkHroxBufTl577fXNF6errfZ6O7u8i0 </latexit>

µ(x� ⇣(t)t), ⇣(t) ⇠ e✏t
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ωuτ = − (1 + ∂2
ξ + k2

y ∂2
y)2 + μu − u3 + c∂ξu y ∈ [0,2π /ky)



ky = 0.9
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Oscillatory behavior past saddle-nodes
• Take c just above one of the saddle-node values 

• Phase sees the “ghost” of the heteroclinic solution of MTW: 

• Dynamics similar to saddle-node on a limit cycle: 

• Period of oscillation scaling like ⇠ (�c)�1/2
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Past perpendicular fold

Past oblique fold

�c & 0
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“Phase-kink” shedding

“Wrinkled” patterns



Organize/represent solutions: “Moduli space”

MTW

—>Each point on surface represents a striped pattern
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ℳ := {(ky, c, kx) ∈ ℝ3 : MTW has a solution}

(
!@⌧u = �(1 + @2

⇠ + k2y@
2
⌧ )

2u+ µ(⇠)u� u3 + c@⇠u, u(·, ⌧) = u(·, ⌧ + 2⇡)

lim⇠!�1 u(⇠, ⌧) ! up(kx⇠ + ⌧, k), lim⇠!1 u(⇠, ⌧) ! 0, k = (kx, ky),! = ckx
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“Cookbook” for creating patterns

ky = 0
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kx, ky 6= 0
<latexit sha1_base64="mJut2D/88U3s6Aot+dT7mw4aDv0="></latexit><latexit sha1_base64="mJut2D/88U3s6Aot+dT7mw4aDv0="></latexit><latexit sha1_base64="mJut2D/88U3s6Aot+dT7mw4aDv0="></latexit><latexit sha1_base64="mJut2D/88U3s6Aot+dT7mw4aDv0="></latexit>

kx = 0
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Put it all together
Parallel

with constant velocity. Thus, the illuminated zone (with no
patterns) decreases its size at the expense of the nonillumi-
nated region (in which patterns can arise).

All the experiments shown here are performed in the
absolutely unstable domain [35,36], which means that the
velocity of the moving boundary of illumination (!) is
smaller than the spontaneous spreading velocity of the
Turing pattern, estimated as !spon! 1:8" 0:1 mm=h for
the concentrations used. Under these circumstances, the
pattern always arises close to the moving boundary.
Ongoing experiments in the convective unstable domain
reveal other interesting behavior, which is outside the
scope of this Letter.

Quasi-one-dimensional experiments are performed to
investigate the dependence of the wavelength of the pattern
on the growth velocity in a simple configuration. For this
quasi-one-dimensional experiment we use a concentration
of #MA$0 % 1 mM, which produces a pattern composed of
hexagonal spots with an intrinsic wavelength value of " %
0:51" 0:05 mm.

The geometry of the nonilluminated region in which
patterns can form is carefully selected. In fact, the system

is two dimensional but the length of one (transverse)
dimension is short and fixed to be slightly larger than
1 full intrinsic wavelength of the Turing pattern. The other
(longitudinal) dimension of the nonilluminated domain is
continuously growing.

This geometry only allows the development of a single
array of spots as shown in Fig. 2. The results of these quasi-
one-dimensional experiments reveal that the wavelength of
the Turing spot pattern depends on the moving boundary
velocity. Figure 2(d) shows that the wavelength decreases
with the growth velocity.

In the two-dimensional experiment, the fixed transverse
dimension of the nonilluminated area is significantly larger
than the intrinsic wavelength of the Turing patterns, and
therefore the Turing patterns can develop in a full two-
dimensional space. The concentration of malonic acid used
in the two dimensional experiments is #MA$0 % 1:2 mM,
which spontaneously produces stripes without preferential
ordering [21] and with " % 0:54" 0:05 mm.

Stripes parallel to the growing axis arise in the system
for relatively small values of the growth velocity [! %
0:21" 0:01 mm=hin Figs. 3(a) and 3(b)]. The wavelength
of the stripes is equal to the intrinsic wavelength of the
spontaneously formed labyrinthine stripes, " % 0:54"
0:05 mm. The length of the stripes increases with the speed
of the moving boundary.
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FIG. 2. Turing pattern formation in a quasi-one-dimensional
system with moving boundary. (a)–(c) Snapshots of Turing
patterns taken at intervals of 2 h. The shaded (nonilluminated)
domain is growing from left to right. The velocity of the moving
boundary is ! % 0:62" 0:02 mm=hThe bar in (c) corresponds
to 1 mm. (d) Plot of the wavelength versus the moving boundary
velocity for the experiments. (e) Wavelength vs velocity for the
numerical simulations in the one-dimensional system.

