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Abstract

The purpose of this thesis has been twofold. First to give a detailed treatment of
unramified geometric abelian class field theory concentrating on Deligne’s geometric
proof in order to remedy the unfortunate situation that the literature on this topic is
very deficient, partial and sketchy writtenl] In the second place to give also a detailed
treatment of ramified geometric abelian class field theory and more importantly to
find a new geometric proof for the ramified theory by trying to adapt or to lean on
Deligne’s geometric argument in the unramified case.

What was achieved is the following: we begin with discussing and building up the
unramified theory in details, which describes a remarkable connection between the
Picard group and the abelianized étale fundamental group of a smooth, projective,
geometrically irreducible curve over a finite field. We give the necessary background
culminating in the fully presented geometric proof of Deligne. Then we turn to
a detailed discussion of the tamely ramified theory, which transforms the classical
situation to the open complement of a finite set of points of the curve, establishing
a connection between a modified Picard group and the tame fundamental group of
the curve with respect to this finite subset of points. In the end we finally present a

geometric proof for the tamely ramified theory.

'Probably due to the fact that people working on this field are mostly concentrating on the higher
dimensional theory, that is on the geometric Langlands program, instead of writing down relatively
classical works in a fairly didactic way.

vi
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Introduction

Abelian class field theory aims to provide a description of the abelian extensions of
a global field K in terms of arithmetic data attached to it. A natural way to encode
this information is to consider all algebraic extensions of K at once resulting the
big Galois group Gal(K/K) and take its abelianization Gal(K%/K) describing the
abelian extensions. The main goal is then to capture this Galois world relying on the
arithmetic of the field K.

Mysteriously the suitable arithmetic data associated to the field K is its idele

group I which is a topological group defined by the restricted product
I = [, KX

using the completions K, at all primes (places) of the field K. On the Galois side
one can associate to each prime v of K the Frobenius element Frob, € Gal(K®/K)

which enables us to define Artin’s Reciprocity Map
P HK — Gal(K“b/K)
given by

@K: ( .. ,a/v, . ) — HU Frobzrdv((lv)



For precise definitions and proofs of the statements what follows the reader is referred
to the classical references, such as V.5. in [Mil08b] and Chapters VII., VIII. in [AT90].

Different base fields need different treatments and provide different end results.
For number fields the high-light of the classical theory is Artin’s Reciprocity Law,
which states that the Reciprocity Map is surjective and factors through the idele

class group Ck := K*\Ix of K giving an isomorphism
Oy: Ck/O — Gal(K™/K)

where O is the connected component of 1 € Cg.
For function fields the Reciprocity Map is no longer surjective but factors also

through the the idele class group and results an injective map with dense image
Pre: KX\Ik/ ]I, OX — Gal(K®/K).

In this thesis we will concentrate on the function field case, i.e. geometric abelian
class field theory, starting with the unramified theory where we take the function field
K = k(C) of a smooth, projective, geometrically irreducible curve C' defined over a
finite base field k = F, and consider all abelian unramified extensions Gal(K""/K ).
We will proceed with the theory in a geometric manner interpreting the Reciprocity
Map in purely geometric terms, namely the adelic double quotient on the left hand
side can be identified with the Picard group Pico (k) of C' and on the Galois side we
have the ablianized étale fundamental group 7%°(C). Then relying on brilliant ideas
of Deligne in order to prove Artin’s Reciprocity Law we will begin a long geometric
journey going on a by-pass road through [-adic representations, /-adic local systems
and Grothendieck’s faisceaux-fonctions correspondence leading finally to a geometric

proof of the unramified theory.



Then we turn our attention to the tamely ramified theory considering a finite set
of points S C C and its open complement U := C'\ S and we transplant the results

of the unramified theory by establishing a Reciprocity Map
(I)K,S: PZ'CC’S(]@ — W;’ab(U)

between the k-rational points of a modified Picard group and the abelianized tame
étale fundamental group of C' with respect to S. In this case we will be able to adapt
Deligne’s geometric argument leading to a geometric proof for the tamely ramified
theory.

Geometric class field theory is now embedded as the one dimensional case in
big theories, such as the geometric Langlands Program or higher dimensional class
field theory. There are many references for the subject, but as far as I know none
of them endeavors completeness and/or does particularly not dwell into the details
concerning Deligne’s geometric proof in this one dimensional case. A good overview is
given in [Ere05)] or in [Gai04]. Deligne’s argument is contained in [Lau90], [Hei07] and
[Hei04]. We give later specific references for all other geometric instruments needed
for fulfilling Deligne’s idea. In the higher dimensional class field theory direction we
refer to [Sch05], which gives a detailed overview and [SS99] which deals with our
subject in a different way. Based upon these articles, the concerned reader will find
other useful references in these directions. I want to mention also [Sza09a] and last
but not least the classical book of Serre [Ser8§|, which gives a self-contained geometric
approach discussing also the ramified case, but with slightly different end results and

particularly with different techniques.



Chapter 1

Unramified Geometric Abelian
Class Field Theory

In this chapter we will present unramified geometric abelian class field theory which
establishes a remarkable connection between the Picard group and the abelianized
étale fundamental group of a smooth projective curve over a finite field.

We begin with stating the main theorem of the unramified theory in different
forms without going into the details and trace out a way how we will prove it.

Then in the subsequent sections we will discuss and develop the background needed
to fully understand and to be able to follow in details the theory. In particular we
will define the basic concepts appearing in both sides of the correspondence, namely
the Picard scheme and the étale fundamental group of a smooth, projective curve
and we will also perform the necessary constructions leading to a proof of the main

theorem, which finally will be provided in the next chapter.



1.1 The Main Theorem: Artin’s Reciprocity Law

Let C' be a smooth, projective, geometrically irreducible curve over a finite field
k =F, Let K = k(C) be its function field and for every closed point p € |C| let
(/9; be the completion of the local ring at the point p and K, its quotient field. Let
Ak = H;oe\c| K, be the ring of adeles and Ik the idele group of C. Recall that every
p € |C| defines an (additive) discrete valuation ord, of the field K and for an idele
(..., ap,...)pejc) it holds that for all but finitely many p € |C| ord,(a,) = 0. The

main theorem of unramified geometric abelian class field theory is the following:

Theorem 1.1.1 (Artin’s Reciprocity Law, adelic form). The Artin Reciprocity Map

— [0
Ppe: I/ Hpe|c| Oy — T (C)
[( Y P )p€|0|] — Hp€|C| Frobgrdp(ap)

factors through the quotient

_— ®
Qg K\Ig/ Hpe\q (s S m*(0)

and fits into the commutative diagram

deg

Ker(deg) —— K*\Ig/ Hpe|0\ 6} -

7
2 ~
7

Ker(p) ———— 7%(0)

such that there is an induced isomorphism on the kernels

Ker(deg) =, Ker(p)



where ¢: T*(C) — Z is the map between the abelianized étale fundamental groups

induced by the structure morphism C — Spec(k) .

We can characterize the adelic double quotient in terms of geometric data associ-

ated to the curve C in the following way

Proposition 1.1.2. There is an isomorphism

between the adelic double coset space and isomorphism classes of invertible sheaves

on C.

Proof. This is a special case of the more general statement (cf. 2.1 in |Gai04]), which
gives an adelic description of isomorphism classes of vector bundles on C E|
Given an invertible sheaf F on C', we choose a trivialization at the generic point

Eof C
fe: F@oo K — K

as the local ring O¢ is isomorphic to the function field K. We choose also a trivial-

ization for every closed point p € |C]
fpt F ®oq Op — O,

as J, is a free Op-module of rank 1. The natural morphism O, — K induces the

diagram

IThere is a one-to-one correspondence between isomorphism classes of vector bundles of rank n
on C and the double coset space GLy (K)\GLy(Ak)/ [ e;c) GLn(Op).



fr®id
F ®o, O ®0, K _rmTR 0, ®o, K

N

K K .

=)
]

IR

The isomorphism g, is given by multiplication by an element a, € K*. Moreover
for all but finitely many closed point p € |C| we have that a, € O (cf. Lemma 1.6.5

in [Har06]), hence the invertible sheaf F defines an element
(coespyVpeic) € Toee) K7
If we choose another trivialization at the generic point &
fo Foo. K — K

then every a, will be changed via left multiplication by an element in K*. Also if we

choose another trivializations at each p € |C|
fo: F®op Op — O,

then each a, will be changed via right multiplication by an element in O). Hence F

defines an element in K™\ H;QC' K>/ Tlpeic1 Oy

Claim 1.1.3. The natural map
K*/Or =5 K |OF

is an isomorphism ]

Proof. The natural inclusion K — K, shows that the map is injective. For surjectiv-

ity it is enough to prove that

2In fact as O, is a discrete valuation ring, both groups are isomorphic to Z.



Ky =K*Oy.
Let a € K be given. By Theorem I1.4.4 in [Neu07] we can write a uniquely as
a=ur™(ag + a1 + asm + ...)

where u € O, m € O, is a primelement ord,(7) =1, m € Z, a; € R C O,, where R

is a representative system for the residue field O,/m,, ag # 0, hence
(CL0+6L17T—|—CL27T2+...) Eé}.

By Theorem 11.3.8 in [Neu(O7] we have that ur™ € K* completing the proof of the

claim. ]

Now we use this isomorphism to get an element in K™\ /[[,¢ (7);X defined by F,
which depends only on the isomorphism class of F by construction.
On the other hand given an element a = (..., a,,...) € Ix we define a sheaf F,

on C' by
Fo(U) :=={z € K| a;le@VpEU}.

It follows from this local description that F, defines a sheaf on C'. Moreover changing
the coset representative a from the right by an element in Hpe|0\ (’/);X does not change
anything in F, and changing from the left by an element b € K* gives an isomorphism
of sheaves F, b, Fra, so the only thing to prove is that F, is locally free of rank
1. If ap € (5} for all p € U then F,(U) = O¢(U) by construction, hence it is free
on U. Otherwise using the above we take an element ¢ € K such that
ta, € (5}. Now define U :={p e |C]|: t € (5}} and use the isomorphism F, =5 F,
which gives that F, is locally free of rank 1 on U.

These two constructions are inverses to each other which completes the proof. [
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Now we can give the Artin Reciprocity Law in a more geometric form:

Theorem 1.1.4 (Artin’s Reciprocity Law, geometric form). The Artin Reciprocity
Map

Oy : Div(C) — 79(C)

p+— Frob,

factors through rational equivalence
Py : Pico(k) —— 72%(C)

and fits into the commutative diagram

Pic(k) — Pico(k) — = s 7
l FK [ (1.1.1)
Ker(p) —— 72(0) ———>» 7

such that there is an induced isomorphism on the kernels

Picl (k) N Ker(y)

where p: T (C) — 7 is the map between the abelianized étale fundamental groups

induced by the structure morphism C — Spec(k) :

We can rephrase this theorem in a slightly weaker form - which is of more number

theoretic nature - using the general theory of profinite groups. Namely assuming the

above Theorem holds true we can pass to the profinite completions in
and get an isomorphism of profinite groups

—

Pico(k) — 78 (C)

|
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by Corollary 10.3 in [AMG9] (as the isomorphism Pic%(k) — Ker(y) induces an
isomorphism between the completions and 7 = Z, hence there is an isomorphism
between the completions in the middle).

Now applying Proposition 3.2.2 in [RZ00] we get directly

Theorem 1.1.5 (Artin’s Reciprocity Law, weaker form). There is a one-to-one cor-

respondence between

finite, abelian,
normal subgroups of finite

index of K™\l / Hpe|0\ C/);X

— unramified

extensions L/ K

Remark 1.1.6. Here and later on as well we mean by one-to-one correspondence that
we can associate bijectively objects of one set to the other in a constructive, natural
way that arises from the underlying geometric structures, as the problem with this
terminology is that in this case and later also, we are speaking about sets of the same
cardinality, hence one could make a correspondence relying on this fact resulting that

the statement is empty.

We have stated the Main Theorem of the unramified theory in different forms and

from now on we will concentrate on its geometric formulation. Let us begin with

tracing out the main steps toward a proof of [Theorem 1.1.4}

The strategy of the proof is first to consider continuous, 1-dimensional [-adic
representations of 7¢°(C') and 1-dimensional [-adic representations of Pic%(k), where
[ is a prime number different from char(k). Assume we have a closed point p € C'(k),

then we can characterize these representations as follows

e the continuous 1-dimensional l-adic representations of 7¢(C') (which are the
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same as the continuous 1-dimensional [-adic representations of the algebraic fun-
damental group m(C, 5)) are in one-to-one correspondence with 1-dimensional
l-adic local systems £ on C' together with a rigidification, i.e. a fixed isomor-
phism ¢: £5 = Q,, where 5: Spec(2) — C is a geometric point (cf.

[L.5));

e 1-dimensional [-adic representations of Picl (k) together with a Frobenius action
Frob,: 7 — @lx are in one-to-one correspondence with 1-dimensional [-adic
local systems Ag on Pice together with a rigidification, i.e. a fixed isomorphism
Y Aglo =2 Q satisfying m 1AL = AIRAG, where m: Pict x Pict, — Pick™
is the group operation on Picc and 0: Spec(k) — PicY is the identity section

(the class of the trivial bundle) (cf. [section 1.6)).

Using these correspondences we will present Deligne’s geometric argument in
tion 2.2, which gives a one-to-one correspondence between rigidified 1-dimensional
l-adic local systems on C and rigidified multiplicative 1-dimensional [-adic local sys-

tems on Picc. Having done this we will get the following diagram:



continous 1-dimensional

[-adic representations of

72(C) {x : 71(C) = @'}

1-dimensional [-adic
local systems £ on C
together with a fixed

isomorphism ¢ : £; = Q,

Deligne
—>
1:1

1-dimensional [-adic rep-
resentations of Pic% (k)
{x : Pich(k) — Q}

together with a Frobenius

action F'roby,: Z — @ZX

1:1 I faisceaux-fonctions

1-dimensional [-adic
local systems Ag on
Pice together with
a fixed isomorphism
Y Aglo & Q satisfying
mTAL = AL X A

13

(1.1.2)

Finally in we will use the correspondences appearing in this diagram

to prove Artin’s Reciprocity Law.
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1.2 Symmetric Powers of a Curve

In this section we will recall the construction of symmetric powers of a curve over a
field k£ and investigate their relationship to effective divisors on the curve. The main

references will be [Mum70] and [Mil08a].

First we will work in a fairly general setting and then descend to the case of curves.
So let X be a quasi-projective scheme of finite presentation over a field k. For an

integer d > 1 let us consider the d-fold product
X=X X Spec(k) " * X Spec(k) X.

There is an action of the symmetric group S; on X? by permuting the factors.

Definition 1.2.1. A morphism ¢ : X? — Y of schemes over k is said to be sym-

metric if it is invariant under the S, action on X¢.
Then the main theorem is the following:

Theorem 1.2.2. Let X be a quasi-projective scheme of finite presentation over a
field k and d > 1 a positive integer. Then there exists a scheme X9 over k and
a symmetric morphism © : X — XD called the dth symmetric power of the

scheme X /k having the following properties:

1. the underlying topological space is the quotient X4 = X9/S; of X% by the

action of Sy;

2. for an affine open subset U C X, UD C XD s affine open and it holds that

Ox (UW) = (Oxa(U?))%.
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The pair (X9, 1) has the following universal property: every symmetric k-morphism
g : X4 — Y factors uniquely through © and (X9, 1) is uniquely determined up
to a unique isomorphism by this universal property. Moreover the map m is finite,

surjective and separated.
Proof. See I1.7 in [Mum'0)]. O
In the case of curves we have additionally the very important property:

Proposition 1.2.3. Let C' be a nonsingular curve over a field k and d > 1 a positive

integer. Then the dth symmetric power C'D is also nonsingular.
Proof. See Proposition 3.2. in [Mil08a] and Proposition 11.24 in [AMG9). O

Next we turn to the connection between effective divisors and symmetric powers.

First we note the following

Proposition 1.2.4. For a noetherian, integral, locally factorial separated scheme X
the group Div(X) of Weil divisors on X is isomorphic to the group of Cartier divi-
sors HO(X,K*/O%) on X (principal Weil divisors corresponding to principal Cartier

divisors).
Proof. This is Proposition 6.11 in [Har(06]. O
Now we define effective Cartier divisors in a relative situation.

Definition 1.2.5. Let f : X — T be a morphism of schemes over k. A relative
effective Cartier divisor on X /T is an effective Cartier divisor D on X, which is flat

over T considered as a subscheme of X.
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If the base scheme is affine T' = Spec(A), then a subscheme D C X is a relative
effective Cartier divisor, if there exists an open affine covering X = (J,.; Spec(4;)

such that for all 7 € 1
1. D Spec(A;) = Spec(A;/(h;)) where h; € A; is not a zero divisor
2. A;/(h;) is a flat A-algebra.

We can characterize relative effective Cartier divisors D on X/T in the following

way. Assume D is represented by (U;, g;)ie; where X = |J..; U; is an open covering,

i€l
and g; € I'(U;, Ox) such that for all ¢, j, & € I'(U; xx Uy, Ok). Then the ideal sheaf
Z(D) of the relative effective Cartier divisor D is the invertible sheaf defined locally
on U; by g;, denoted also by O(—D) suggesting that the invertible sheaf O(D) is

defined locally on U; by i. So we have the exact sequence of sheaves on X
00— O(-D)— Ox — O0p —0

where Op is the structure sheaf of D considered as a closed subscheme of X. Tensoring

by O(D) we get the exact sequence of sheaves X
0— OX SHD O(D) — O(D)/SDOX — 0

where sp is the canonical non-zero global section of O(D) defined by the inclusion

Ox <= O(D), such that the subscheme defined by sp, is flat over 7.

Proposition 1.2.6. The map D — (O(D), sp) establishes a one-to-one correspon-
dence between relative effective Cartier divisors D on X/T and isomorphism classes
of pairs (G, s), where G is a locally free Ox-module of rank 1 and s € H*(X,G) \ {0}

18 a non-zero global section such that the subscheme defined by s is flat over T'.
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Proof. See Remark 3.6. in [Mil08a]. O
Next we state some basic properties of relative effective Cartier divisors.