FIG. 3. Turing pattern formation in a two-dimensional system
with moving boundary. Snapshots at two different times for
different velocities of the moving boundary: (a),(b) ! %
0:21 mm=h; (c),(d) ! % 0:43 mm=h; and (e),(f ) ! %
1:26 mm=h. The boundary between the illuminated and non-
illuminated zones moves from left to right. Size of each snap-
shot: 3:8 & 6 mm.
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Moduli space     is the “pattern cookbook”:  
how to create and select a given pattern 
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Complex Ginzburg Landau equation                                Reaction-Diffusion systems                                            

Cahn-Hilliard: (phase separative systems) [RG, Scheel ’15]

At = (1 + i↵)(@2
x + @2

y)A+ µ(x� ct)A� (1 + i�)A|A|, A 2 C

Other systems: how do patterns behave? 

Cahn−Hilliard, t = 966, Mass = 0
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• For example: radial growth front

Other types of growth



Patterns in experiment
Precipitation and Vapor deposition Gastrulation in embryos
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Fig. 3. Liesegang rings produced by counterdiffusional HCl/NH3 systems in (a) 10 cm / 0.2 cm I.D. bundled glass melting point tubes, (c) a 10 cm
/ 0.2 cm I.D. glass melting point tube (this is a rare example of a pattern in a vapor-to-particle system in which the rings nearly obey a Morse-Pierce
scaling law), (d) a 120 cm/ 1 cm I.D. glass tube, and (e) a 120 cm/ 2 cm I.D. glass tube. A plot of the intensity of the pattern in two of the tubes
in (a) is shown in (b). The patterns in these example were produced from right to left with the NH3 vapor source at the right, and the HCl vapor
source at the left.

the oscillations became irregular and irreproducible, leading to a chaotic interpretation of events. In addition, these
spatial oscillations correlate with fluctuations in the scattered white light intensity at the reaction zone front. All of the
phenomena were shown to be experimentally reproducible over six separate experiments. A complete analysis with
data will be presented elsewhere.

In these experiments in the 20 cm-long 0.6 cm i.d. tubes, no ring patterns were visually observed to be deposited
on walls as a result of these oscillations. Calculations show that the high zone velocity, the relatively small number of
moles of NH4Cl solid produced, and the shortness of the tube were all factors that led to extremely small variations
in deposit. These latter observations led us to a realization that Liesegang ring patterns are only visually observed (in
any system) when the container walls intercept the reaction product formed in a moving zone. Experiments carried
out in a 120 cm-long, 0.6 cm i.d. tube with 3.00 M NH3 and 11.00 M HCl for several hours produce Liesegang
rings. Interestingly, a perusal of the hundreds of photographic images of both gel and vapor Liesegang ring systems
[56] reveal an enormous variation in the precipitate morphology and a surprising lack of uniformity in where the
precipitated material is deposited–at the wall, or across the gel, or both. We have been able to find only one reference
in which a careful analysis of a gel Liesegang ring system was carried out before ring formation occured. Higuchi
and Matuura [57] state that “It is obvious from these results that the distribution of concentrations of metal ions of
inner electrolyte, i.e. Mg2+ and Mn2+ becomes periodic if the outer electrolyte diffuses into the gel, until at last the
periodic precipitation takes place.” A graph of metal ion concentrations versus distance from origin showed clearly
significant spatial oscillations at and in between precipitation bands. Clearly any theory of Liesegang ring formation
must be able to predict the oscillatory characteristics displayed in the vapor-to-particle NH4Cl systems.

F
ig
u
r
e

1
.1
:

S
h
a
p
e

a
n
d

a
li
g
n
m
e
n
t

o
f

p
a
t
t
e
r
n
s

a
r
is
in
g

in
L
a
n
g
m
u
ir
-
B
lo
d
g
e
t
t

t
r
a
n
s
fe
r

o
f

a
h
o
m
o
g
e
n
e
o
u
s

L
-
↵
–

d
ip
a
lm

it
o
y
lp
h
o
s
p
h
a
t
id
y
lc
h
o
li
n
e

L
a
n
g
m
u
ir

t
r
a
n
s
fe
r
;

r
e
p
r
o
d
u
c
e
d

w
it
h

p
e
r
m
is
s
io
n

fr
o
m

[5
].

C
o
p
y
r
ig
h
t
2
0
0
7
,
A
C
S
.”

m
o
n
o
la
y
e
r
(
r
ig
h
t
)
.

L
ie
s
e
g
a
n
g

r
in
g
s
a
n
d

h
e
li
c
e
s
fo
r
m
e
d

t
h
r
o
u
g
h

r
e
c
u
r
r
e
n
t
p
r
e
c
ip
ia
t
io
n

in
t
u
b
e
-
in
-
t
u
b
e
e
x
p
e
r
im

e
n
t
s

C
u
2
+
(
a
q)

+
C
rO

2 4
(
a
q)

!
C
u
C
rO

4
(
s)

in
1
%

a
g
a
r
o
s
e
g
e
l,
s
c
h
e
m
a
t
ic

o
f
r
e
la
t
io
n
t
o
2
d
-
p
a
t
t
e
r
n
in
g
,
a
n
d
n
u
m
e
r
ic
a
l
s
im

u
il
a
-

t
io
n
s
;
r
e
p
r
o
d
u
c
e
d
w
it
h
p
e
r
m
is
s
io
n
fr
o
m

[2
6
],
C
o
p
y
r
ig
h
t
2
0
1
3
,
A
P
S
.

w
h
er
e
µ
(x
)
=

�
si
gn

(x
),

c
>

0,
(x
,
y
)
2
R

2
,
su
b
sc
ri
p
ts

d
en

ot
e
p
ar
ti
al

d
er
iv
at
iv
es
,
an

d
w
e
d
ro
p
p
ed

th
e
ti
ld
e
fo
r

ea
se

of
n
ot
at
io
n
.
O
u
r
fo
cu

s
w
il
l
b
e
on

st
at
io
n
ar
y
so
lu
ti
on

s,
u
t
=

0,
an

d
w
e
w
il
l
on

ly
b
ri
efl

y
co
m
m
en
t
on

re
le
va
nt

so
lu
ti
on

s
w
it
h
n
on

tr
iv
ia
l
ti
m
e
d
ep

en
d
en

ce
.
T
h
ro
u
gh

ou
t,

w
e
w
il
l
b
e
th
in
ki
n
g
of

c
>

0
sm

al
l
as

a
p
er
tu
rb
at
io
n

p
ar
am

et
er
,
st
ar
ti
n
g
fr
om

th
e
ze
ro

sp
ee
d
ca
se
.

W
e
ar
e
n
ot

aw
ar
e
of

a
sy
st
em

at
ic

st
u
d
y
of

d
ir
ec
ti
on

al
qu

en
ch
in
g
p
ro
ce
ss
es

in
th
e
m
at
h
em

at
ic
al

li
te
ra
tu
re
.
O
u
r

w
or
k
h
er
e
is
m
ot
iv
at
ed

to
a
la
rg
e
ex
te
nt

by
p
h
as
e
se
p
ar
at
io
n
p
ro
ce
ss
es

in
re
cu

rr
en
t
p
re
ci
p
it
at
io
n
[2
0,

7,
25

,
26

],
st
u
d
ie
s
of

p
at
te
rn
in
g
in

L
an

gm
u
ir
B
lo
d
ge
tt

tr
an

sf
er

[5
,
18

,
28

],
an

d
nu

m
er
ic
al

st
u
d
ie
s
in

[9
].