Proposition 1.2.7. 1. Let Dy and Dy be relative effective Cartier divisors for
X/T. Then also the sum Dy + Dy is a relative effective Cartier divisor for
X/T.

2. Let us consider the cartesian base change diagram
X
T

and let D be a relative effective Cartier divisor on (X/T). Then the pull-back

’

N

_
/
-

D" of D is a relative effective Cartier divisor on (X /T').
Proof. See Lemma 3.5 and Proposition 3.7 in [Mil08a]. O

Now let f: X — T be a smooth, proper morphism of schemes with fibres of
dimension 1. If D is a relative effective Cartier divisor on X/T', then for a point t € T'
D, := D xr {t} is an effective divisor on X; := X xr {t}, and if T" is connected then
the degree of D; is constant, and it is called the degree of the relative effective Cartier

divisor D.

Proposition 1.2.8. Let f: X — T be a smooth, proper morphism of schemes with
fibres of dimension 1. A closed subscheme D C X is a relative effective Cartier
divisor on X /T if and only if it is finite and flat over T'. In particular for a section

s: T — X, s(T) is a relative effective Cartier divisor of degree 1 on X/T.
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Proof. Corollary 3.9. in [Mil08a]. O

Now we restrict ourselves to the case of smooth, projective curves over a field k

and we define the following functor:

Definition 1.2.9. Let C be a smooth, projective curve over a field k, d > 1 a positive

integer and define the functor
Divd, : Sch/k — Set

which to a k-scheme T associates the set Divd (T') of relative effective Cartier divisors

of degree d on (C' X gpeery T') /T

By the above |Proposition 1.2.7| this is well-defined concerning morphisms. For

the proof that this functor is representable by C?, we construct a canonical rela-

tive effective Cartier divisor on (C' X gpec() C@)/C@ . For that let us consider the

projection
pr: C X gpee(k) cd —
which has canonical sections for all e =1,...,d
s;:Ct—C X Spec(k) 4
defined by

Si((p17p27 cee 7pd>> = (pi7 (p17p27 s 7pd))'

Then define the relative effective Cartier divisor D = Zle D; on C' X gpee) C/C,

where D; = s;(C?) is a relative effective Cartier divisor for all i = 1,...,d. The
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divisor D is stable as a subscheme under the action of Sy, and so is C?, hence it
defines a relative effective Cartier divisor Dqn, on C' X gpec(ry C @ /o),
Now we can state the main theorem about the representability of the relative

effective Cartier divisor functor:

Theorem 1.2.10. Let C' be a smooth, projective curve over a field k and d > 1 a
positive integer. Then for any relative effective Cartier divisor D on (C' X specry T') /T

there exists a unique morphism o : T — C'D such that
D = (ide X @) Y (Dean),
that is the functor Divd, is representable by C¥.

Proof. This is Theorem 3.13 in [Mil08a]. O
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1.3 The Picard Scheme of a Curve

In this section let C' be a smooth, projective curve over a field k. We will define Picard
functors Pic of various degrees from the category of k-schemes to the category of
abelian groups and investigate under which circumstances are these representable by
a group scheme, denoted also by Picd over k, such that the k-rational points of this

group scheme should be isomorphic to the group of invertible sheaves of degree d on

C.

First assume for simplicity that C(k) # 0 and let p € C(k) be a k-rational point.

Definition 1.3.1. For an integer d € Z define the Picard functor of degree d of C' as

the functor from the category of schemes over k to the category of abelian groups
Pic} . Sch/k — Ab
which to a k-scheme T associates the abelian group
Pick(T) :={G € Pic(C Xgpeer) T)| deg(Gy) = d Yt € T}/pry* (Pic!(T))

i.e. families of invertible sheaves of degree d on C' parametrized by T" modulo those

coming from 7.

We note that for any d € Z and a scheme T over k£ we have an isomorphism

given by
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Remark 1.3.2. Hence concerning representability of the Picard functors it is enough
to prove that a Picard functor of some appropriate degree d is representable. Now

the main theorem is the following

Theorem 1.3.3. There exists an abelian variety Jac over k and a natural transfor-
mation of functors a : Pic% — hjae (where by, is the functor of points of Jac) such

that o(T) : Pic2(T) — hyao(T) is an isomorphism of abelian groups if C(T) # 0.

Even if C(k) = () by definition there exists a finite extension k'/k in a fixed
algebraic closure ¥ C k' C k such that C; := C X Spec(k) Spec(k’) has a k'-rational
point. Then the following proposition ensures that we can always assume that C' has

a k-rational point:

Proposition 1.3.4. If for a finite separable extension k' /k|Theorem 1.3.5 holds for

Cy, then it also holds for C.
Proof. This is Chapter III.,Proposition 1.14 in [Mil08al. ]

Now we turn to the construction of this Jacobian variety taking into account the
fact that it is enough to show representability of a Picard functor Picl of an
arbitrary degree d.

We choose a fixed degree d satisfying d > 2g — 1, where ¢ is the genus of the curve

C. We define the following natural transformation of functors
Definition 1.3.5. The Abel-Jacobi map
AJ4: Div% — Pic%

is defined for a scheme 7" over Spec(k) and for a relative effective Cartier divisor D

of degree d on (C' X gpecry T')/T by
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where [O(D)] is the class of the invertible sheaf O(D) on (C' X gpecry T') /T Equiva-
lently if D is represented by the pair (G, s) ((1.2.6)), then the Abel-Jacobi map is given
by

A34(T)((G,5)) = [G].

Note that by [Theorem 1.2.10| the functor Div¢ is representable by the dth sym-

metric power C9. Now consider the following construction:
Construction 1.3.6. Assume that the natural transformation of functors
AJy : Divd — Picl,
has a section
s: Pic}, — Divd,

i.e. a natural transformation such that AJ,; 0 s = z'dpicé, then the functor Picl is

representable by a closed subscheme of C'Y denoted by Jac or Picd later on.

Proof. Given the section s : Picl, — Divd we can define a natural transformation

of functors
A =s50AJ, : Divd — Divd

which induces a morphism of schemes A : Y — C@ . Now consider the diagram

closed

Jac —————> W)

l lidc(d) X A

A
C(d) _ C(d) X Spec(k) C(d)
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where Jac is defined as the fibre product

Jac .= O X (CWD % gy CD) Cc@,
By definition we have for a k-scheme T'

Jae(T) := {(z,y) € CUT) x C(T)|(z,2) = (3. \(y))}

hence we have that

Jac(T) = {x € C(T)|\(z) = =z}
which means that

Jac(T) = {x € CD(T)|z = s(z), z € Pick(T)}
but as the section s(7') is injective for every k-scheme T, so we finally get that
Jac(T) = Pick(T)

as we wanted. The statement concerning closedness follows from the separability of

C@ ie. from the closedness of the diagonal A. O]

Now the question is how to find such a section. Unfortunately there is no such

section, because - as we will see later in [Corollary 2.1.4| - for large enough d there is

a d — g-dimensional family of effective divisors over every invertible sheaf of degree d
and there is no canonical way to choose one such effective divisor. However one can
define representable open subfunctors of Picl, covering Picl using this section trick
and hence one can construct Jac locally glueing together this open parts. For more

details see I11.4 in [Mil0O8a], pp.99-101.
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1.4 The Etale Fundamental Group

In this section we will define the étale fundamental group of a scheme and present
some of its most important properties according to the scope of our purposes. The

main reference for this section is the wonderful book [Sza09b].

For the section let k be a (base) field with fixed separable and algebraic closures

k* C k and S a (base) scheme.

Definition 1.4.1. A finite dimensional k-algebra A is étale over k if it is isomorphic

to a finite direct product of separable field extensions of k.
We can characterize étale k-algebras as follows:

Lemma 1.4.2. For a finite dimensional k-algebra A the followings are equivalent:
1. A is étale
2. A®y k is isomorphic to a finite product of copies of k
3. A®k is reduced.

Proof. Proposition 1.5.6 in [Sza09b]. O
Now we can define the notion étale for schemes:

Definition 1.4.3. A finite morphism f : X — S of schemes is locally free if the
direct image sheaf f.Ox is a locally free Og-module of finite rank. If each fibre
X = Spec(k(s)) xs X for a point s € S is the spectrum of a finite étale k(s)-algebra,
then we say f is a finite étale morphism. A finite étale cover is a surjective finite

étale morphism.
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Let us see some very important examples:

Example 1.4.4. o Let S = Spec(A) and X = Spec(B) be affine schemes with
B = Alz]/(f) with a monic polynomial f € Alz] of degree d. Then B is a
free A-module of finite rank generated by the images of 1,z 22, ...,2% ! in
B. Hence the morphism Spec(B) — Spec(A) is finite and locally free. Let
s € Spec(A) be a point, then the fibre is X; = Spec(k(s) ®4 B), which is
isomorphic to Spec(k(s)[x]/(f)), where f is the image of f in k(s)[z]. So we
see that if f € A[xr] is separable, then the k(s)-algebra k(s)[z]/(f) is étale over

k(s) hence the morphism Spec(B) — Spec(A) is finite étale.

o Let 5: Spec(2) — S be a geometric point of S, i.e. the image of 5 is a point
s € S such that Q is an algebraically closed extension of the residue field &(s).
The geometric fibre X5 of f over 5 is the spectrum of a finite étale algebra if
and only if it is of the form Spec(2 x --- x ), i.e. a finite disjoint union of

points defined over ).
Let us list some basic properties of finite étale morphisms:

o If f: X — Sandg:Y — X are finite étale morphisms of schemes, then so

is the composite fog:Y — S.

o If f: X — S is a finite étale morphism and g : ¥ — S is any morphism,

then the base change X xgY — Y is a finite étale morphism.