B
ot
h
ex
p
er
im

en
ta
ll
y
an

d
nu

m
er
ic
al
ly
,
a
p
le
th
or
a
of

p
at
te
rn
s
ca
n
b
e
ob

se
rv
ed

d
ep

en
d
in
g
on

in
it
ia
l
co
n
d
it
io
n
s
an

d
p
ar
am

et
er

va
lu
es
.
O
n
e
p
ar
ti
cu

la
r
qu

es
ti
on

of
in
te
re
st

th
er
e
is
th
e
or
ie
nt
at
io
n
of

in
te
rf
ac
es
:
d
ep

en
d
in
g
on

sy
st
em

p
ar
am

et
er
s
an

d
in
it
ia
l
co
n
d
it
io
n
s
in
te
rf
ac
es

p
ar
al
le
l,
p
er
p
en

d
ic
u
la
r,
as

w
el
l
as

sl
an

te
d
re
la
ti
ve

to
th
e
qu

en
ch
in
g

b
ou

n
d
ar
y
{x

=
0}

ar
e
ob

se
rv
ed

.
O
u
r
re
su
lt
s
ca
n
ro
u
gh

ly
b
e
u
n
d
er
st
oo

d
as

es
ta
b
li
sh
in
g
th
e
ex
is
te
n
ce

of
st
ri
p
es

p
er
p
en

d
ic
u
la
r
to

th
e
in
te
rf
ac
e
an

d
ru
li
n
g
ou

t
sl
an

te
d
st
ri
p
es
.
S
tr
ip
es

p
ar
al
le
l
to

th
e
in
te
rf
ac
e
w
er
e
fo
u
n
d
in

an
as
ym

p
to
ti
c
an

al
ys
is

in
[1
7]

fo
r
th
e
C
ah

n
-H

il
li
ar
d
eq
u
at
io
n
.
W
e
ru
le

ou
t
th
e
cr
ea
ti
on

of
st
ri
p
es

p
ar
al
le
l
to

th
e

in
te
rf
ac
e
in

th
e
A
ll
en

-C
ah

n
eq
u
at
io
n
.

In
th
e
ca
se

of
ze
ro

sp
ee
d
,
so
lu
ti
on

s
to

th
e
C
ah

n
-H

il
li
ar
d
eq
u
at
io
n
so
lv
e

�
u
+

µ
(x
)u

�
u
3
=

⌫
,

(1
.4
)

w
h
er
e
⌫
is
u
su
al
ly

re
fe
rr
ed

to
as

th
e
ch
em

ic
al

p
ot
en
ti
al
.
If
w
e
re
qu

ir
e
ze
ro

m
as
s,
u
!

0
as

x
!

1
,
w
e
fi
n
d
⌫
=

0
an

d
w
e
re
co
ve
r
th
e
A
ll
en

-C
ah

n
p
ro
b
le
m

at
c
=

0

�
u
+

µ
(x
)u

�
u
3
=

0,
(1
.5
)

A
s
a
co
n
se
qu

en
ce
,
m
u
ch

of
th
e
p
re
se
nt

w
or
k
tr
ea
ts

b
ot
h
ca
se
s
si
m
u
lt
an

eo
u
sl
y.

W
e
n
ot
e
h
er
e
th
at

th
e
u
nb

al
an

ce
d

ca
se
s,

⌫
6=

0,
as

w
el
l
as

m
or
e
ge
n
er
al
ly

u
nb

al
an

ce
d
or

ev
en

n
on

-o
d
d
n
on

li
n
ea
ri
ti
es

p
os
e
si
gn

ifi
ca
nt

ob
st
ac
le
s
to

th
e
an

al
ys
is

h
er
e
an

d
li
ke
ly

gi
ve

ri
se

to
d
i↵
er
en
t
p
h
en

om
en

a.

W
e
re
m
ar
k
h
er
e
th
at

so
m
ew

h
at

re
la
te
d
p
ro
b
le
m
s
ar
is
e
in

th
e
co
nt
ex
t
of

ec
ol
og

y,
w
h
er
e
a
ch
an

ge
of

st
ab

il
it
y
of

th
e

tr
iv
ia
ls
ta
te

en
co
d
es

a
sp
at
ia
lb

ou
n
d
ar
y
to

th
e
h
ab

it
at

of
a
sp
ec
ie
s,
th
at

is
,
to

th
e
re
gi
on

,
w
h
er
e
sm

al
lp

op
u
la
ti
on

s
ca
n
gr
ow

an
d
sp
re
ad

.
M
u
ch

re
ce
nt

w
or
k
h
as

fo
cu

se
d
on

th
e
e↵

ec
t
of

sh
if
ti
n
g
h
ab

it
at
s
d
u
e
to

sa
y
cl
im

at
e
ch
an

ge
,

an
d
th
e
qu

es
ti
on

w
h
et
h
er

sp
ec
ie
s
ca
n
fo
ll
ow

th
e
sp
at
ia
l
sh
if
t;
se
e
fo
r
in
st
an

ce
[1
,
2,

3,
19

,
27

]
an

d
th
e
re
fe
re
n
ce
s

th
er
ei
n
.
A
s
w
e
ex
p
la
in
ed

ab
ov
e,

th
e
m
ai
n
th
ru
st

of
th
e
p
re
se
nt

w
or
k
is
to
w
ar
d
s
th
e
ch
ar
ac
te
ri
za
ti
on

of
p
at
te
rn
s

in
th
e
w
ak
e
of

su
ch

sh
if
ti
n
g
b
ou

n
d
ar
ie
s,

sl
ig
ht
ly

d
i↵
er
en
t
fr
om

th
e
m
a
jo
r
qu

es
ti
on

s
ar
is
in
g
in

th
e
co
nt
ex
t
of

ec
ol
og

y.