Let us now turn to the construction of the étale fundamental group.
Let Fet/S be the category of finite étale covers of the scheme S with morphisms
beeing the S-morphisms of schemes. Let 5 : Spec()) — S be a fixed geometric

point and define a functor, called the fibre functor at the geometric point s
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F;: Fet/S — Set

which to a finite étale cover f : X — S associates the underlying set of the geometric
fibre over §, i.e. F5(X, f) := {the underlying set of X; := X xg Spec(2)} and for a

morphism

X ¢ Y
ﬁ\ O /
fin. étale
IS

it associates the set-theoretic map F5(X) — F3(Y) induced by the morphism of

geometric fibres X x g Spec(2) — Y xg Spec(2).

Definition 1.4.5. Let S be a scheme and 5 a geometric point of it. Then the algebraic
fundamental group 7 (S, S) of S at § is defined as the automorphism group of the fibre

functor Fz on Fet/S.

Recall that for a functor F' : C; — Cy between categories, an automorphism is
defined as a natural transformation of functors o : ' — F', which is an isomorphism
(i.e. has a two-sided inverse). Then the set of automorphisms Aut(F') has a natural
structure of a group. Moreover, if Co = Set, then for all object C' € Ob(Cy) there is a
natural left action of Aut(F') on F(C). In particular, for every finite étale morphism
f: X — S there is a natural left action of 7(S, ) on the fibre F5(X). The main

theorem along these lines is the following:

Theorem 1.4.6 (Grothendieck). Let S be a connected scheme and 5 a geometric

point of it. Then
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o the group (S, S) is profinite and its action on F5(X) is continous for every X

in Fet/S.

e The fibre functor Fs induces an equivalence of the category Fet/S with the
category of finite continous left m (S, §)-sets. Connected covers corresponds to

sets with transitive action, and Galois covers to finite quotients of w1 (95, 3).

Proof. Theorem 5.4.2 in [Sza09b)]. O

This is a vast generalization of basic Galois Theory, at least in the reformulation

of Grothendieck, namely:

Example 1.4.7. Let S = Spec(k) for a field k. Then by definition a finite étale cover
X of S is the spectrum of a finite étale k-algebra X = Spec(L). For a geometric point
§ the fibre functor gives F5(X) = Spec(L ®; ) (if X is connected), which is the finite
set of k-algebra homomorphisms L — 2 (the image of such a morphism lies in the
separable closure k* of k in 2). So we see that Fs(X) = Homy(L,k*) and hence
(S, 5) = Gal(k®/k). As Spec(k®) is not a finite étale cover of Spec(k), the functor
is not representable by Spec(k®), but it is pro-representable. For more details see

section 5.4 in [SzaQ9b].

We see that we need to fix a geometric point 5 for defining the algebraic funda-
mental group of S. But just as in topology, algebraic fundamental groups of a scheme

S defined at different base points are non-canonically isomorphic:

Proposition 1.4.8. For a connected scheme S and two different geometric points

5,5 of it, there exists an isomorphism of fibre functors a : Fj =, F., hence there

IR

exists a continous isomorphism of profinite groups m,(S,5) — m1(S,5).
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Proof. For the existence of an isomorphism of fibre functors see Proposition 5.5.1 in
[Sza09b]. Such an isomorphism is called a path between the geometric points s and
5. Then an isomorphism « : Fj =, F. of the fibre functors induces an isomorphism

of their automorphism group via ¢ — o=t oo a. [
In particular

Corollary 1.4.9. The isomorphism (S, ) =, 71(S,5 ) induced by a path depends
on the path but it is unique up to an inner automorphism of m(S,5) or m(S,5)
respectively. In particular the mazimal abelian quotient of m1(S,s) is independent of

the choice of a geometric point and hence denoted by w°(S).

Next we investigate functoriality. Let S and T be connected schemes with geo-
metric points §: Spec(2) — S and ¢: Spec(Q) — T respectively, together with a
morphism : S — T preserving base points, i.e. ¢ = ¢ 0o 5. Then we have a base

change functor
BS,T: Fet/T — F@t/S

by associating to each object X — T in Fet/T the base change S X1 X in Fet/S
and to a morphism X — Y in Fet/T the induced morphism S x7 X — S xp Y

in Fet/S. The base point preserving property gives an equality of functors
F; = Fyo0 Bgr

hence every automorphism of the fibre functor F; induces an automorphism of the

fibre functor Fr giving the induced map on the algebraic fundamental groups

0u: m(S,5) — m (T, 1)
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which is a continuous homomorphism of profinite groups.

Proposition 1.4.10. The induced map ¢, is surjective if and only if for every con-
nected finite étale cover X — T the base change S x7 X — S is connected as

well.
Proof. Proposition 5.5.4 in [Sza09b]. O
Now we state the very important homotopy exact sequence theorem:

Theorem 1.4.11. Let X — Spec(k) be a quasi-compact and geometrically integral
scheme over a field k. Fiz an algebraic closure k of k and let k* [k be the corresponding
separable closure. Let X := Spec(k®) X spec(k) X be the geometric fibre and let T :

Spec(k®) — X be a geometric point of X. Then the sequence of profinite groups

1 — m(X,7) —— m(X,2) —— Gal(k*/k) — 1

induced by the maps X — X and S — Spec(k) is exact.
Proof. Proposition 5.6.1 in [Sza09b]. O
We give an important example which we will use vigorously:

Example 1.4.12. Let X be a normal, connected scheme and take z as the generic
point of X. Let K(X) be the function field of X and K(X)® be the composite
of all finite separable subextensions L/K(X) of the separable closure K(X)* such
that the normalization of X in L is étale over X. Then K(X)%/K(X) is Galois
and Gal(K(X)%/K(X)) = m(X,z). In particular take X = P} than we have that
m(PY, ) = Gal(k®/k), in particular for a separable closed field k£ = k* we have that

m (P, ) = 1 is trivial.(see in [Sza09b] Proposition 5.4.9)
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Finally we give a relative version of the above homotopy exact sequence:

Theorem 1.4.13. Let f : X — S be a proper, surjective morphism of finite pre-
sentation with geometrically connected fibres. Let § : Spec(2) — S be a geometric
point of S such that Q) is the algebraic closure of the residue field of the image of 5 in

S, and let T be a geometric point of the fibre X5 := Spec(Q2) xs X. Then the sequence

m (X5, T) —— m(X, ) —— m(S5,5) —— 1

18 exact.

Proof. This is Corollaire 6.11, Exposé IX. in [Gro61]. O
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1.5 [-adic Local Systems and Representations

In this section we will define [-adic sheaves and study some of their basic properties,
especially concentrating on [-adic local systems. Then we will investigate the rela-
tionship between [-adic local systems on a connected scheme X and continous [-adic
representations of its étale fundamental group and give the correspondence appear-
ing in the left vertical side of [diagram 1.1.2] The main references for this section are
Exposé VI. in [Gro66], [Shi05] and § 12. in [FKS8S].

Let X be a connected scheme and X its étale site, i.e. the underlying category
is Bt/X whose objects are the étale morphisms U — X and whose arrows are
the morphisms ¢: U — V over X together with the Grothendieck topology whose
coverings are the surjective families of morphisms (U; — U);¢; in Et/X. We fix also

a prime number [ invertible on X.

Definition 1.5.1. An étale sheaf § on X (or a sheaf on X4) is a contravariant

functor
§: Et/X — Set or (Ab,...)
such that
SWU) = 1L $WUi) = 11 jer WU xv Uj)

is an equalizer diagram for every object U — X in Et/X and for every étale covering

(Ui — U)ser-
An étale sheaf § on X is called

1. local constant if there is a covering (U; — X ), such that the restrictions §|y,

are constant étale sheaves for all i € I;
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2. constructible if for every closed immersion j: Z — X there exists an open
subset U C Z such that the étale sheaf j7'F|y is locally constant having finite

stalks.

In particular for a smooth, geometrically irreducible curve C' over a field k an étale
sheaf § is constructible if it has finite stalks and there exists an open subset U C C
such that §|y is locally constant.

Also for a connected scheme X there is an equivalence between the category of
finite étale coverings Fet/X and the category of locally constant étale sheaves with

finite stalks (Proposition 6.16 in [Mil08c]).
Definition 1.5.2. A sheaf of Z;-modules § on X is an inverse system
(8ns frt1: 1 — Sn)nen
such that
1. for all n € N, §, is a constructible sheaf of Z/I"Z-modules;

2. for all n € N the map f,11: §nr1 — $» induces an isomorphism
Snt1 Rz nirg L)L = T,

Definition 1.5.3. A sheaf of Z;-modules § on X is called locally constant if each §,

is locally constant.