2

w/ P. Shipman, S. Thompson

At = DA�A+
sAA2

kI + I)
� kAA

It = DI�I + sIA
2 � kI

	 16	

requires adjusting the boundary conditions to reflect the new shape. Thus, there are no 
free parameters involved in this test of the model. To define fate patterns in the new 
shape, we matched each position in the new shape with the position in a circular 
micropatterns that had the most similar simulated signaling dynamics and assigned it 
the fate associated with that position (Figure 7C, S6).  
 

 
 
 
Figure7: Mathematical modeling reveals that signaling waves are not caused by Turing instability.   
(A) Schematic and equations of the model. (B) Evolution of activator levels from the initial state to the 
steady state. Inequalities define parameter regimes that display each of the two behaviors (refer modeling 
supplement). Simulation parameters: sA= 0.01, kI = 1, kA = 0, kdA = 0.001, DI = 0.4, sI = 0.01, kdI = 0.008. 
(left) DA = 0.014, (right) DA = 0.0025 for outside and inside Turing instability regime respectively. 
Simulation domain:  190*190 pixels square lattice with periodic boundary conditions and random 
distribution of activator/inhibitor as initial conditions. To simulate the model in circular colonies, a circle 
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distribution of activator/inhibitor as initial conditions. To simulate the model in circular colonies, a circle 
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Figure 2. Stem cells differentiated on micropatterns form self-organized spatial patterns
(A–B) Immunofluoresence for fate markers shows patterns along the radial axis of the 
colonies. Cells were seeded on micropatterned coverslips, grown overnight, and then treated 
with BMP4 for 42 hours. Each panel corresponds to a single colony while each dot 
corresponds to a single cell. (C) Quantification of immunofluorescence data showing that 
germ layer markers are induced at particular radii. (D) Schematic of the results of 42hours of 
BMP4 treatment in micropatterned culture.
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Summary
• Nature is incredibly capable of forming patterns and structure 

• Growth is a useful way to mediate pattern formation in natural and experimental settings 

• Mathematics can characterize the phenomena: 

• Dynamics and Functional Analysis are powerful viewpoint to illuminate the underlying 
structure/mechanisms in PDE models 

• 1-D patterns: existence and wavenumber selection for fast and slow growth speeds 

• 2-D patterns: Transitions between different orientations of stripes, many interesting 
dynamics and phenomena! 

• Use the moduli space representation as a pattern cookbook 

• Yields explicit qualitative/quantitative predictions for pattern selection 

• Many of these predictions can be used in other PDE models 

• There is much more to be done, using a variety of tools and approaches: 

• Rigorous approaches, formal asymptotics, numerics… 



Some good references to get into this area

• “Forging patterns and making waves from biology to geology: a commentary on Turing 
(1952) ‘The chemical basis of morphogenesis’, Ball, Phillip, Phil. Trans. R. Soc. B 370: 
20140218.  

• The Chemical Basis of Morphogenesis  A. M. Turing, Phil. Trans. R. Soc. B 237: No. 641. 
(Aug. 14, 1952), pp. 37-72 

• Nature’s Patterns: a tapestry in three parts, Phillip Ball 

• Pattern Formation: An Introduction to methods, Rebecca Hoyle 

•



Career as an academic mathematician



My path
• Always liked math, was decent at it (mom was a high-school math teacher) 

• Started reading non-technical books on math (non-Euclidean geometry, Riemann 
Hypothesis, Gödel’s incompleteness) one stuck out: 

• Chaos, by James Gleick 

• (2007-2011) Attended Michigan State University: B.S. in math, B.A. in physics 

• Research in dynamics of piecewise-linear maps, and ODE modeling of dye-
sensitized solar cells 

• Attended an REU at Univ. of Minnesota with Arnd Scheel 

• (2011-2016) PhD in Mathematics at University of Minnesota: studied dynamical 
systems, functional analysis, partial differential equations, with applications to 
formation of coherent structure in nature 

• (2016-2019) Postdoctoral fellowship at Boston University, mentored by Prof. C. 
Eugene Wayne 

• (2019-    ) Tenure-track assistant professor at Boston University



Undergrad studies in math/applied math
• Explore!!! 