We can extend the previous definitions by passing to a finite field extension K/Qy,
where denote by Ok and mg resp. the valuation ring of K and its maximal ideal.

Then we make the exact same definitions

Definition 1.5.4. A sheaf of Og-modules § on X is an inverse system
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(Sna fn—l—l: S:n—i—l — Sn)nGN

such that

1. for all n € N, §, is a constructible sheaf of O /m"-modules;

2. for all n € N the map f,11: §ne1 — $» induces an isomorphism

Sn+1 ®OK/m”+1 OK/mn = Sn-

Definition 1.5.5. A sheaf of Og-modules § on X is called locally constant if each

S is locally constant.

The morphisms Home,. —sheaves(§, ®) between sheaves of Ox-modules are defined
as the compatible systems of morphisms of sheaves of Ok /m™-modules for all n € N
giving an Og-module structure to Homo,. —sheaves (8, ®)-

Then for each finite field extension K/Q, we define the category of K-sheaves,

whose objects are the sheaves of Og-modules and the morphisms are defined by

Homesheaves (37 6) = HomOKfsheaves (S: ®> ®OK K.

(We will sometimes use the notation % for the image of a sheaf of Ox-modules § in
the category of K-sheaves.)

If K runs through all the finite extensions of QQ;, the categories of K-sheaves form
a directed system, as for all inclusion K C L an L-sheaf can be considered naturally

as a K-sheaf as well, so we take the direct limit obtaining the category of Q;-sheaves.

Definition 1.5.6. Let § be a sheaf of Ox-modules on X. Then the K-sheaf ¥
is said to be locally constant, if the sheaf of Og-modules § is locally constant. A
Q;-sheaf § on X is called locally constant if it is a direct limit of locally constant

K-sheaves.
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Finally we arrived to our first main object:

Definition 1.5.7. An l-adic local system £ on X is a locally constant Q;-sheaf on
X.

We can define stalks for [-adic local systems.

Definition 1.5.8. Let X be a connected scheme, £ a sheaf of Ox-modules on X and

5: Spec(§)) — X a geometric point. Then we define the stalk to be

Sl (2);

where (£,)s are the étale stalks (I1.2. in [Mil80]). For a K-sheaf £5 we define the

stalk to be
E? = gg ®OK K

To define the stalk of a Q;-sheaf we just take the direct limit of the stalks of the

K-sheaves defining the Q;-sheaf.

For a locally constant Q;-sheaf £ on a connected scheme X the stalk £; is a finite
dimensional Q,-vector space whose dimension is called the rank of the l-adic local
system £.

An étale sheaf § on X is said to be representable if it is representable by an étale

covering U — X in Et/X
§(—) = Homx(—,U).

Constant étale sheaves are representable (Chapter 6 in [Mil08c]), hence locally con-
stant (constructible) étale sheaves are also representable by an étale covering U — X

(3.18 Lemma in [FK88]). For a geometric point §: Spec(2) — X the fibre Us; =
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U x x Spec(2) is canonically isomorphic to the stalk §s and by definition has a natural

continuous left action g: 7 (X, 5) X §5 — Fs. By |[Theorem 1.4.6| we get

Proposition 1.5.9. The assignment § — (§s, 0) establishes an equivalence between
the category of locally constant (constructible) étale sheaves of abelian groups and the

category of finite continuous m (X, 5)-modules.
Proof. A 1.7 Proposition in [FK8§]. O
By passing to the projective limits we get the main result we are seeking for

Theorem 1.5.10. The assignment £ — (L5, 0) establishes an equivalence between the
category of locally constant sheaves of Z;-modules and the category of finitely generated
Zy-modules on which w1 (X, S) acts continuously with respect to the l-adic topology.
For a locally constant Q;-sheaf £ there is a continuous action of m(X,3) on
the stalk S(g@l = £5 ®z, Q. Then the functor £% 291 establishes an equivalence
between the category of locally constant Q;-sheaves and the category of continuous

representations of w1 (X, 3) on finite dimensional vector spaces over Q.
Proof. A 1.8 Proposition in [FK88] and Exposé VI., Proposition 1.2.5 in [Gro66]. O

The theorem remains true word by word if we pass to locally constant K-sheaves
and hence also for [-adic local systems.

Specializing to our situation let C' be a smooth projective, geometrically irre-
ducible curve over a finite field k, [ a prime number different from char(k) = p and
s: Spec()) — C' a geometric point. Let £ be a 1-dimensional [-adic local sys-

tem on C, hence the fibre £; is a 1-dimensional vector space over Q;. Let us fix
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an isomorphism ¢: £; = Q;. Then the action of 7,(C,3) on £; will be a continu-

ous 1-dimensional [-adic representation x : m1(C,5) — @;, which necessarily factors

through the maximal abelian quotient 7{*(C) (see Corollary 1.4.9| for notation).

Finally we get

Theorem 1.5.11. There is a one-to-one correspondence between

1-dimensional l-adic
continuous 1-dimensional
local systems £ on C
l-adic representations of —

. together with a fized
m°(C) {x : 1{*(C) — Q;}

isomorphism ¢ : £5 =2 Q,

To finish this section we discuss the behaviour of [-adic local systems under basic

operations, which we will need heavily in

Proposition 1.5.12. Let £ and 9N be [-adic local systems on a scheme X. Then the

following hold true

1. if f:Y — X is a morphism of schemes, then f~'£ is also an l-adic local

system on Y ;
2. the direct sum £ @& M s also an l-adic local system on X;

3. the tensor product £ @ M is also an l-adic local system on X.

Proof. (Sketch) Let l-adic local systems £ and 9t be given as the direct limits hgl K Lx
and hﬂx My of locally constant K-sheaves. First we note that pull-back, direct
sum and tensor product commute with direct limit, hence it is enough to prove the
statements for locally constant K-sheaves. Such a locally constant K-sheaf is an

inverse system of locally constant, constructible sheaves of O /m"™-modules, so again
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we can restrict ourselves to prove the statements for ”ordinary” locally constant,
constructible étale sheaves.
So let § be a locally constant étale sheaf on X. Then there exists an étale covering

(U; — X)er such that §

v, is constant. As pull-backs of constant étale sheaves are
obviously constant, we get that f~'§F is constant on Y x x U;, hence locally constant
on Y. Let & be another locally constant étale sheaf on X such that it is constant on
the étale covering (V; — X)jes. As the direct sum and tensor product of constant
sheaves are constant, the direct sum § @& & and the tensor product § ® & will be
constant on the étale covering (U; X x V; — X);er jes, hence locally constant on X.

Finally let § and & be constructible étale sheaves on X, i.e. for every closed
immersion j: Z < X there exists open subsets U C Z and V C Z such that the
restrictions §|y and &|y are locally constant on U and V' resp. We can reduce to
the case that X is irreducible. Then using the above arguments we see that on the
open subset U Xz V C Z the direct sum § & & and the tensor product § ® & will
be locally constant. As what pull-backs concern let f: ¥ — X be a morphism and
j: T <Y be a closed immersion. Take the closure T of the image of T in X, and an
open subset U C T such that §|y is locally constant.

fri=1foj __
%T

T »)
}‘ l
f
Y X

_

U

Then we get that f~'F is locally constant on f;'U. O]
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1.6 The Faisceaux-Fonctions Correspondence

In this section we will discuss Grothendieck’s function-sheaf correspondence and make
major steps toward establishing the connection appearing in the right vertical side
of [diagram 1.1.2) which will be accomplished in [section 2.2] The main references are
[Sommes trig.] in [Del77], [Gai04] and [Shi05].

First we need to define the Frobenius action on local systems.

Definition 1.6.1 (construction of the Frobenius action). Let X be a connected
scheme over a finite field & = F, and £ be an l-adic local system of rank r on
X. Let z: Spec(Fyn) — X be a closed point and 7: Spec(F,) — X a geometric

point lying above it. Then we have isomorphisms
(O V=Y

where the last space is a discrete Gal(F,/Fg)-module by Chapter II., Theorem 1.9

in [MiI80]. The automorphism in Gal(F,/F,) defined by
Frob™: x — x7"

is called the n* power of the arithmetic Frobenius and it defines an automorphism
of the r-dimensional Q,-vector space £; denoted by Frob,. This whole construction

depends on the choice of a geometric point and hence only well-defined up to inner

automorphism by [Corollary 1.4.9, but the trace of the Frobenius is a well-defined

element in @Q; and denoted by tre(Frob,).

Let G be a connected, separated, commutative group scheme of finite type defined
over a finite field k = IF,. As usual let [ be a prime number different from char(k) = p

and denote by m: GxG — G, i: G — G and e: Spec(k) — G the multiplication
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map, the inverse map and the identity map respectively, where the image of the

identity will be also denoted by 0 € G.

Definition 1.6.2. An [-adic character sheaf £ on G is a 1-dimensional [-adic local

system on G together with a trivialization £y 2 Q; satisfying m—'€ = £ X £.
The main theorem of this section is the following:

Theorem 1.6.3. Let G be a connected, separated, commutative group scheme of finite
type defined over a finite field k = F,. Then there is a one-to-one correspondence

between

l-adic character Lo group homomorphisms

sheaves £ on G x: G(Fy) — @JX

Proof. First let an [-adic character sheaf £ be given. For a point x € G(F,;) we defined
the Frobenius action Frob, on the fibre £; which is a 1-dimensional vector space over

Q; and we define
x(x) :=tre(Frob,).
We use the following properties:
1. tregg = tre +trg;
2. trega = tretrg;
3. for a morphism f: X — Y we get trp-1g) = f~re.

We have to prove that x is a group homomorphism. From the character sheaf

property we have that £ = £; ® £, hence using the above properties we get that

tre(Frobyt,) = tre(Frob,)tre(Frob,)
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that is x(z +y) = x(z)x(y).

(<) First we define the absolute Frobenius.

Definition 1.6.4. Let G be a connected group scheme defined over a finite field

k =TF,. The absolute Frobenius is the scheme morphism over Spec(F,)
F’I“qi (G, Og) — (G7 Og)

defined as the identity map on the underlying topological space and as g — ¢¢ on the

structure sheaf of rings Og.
Now we recall the definition of the Lang isogeny (Chapter VI., §1. in [Ser8§]).

Definition 1.6.5. Let G be a connected, commutative group scheme of finite type
defined over a finite field k = F,. The Lang isogeny ¢ is the composite map

©

GwaG#G

that is given by g — F'r,(g) — ¢ on the functor of points.

The Lang isogeny is a group homomorphism because G is commutative implying
that m and ¢ are both group homomorphisms and F'r, is a group homomorphism.

There is an exact sequence
0— GF,) — GG —0

which makes G into a finite, étale, Galois covering of itself via the Lang isogeny ¢
with Galois group of the group of translations G(F,) (VI.1. Proposition 3. in [Ser8§]
and p.7. in [Shi05]).
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Now let a group homomorphism y: G(F,) — @lx be given. Then first to give
a l-dimensional [-adic local system £ on G is the same as giving a continuous, 1-
dimensional [-adic representation 7%(G) — @lx 1} But as p: G — G
is a finite, étale, Galois covering with Galois group G(F,), there exists a natural

surjection

P mft(G) — G(F)

by |Example 1.4.12|. The composite map yotp: 7% (G) — @, gives us a 1-dimensional

l-adic local system £ on G. Note that by construction '€ is a constant Q;-sheaf, as
to ¢ 1€ corresponds the trivial I-adic representation by the above Lang isogeny exact
sequence. We have to prove that £ satisfies the character sheaf property m—1€ =
L X £. For that we consider the following commutative diagram

GxG—2 5@

l(% ®) ®

GxG—— @

The commutativity is ensured by the fact that the absolute Frobenius commutes
with arbitrary morphisms (cf. 3.2.4 Lemma 2.22 in [Liu02]). As ¢ '€ is a constant
Q)-sheaf on G, then

m e e = (p, ) tmTIL
is also a constant Q;-sheaf on G x G. Similarly
e IeReIL = (p,p) LR L

is a constant Q;-sheaf on G' x G. So to prove the character sheaf property we only

need to show that the Galois group G(F,) x G(F,) of G x G YR @ % G acts on the
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same way on the sheaves (¢, ) !m™1€ and (¢, ) 1L X £. For that it is enough to

check the action on the stalks at the geometric point (0,0) lying over (0,0). These
stalks are the same as the stalks of m '€ and £ X £ at (0,0). We have also that
m_lﬂw = &5 So let (g,h) € G(F,) x G(F,) be given. The action of (g,h) is
transformed via m to the action of g+ h € G(F,) by the commutativity of the above
diagram. But the action of g 4+ A is just multiplication by x(g + h). Also by similar
arguments the action of (g, h) on £X £ is given by multiplication by x(g)x(h). Hence
(g,h) acts both on m™*£ and £ X £ by multiplication by x(g + h) = x(g)x(h), as
wanted.

These two constructions are inverses to each other completing the proof of the

Theorem. O

We will use this result in applying to the Picard scheme Picd, of degree
0 finishing the proof of the connection appearing in the right vertical side of
L 120



Chapter 2

The Proof of the Main Theorem of
the Unramified Theory

In this chapter we will begin with final preliminary works proving the correspondences

appearing in and after that we will give Deligne’s geometric proof of
the [Main Theorem 1.1.41

2.1 Preliminary Constructions

Let C be a smooth, projective, geometrically irreducible curve of genus g over a finite
field k = IF,. Let us begin with building up the connection between 1-dimensional
[-adic local systems on the curve C' and 1-dimensional l-adic local systems on the
Picard scheme Picc appearing in the bottom row of [diagram 1.1.2]

So let £ be a 1-dimensional [-adic local system on C'. We will construct a 1-
dimensional [-adic local system £@ on C@ using the following construction. First

we define the [-adic local system £%¢ on C? by

= QL pri 'L

43
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using the natural projections pr; : C* — C for i = 1,2,...,d. This is an l-adic

local system by [Proposition 1.5.12] Next we want to analyze the stalks of this [-

adic local system. To do this, we can restrict ourselves to the case of locally constant,

constructible étale sheaves using the reduction argument in|Proposition 1.5.12] Hence

in the following we assume that £ is a locally constant, constructible étale sheaf of
rank 1[1

Now by definition we have that the stalk at a geometric point p = (p1, p2, ..., pa) €
C?is

('QIX’d)g = ®zc'l:1 sz

Also we have that for a o € Sy the stalk at op = (ps1),Po(2), - - - s Po(a)) 18

(Sgd)ag = ®?:1 Spa(i)'

But we have an isomorphism

d = d
wg,o : ®i:1 L — ®¢=1 £pa(i)

by the commutativity of tensor product. This means that £%? is an Sy-equivariant
locally constant étale sheaf on C¢.

Now we need to descend to the quotient C? and investigate how sheaves behave:

Proposition 2.1.1. Let £ be a locally constant étale sheaf of rank 1 on C and con-
sider the symmetrization morphism 7 : C* — C9D for an integer d > 1. Then the
étale sheaf £9 = (w,L84)% of Sy-invariants of the push-forward of £ is a locally

constant étale sheaf of rank 1 on C@.

LOf course |Pr0position 1.5.12| holds true a fortiori in that case.
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Proof. First we note that in general for a morphism f : X — Y of schemes and an
étale sheaf § on X there is a natural morphism f~'f.§ — §. If a finite group G
acts on X and the sheaf § is G-equivariant then there is a natural action of G on
the push-forward f,§. Hence the inclusion of sheaves ( f*S)G — f«§ on Y induces a
morphism of sheaves f~(f.§)% — f~1f.F on X such that the composition

N

—— [ ——F

F7HAS)

gives us a morphism of sheaves f~1(f.§)® — F on X. Now in the case of our

proposition we have

Claim 2.1.2. The natural morphism of étale sheaves 7= (,£5%)% — €84 on C9 is

an isomorphism.

Proof. To prove the claim first we consider the stalks of the étale sheaves m,£¥¢
and (7,£%%)5 on C@ . As the symmetrization morphism is a finite, hence proper,

surjective map, we can assume that a geometric point in C' (@) ig given by

w(p) :== 7((p1, P2 - - -, pa)) € C

where p is a geometric point of C?. Then it follows that

7' (p) = Sap = {(Po(1), Po(2)> - - - Po(a)] 0 € Sa)}

i.e. the orbit of p under the action of S3. Now consider the following commutative

diagram:
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where the j and j  are the inclusion maps and 7 is the first projection of the fibre
product. By the Proper Base Change Theorem (Theorem 17.10 in [Mil08c]) we have

a canonical isomorphism
g ir, ekl =, . (5)1eX,
Now we will use the following theorem:
Theorem 2.1.3. Let m: X — Y be a morphism of schemes.
For any étale sheaf § on'Y and any geometric point T € X we have
(77'%)z = Fra)-

If m: X — Y s a finite morphism and & is an étale sheaf on X, then for any

geomeltric point y € Y we have

(7*6)37 = Hﬂ'(i):gj @j

Proof. The first statement (a) is proved in Ch.IL.Theorem 3.2.(a) in [Mil80]. The

second statement (b) is proved in Ch.II.Corollary 3.5.(c) in [Mil80]. O

By this theorem we have that

jflﬂ.*ggd — (ﬂ_*gﬁd)ﬂ(p)

and also that

ﬂ-:k (.j,)_l’ggld = HB/ESdB(’di)E/ .
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If 1_9' = (p’l,p;, e ,p/d) € Sqp then using the property of external tensor products

above we have that
d
(W*E&d)w(g) - HQIESdQ Qi1 £p;-'
A permutation o € S; acts on the stalk in the following way:
d
U(W*ggd)ﬂ'(ﬂ) = HBIESdB ®i=1 Sp;(“

hence we get for the Sy-invariants

(W*Qm)sd = ®?:1 Ly

m(p)