• Take classes, go to talks, meet with faculty 

• Directed/independent study, research project with faculty,  

• Summer REU/Interships (academic vrs. industry career paths) 

• Maybe teach a little (?), grading, teaching assistant, etc… 

• Start thinking about graduate school 

• How to prepare: all the above!, discuss with faculty advisors, start reading and thinking 
about types of research 

• Choosing one: don’t just go on rankings 

• Want a school with at least at least few research areas/faculty that interest you 

• What is the grad student culture/community like? 

• Where do PhD graduates go after? 

• Location and benefits?



Graduate School
• Last place where you just get to learn! (and learn how to learn, establish habits) 

• It’s hard, but mostly fun! (good to have a support group) 

• Learn mathematics more deeply (core subjects algebra, topology, analysis, applied math) 

• Learn one or two subjects really, really well 

• After introductory course work, start reading papers with faculty, start a small project, 

• Typically have to pass written/oral exams 

• Stipend support by either Teaching Assistantship, Research support from advisor 

• Math is social!   (i.e. soft-skills matter too!)  

• Talk with professors (possible collaborations, will need letters) 

• -> Go to workshops/conferences/summer schools, present a poster, give a talk, maybe even 
collaborate with someone!    

• Organize department events (SIAM, MAA, AMS, AWM student chapters)  

• Maybe do internship? (Math PhD’s can go into industry!) 

• Start thinking about career track:  Research University (large/small, public/private), liberal arts 4-
year, national lab.



Postdoctoral studies
• Become an independent researcher - though typically mentored by a senior faculty 

• Move into different research areas 

• Gain experience as a lecture/instructor of record (teach various courses, 1 to 2 (maybe 3) a 
semester) 

• Start applying for tenure-track jobs 

• Taking on more responsibilities:  

• Mentor undergrad research 

• Organize professional events, referee journal papers 

• Maybe work of multiple projects 

• Help with department functions (write prelims, organize department seminars, …) 



Tenure- Track Assistant Professorship
• Research:   

•  develop and produce high-quality, impactful research (papers, review articles, etc…) 

• Maybe recruit a graduate student or two 

• Be active in your research community 

• Teaching: (one to two courses/a semester, varies depending on institution)  

• high-quality instruction (student evaluations and peer-reviews) 

• Variety of courses (large 100-200 level lectures, 500-advanced undergrad/masters classes,  
graduate courses) 

• Maybe develop a new course or two?! 

• Service:  

• Department: take part in administration and direction of department/school 

• University: faculty council, etc… 

• Community: academic and public



Academic Career: Pros and Cons
Pros: 

• Get to do math for a living! 

• Relatively independent (still have bosses, 
but less direction than at a company) 

• Academic freedom and tenure 

• No profit incentive (though have to get 
grants!) 

• Relatively flexible schedule 

• Get to visit a lot of cool places and meet 
interesting and diverse people 

• Contribute new knowledge to the world 

• Educate/Impact the next generation of 
mathematicians and scientists 

• Sabbaticals are nice 

• Job security (once you get one…)

Cons: 

• Positions are competitive (difficult to get) 

• Pay not at the level of industrial job with 
equivalent experience (though not bad at all!) 

• Work/Life balance can be tough (especially 
during early career) 

• Societal/economic trends & broad changes in 
academia (student debt bubble, etc…) 

• Need to bring in grant $$ for university 

• “Publish or perish” 



Day in the life (on “teaching day”)
• 5:30-6am wake-up, breakfast, get ready, bike in around 7am 

• 7:15-7:30am - Arrive on campus, respond to emails 

• 7:30 - 9: work on a research problem 

• 9-10: teaching prep, review lecture notes, grading, course emails 

• 10-11: teach 

• 11-12 decompress & send emails (maybe lunch) 

• Afternoon (varies):  

• Research collaboration meetings, work on research projects 

• Office hours, student research projects 

• Committee/faculty meetings (undergrad, graduate, etc…) 

• Referee journal articles 

• Other activities for more senior faculty (advising, university committees, editor of academic journals etc… 

• Go to seminar talks 

• 4 - 6pm: Bike home 

• 6-8:30pm: Dinner and family time, 8:30-10pm work on a research project, 10-10:30 get ready for bed



Thanks!!



Thanks!
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