Using again the property of the pull-back on stalks (Theorem 2.1.3 (a)) we have for

any p € m 'm(p) that

_ Rd\S;\ = _ Kd\Sd
7 (r 80, = (r 225,

which is
(55, = @, 8, = e
hence these isomorphisms on the stalks induce an isomorphism between the étale
sheaves on (¢
r(200) =, g2

completing the proof of the claim. n

It remained to prove that £(% is a locally constant étale sheaf on C@. We note
that £%¢ being locally constant is representable by an étale covering. Then as the

push-forward and a subsheaf of a representable sheaf is representable, we get that at

least £(%) is representable by a scheme Z on C9). By [Theorem 2.1.3 (a)| we know that

for any geometric point 7(p) € C@ the stalks are isomorphic 7r_1(£(d))ZZ =, 2527).
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Hence there exists an étale neighborhood U of 7(p) and a section s: U — Z which
generates the stalk 2;‘2)). The pull-back of this section must generate all stalks of
7 1(£) in an étale neighborhood of p € C4, as 7~ 1(£?) is a locally constant étale
sheaf on C%. As the stalks of the sheaf £(9 are 1-dimensional and the pull-back of
the section generates the stalks 7r_1(£(d))}2 in some étale neighborhood, it follows that
the section must generate the stalks ng?p) in some étale neighborhood of m(p) as well,

i.e. the sheaf £(9 becomes constant on an étale covering. This completes the proof

of the Proposition. O

Recall that in [ection 1.3 we have defined the Abel-Jacobi natural transformation
of the functors Divg and Picdc for an integer d > 1 and indicated also that we can
assume that C' has a k-rational point, consequently the functors are representable

inducing a morphism of schemes (using the same notation for the Picard scheme)
AJ,: C@D — Picdc

such that on the geometric points the fibre of the Abel-Jacobi map over the class of

an invertible sheaf G of degree d on C' is isomorphic to

A3, (19) = PH(C,G)

by [Proposition 1.2.6|

It follows that PH°(C,G) # 0 if and only if h°(C,G) := dim;, H°(C,G) > 1. By

the Riemann-Roch Theorem we have that
hO(Ca g) - hO(Cv we & g—l) =d-— g +1

hence our condition is equivalent to
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W(Cwe®G ) +d—g>0.
This is certainly the case if d > g. But we can say more:

Proposition 2.1.4. If the degree d satisfies d > 2g — 1 whenever g > 1 (ord > g
whenever g = 0) then the Abel-Jacobi map AJq : C'D — Picl is a proper, surjective

morphism with geometric fibres isomorphic to the projective space Pi:g.

Proof. Tt follows from the above considerations that if h°(C,we ® G7') = 0, which
is the case exactly if the degree of G satisfies d > 2g — 1, and the fibre is not empty
A3,'(G) # 0, i.e. d > g, then putting together the two conditions we have that if
d > max{2g — 1, g} then the fibres AJ;"(G) will be all isomorphic to the projective
space of dimension d— g via the isomorphisms 2J;"(G) = PH(C,G). The properness

follows from the fact the C@ is projective. [
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2.2 Deligne’s Geometric Proof

In this section we turn to the proof of the |Main Theorem 1.1.4] using a geometric

argument of Deligne. The main references are [Lau90|, [Hei07] and [Hei04].

First we prove

Theorem 2.2.1. (Deligne’s Theorem): There is a one-to-one correspondence between

1-dimensional l-adic

1-dimensional l-adic local systems Ag on
local systems £ on C' L1 Picg together with
—
together with a fized a fized isomorphism
isomorphism ¢ : £ =2 Q Y Aglo = Q, satisfying

m AT = AL KA

Proof. Let be given a 1-dimensional [-adic local system £ on C with a fixed iso-
morphism ¢ : £; = Q, where 5: Spec()) — C is a geometric point. Then for an
integer d > 1 we constructed a 1-dimensional l-adic local system £@ := (7, £X?)%
on C@ in the previous It follows from the correspondence between -
adic local systems and representations of the fundamental group that

4 a unique continuous 1-dimensional l-adic representation

there is associated to £
pew @ T(CD) — @ZX Now we assume that d > 2g — 1 and apply the relative ho-

motopy exact sequence theorem ([1.4.13)) to the Abel-Jacobi map A3, : C9 — Picd,

taking into account [Proposition 2.1.4{to get the exact sequence

(P9, 5) — 1 (C@D,5) — my(Pic,5) — 1

where k° is the separable closure of the base field k. We know from [Example 1.4.12]

that 7y (P% ¢, 5) = 1 is trivial, hence we get an isomorphism
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(O, 5) = 7 (Picd,, 3)
which induces an isomorphism between the abelianized étale fundamental groups
TP (CD) = 7ib(Pict,).
This means that to the continuous 1-dimensional [-adic representation
pe 7 (CW) — Q@
corresponds a unique continuous 1-dimensional [-adic representation
g TPich) — T

which again corresponds (section 1.5)) to a unique 1-dimensional [-adic local system
Al on Pic, together with a fixed isomorphism 9: A%|q = Q.

For the 1-dimensional /-adic local systems A% we have the following
Proposition 2.2.2. The 1-dimensional l-adic local systems A% satisfy
(+)TAST = SR AL

Proof. Let us consider the following commutative diagram

(p,D) ———— (p+ D)

—+

C x O —— (d+1)

lid X AJ(a) lM(d.H)

+
- d - d+1
e

IR

(p,G) ———— O(p) ®G .

Because of the correspondence between A% and £ constructed above we just have

to prove that ()71l = ¢ X £, For this we consider the diagram
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O x 0 — s i1

lidxr lﬂ
I

C x O ——— (d+1)

o

Using the [Claim 2.1.2/ we have an isomorphism 7~ €@+ = g8+ Now as £9 is a

local system we get that
(_T_)—lg&(d-i—l) _ 0K oRd

On the other hand we also have by the above |Claim 2.1.2|that (id x 7) "} (£ X £(@) =

£ X £%4 and both are Sg-equivariant, hence we get that
(3)-1el+D) = g o

completing the proof of the Proposition. n

Using this we can extend the construction of A% for every d € Z, hence to all of
Pice in the following way.

We assume that we have a k-rational point p € C(k). Then for an integer d <
2g — 2 we choose a positive integer N such that d + N > 2g — 1 and we consider the
isomorphism

. pid = : d+N
Np: Picy, — Picg,

induced by successively applying the map

: - d - d+1
+: p X Picg, — Picg™ .

Now we can define A% on Picd, for any d € Z using the property in
by



53

Al = (Np) ALY £y-N,
We have to prove the multiplicative property of Ag, i.e. that for the multiplication
map

. Pj;ad ;e ; d+e
m: Picg X Picg, — Picg

defined by
G H)—»GOH
we have that
m AL =2 ALK AS.
For that we consider the following commutative diagram

+ X id
- d - e . d+1 ) -0 -0
p X Picg x Picg, ——— Picg"™ X Picg = Picg X Pice,

idxm pri @ pr2
. dte + cdtetl ~ D0
p X Picy = Picg = Pice .

Then we start with AL™*™ on Pictre™! satisfying + 1AL =~ ¢ @ AL The
pull-back of the latter on the left vertical side is
(id,m)~ (£, ® A?_e) =£® mil(Ad}:—i_e)-

Under the isomorphism Picl ™ 2 Picl, the local system AL™™ goes to AL ®
L£o=4==1 which is just A% and it pulls back to Picg, x Pic along the right vertical

side to

A?:JreJrl ® Sgi)—d—e—l X Ad£+e+1 ® Sg—d—e—l
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which again goes back under the isomorphism Pict™ x Pict, = Picd, x Pic% to

Adretl @ £8-¢ K Adtetl g, S;@—d—l_
Using successively the property + 1A% =2 & ® A% we get
£, ALK A
hence we get the isomorphism
mHAG) = ALK AS.
On the other way round let a rigidified multiplicative 1-dimensional [-adic local
system Ag on Picc be given. Then we consider the Abel-Jacobi map

%(1)2 C — PZCIC

and by |Proposition 1.5.12|the pull-back

) A1
is a 1-dimensional [-adic local system on C' together with a rigidification.

Finally we have to prove that these two constructions are inverses to each other.

For both we consider the commutative diagram

(p,G) ! O(p)®§G

+
;0 -1
_
OXPZCC PZCC

AJ (1) X idl /

. 1 . 0
Picq x Picg,

(O(p),G) .
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Then given a rigidified, 1-dimensional [-adic local system £ on (', we can associate
to it a rigidified, multiplicative 1-dimensional [-adic local system Ag on Picc, such

that we define £ = QL’J(_S.AE Then using the above diagram
CRAL = LKA, ——— AL

m
Ql;](l) X id

ALK A

we get £ = ¢

Similarly starting with a rigidified, multiplicative 1-dimensional l-adic local system
Ag on Pice, we define the rigidified, 1-dimensional [-adic local system £ := 2[3@%.42
on C'. We can associate to it a rigidified, multiplicative 1-dimensional [-adic local

system .,4:: on Pice. Then using the above diagram

CRAL = CH (L) — (AL) = AL

5213(1) X idl /

A X AY
we get Ay = A completing the proof of the Theorem. ]

Next we want to accomplish the proof of the correspondence appearing in the

right vertical side of [diagram 1.1.2]

Theorem 2.2.3. There is a one-to-one correspondence between
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1-dimensional l-adic

1-dimensional l-adic
local systems Ag on
representations of Picl (k)
. L1 Pice together with
{x : Pick(k) — Q} —
a fized isomorphism

¥ Aclo = Q satisfying
mAG = AL A

together with a Frobenius

action Frob,: 7 — @IX

Proof. First let be given a 1-dimensional [-adic local system Ag on Pice together
with a fixed isomorphism v : Ag|y = Q, satisfying mflA%Jre >~ A4 X A% Then the
restriction A% on Picl will be a 1-dimensional local system together with a fixed
isomorphism A2y = Q, satisfying the character sheaf property

m1AL = ALK AL

hence by the faisceaux-fonctions correspondence (section 1.6) it will give us a 1-

dimensional l-adic representation of Picl (k). Also by [Theorem 2.2.1| Ag defines a

1-dimensional l-adic local system £ on C, hence a sheaf £, on the point p € C(k),

which is the same as a Frobenius action F'rob,: Z —s @ZX by |Deﬁnition 1.6.1L

Going on the other way round let be given a 1-dimensional [-adic representation

X : Pick(k) — Q@

together with a Frobenius action F'rob,,: Z — @Q,'. Then by |Deﬁnition 1.6.1| the
Frobenius action defines a sheaf £, on p € C(k). Also by X defines a

character sheaf .A?( on Pic?, together with a fixed trivialization A?(|o >~ ;. Similarly
as we did in the proof of Deligne’s Theorem we can extend this local system to all of

PiCC by
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where —dp is the morphism
—dp := p x Pict, = Pic%,

defined by sending G to G ® O(—dp). Using the commutative diagram in the proof of

[[heorem 2.2.1f and the argument presented there it follows from this definition that

the 1-dimensional [-adic local system A, on Picc will satisty
-1 +d ~ pd
m— AT = AT KAS.
These two constructions are inverses to each other completing the proof of the The-

orem. O

With this theorem we finally finished the long journey leading to the proof of the
one-to-one correspondences appearing in

Now we are able to prove [I'’heorem 1.1.4}

Theorem 2.2.4 (Artin’s Reciprocity Law, geometric form). The Artin Reciprocity
Map
Py : Div(C) —— m(0)
P +—— Frob,
factors through rational equivalence

Dyt Pico(k) — mib(C)

fitting into the commutative diagram
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Pid (k) ——— Picc(k)

deg
RSN Z
l FK [ (2.2.1)
¥ ~
% Z

Ker(p) —— n*(C)

such that there is an induced isomorphism on the kernels

Pic (k) = Ker(p) .

Proof. First we prove that the diagram
Div°(C) ——— Div(C)

deg
- Z
l ‘/ ¢K \{Can
® D
%} Z

Ker(p) — 7%(C)

is commutative. For that we define the maps appearing in the diagram. Let us begin

with the Frobenius element:

Definition 2.2.5. (construction) Let p: Spec(F;n) — C be a closed point, which
has a degree defined as the degree deg(p) = [k(p) : k] of the field extension k(p)/k,

where k(p) is the residue field of p. We choose a geometric point p: Spec(F,) — C

lying above p. By [Example 1.4.7we have that 7 (Spec(Fyn), p) = Gal(F,/F4n) hence

the induced map between the étale fundamental groups becomes

pe: Gal(F,/F ) — m(C,p).
Now the Galois group Gal(F,/F,) is an open subgroup of the Galois group Gal(F,/F,)

which is a profinite group topologically generated by the Frobenius automorphism

Frob: Fq —>Fq
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defined by x — x9, hence the Galois group Gal(Fq /F4n) is topologically generated by

the deg(p)™" power of the Frobenius automorphism (where now deg(p) = n)
Frob®s® . F, — T,
defined by x +— 29", Its image under the map

Dy Gal(Fq/]Fqn) — m(C, p)

is only well-defined up to an inner automorphism, but by |Corollary 1.4.9 its image

under the composite map
m(C,p) — 7{*(C)

is a well-defined element, denoted by Frob, € 7{*(C), which is called the Frobenius

element associated to p € C(Fn).

Now as Div(C) is freely generated by the closed points, the Artin Reciprocity
Map

Py : Div(C) — 7 (C)

sending p + Frob, is well-defined. Next we define the map p: 7¢*(C) — Z on
the Frobenius elements. Recall that ¢ is the map between the abelianized funda-
mental groups induced by the structure morphism C' — Spec(k). A closed point
p: Spec(Fyn) — C gives a commutative triangle
C
N

«

Spec(Fyn) ——— Spec(F,)
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where the map « is induced by the natural inclusion F, — F,», hence the map

between the étale fundamental groups
a.: Gal(F,/F ) — Gal(F,/F,)

is just the natural inclusion. Then by the functoriality property of the étale funda-

mental group we have that

¢(Frob,) = Frobds®.

Moreover this map is surjective by [Proposition 1.4.10, The other two maps are defined

by

deg(d> . dip;) ==, dideg(p;) and can(1l) := Frob
where deg is surjective and can is injective.ﬂ Now the commutativity of the diagram
follows from

p(Px(p)) = Frob®® = can(deg(p))

and the fact that by the universal property of the kernel, the Reciprocity Map ®x
restricted to the divisors Div°(C') of degree 0 factors through Ker(p).
It remained to prove that the Reciprocity Map factors through the principal di-

visors. For that let us take a continuous, 1-dimensional [-adic representation

x: m(C) — Q.

By the geometric constructions we carried out and appearing in |diagram 1.1.2, we

can associate to x a 1-dimensional [-adic local system £ on C, such that for a closed

point p: Spec(F,n) — C, the Frobenius element Frob, acts on the fibre £; by

2Hopefully it may not cause any confusion that deg denotes two different maps, as the notations
are so natural in both cases, that the change of notation may have caused more confusion.
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multiplication by x(Frob,) € @lx . By Deligne’s Theorem we can associate to £
a multiplicative 1-dimensional [-adic local system Ag on Picc and by the faisceaux-

fonctions correspondence we can associate to Ag a 1-dimensional [-adic representation
v Picg(k) — Q/
together with a Frobenius action Frob,: 7 —» @ZX , where x € C(k). The pair
(1, Frob,) induces a 1-dimensional [-adic representationf] (using the same notation)
V: Pich(k) — Q@
defined by
P([O(p)]) := tr 4 (Frobogy),
i.e. for a closed point p: Spec(Fgn) — C the Frobenius element Frobjo,) acts on

the fibre AHW by multiplication by ¥([O(p)]) € Q, . Now consider the Abel-Jacobi

map

%(1)2 C — PZCIC

defined by p — [O(p)]. By Deligne’s [Theorem 2.2.1| we have that

A3y (Ap) = £
hence for a closed point p: Spec(Fyn) — C the Frobenius element Frob, acts on

the fibre £; in the same way as the Frobenius element Frob,)) acts on the fibre

A}g |m, that is

X (F'rob,) = ¥([O0(p)]),

3The pair (v, Frob,) induces 1-dimensional l-adic representations on all degree components
Y Pick(k) — Q,', hence on all of Pice (k).
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which means that we have the following commutative diagram

Lo30e

Div(C) ——5 s zub(C)

27
l P T lx (2.2.2)
///’ ?
o ¥

where to be able to prove that @ factorizes through Pico(k) we need to show that
rationally equivalent divisors Dy ~ Ds, that is [O(D)] = [O(D2)] in Picc(k), have
the same image ®x(D;) = P (Dy) in 7%(C). This reduces to show that different
closed points p;,p, € |C| having the same image in Picc(k), have the same im-
age Frob, = Frob,, in 7{°(C). By the commutativity of the diagram above, the
closed points py,ps € |C| with this property must satisfy x(Frob,, ) = x(Froby,)
for all continuous 1-dimensional /-adic representation x: m*(C) — @lx . But if

Frob,, # Frob,, then we can construct a representation y: 7¢*(C) — @ZX satisfying

X(Froby,,) # x(Frob,,) by using Lang’s [Theorem 2.2.6| stated below, as the Frobe-

nius elements Frob, associated to the closed points p € |C| generate topologically
the group 7% (C), hence any representation y: 7% (C') — Q, is given by determin-
ing its values on the Frobenius elements. It follows that F'rob, = Frob,, hence the

Reciprocity Map factors through rational equivalence

Py : Pico(k) — 78(C).

Now we give

Theorem 2.2.6 (Lang’s Theorem). The Frobenius elements Frob, associated to the

closed points p € |C| generate a dense subgroup in the topological group w8®(C').

Proof. The original proof uses the properties of the zeta function of schemes, but
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here we will give a more geometric proof again using Deligne’s construction (diagram|
1.1.9).
Assume that the image H := ®(Div(C)) C 78 (C) of the Reciprocity Map is not

dense and denote by H its closure. Then there exists an open subset U containing

H. By|Theorem 1.4.6|it corresponds to a finite, abelian, étale cover Y — C' of some

degree d, which by |Proposition 1.5.9| corresponds to a locally constant étale sheaf §

on C' and to a d-dimensional representation

x: T (C) — GLg(Q)).
Here we can pass to a Q;-representation by making § into an l-adic local system. By
construction we have that for every closed point p € |C| the action of the Frobenius
element F'rob, on the fibre §;, is trivial, hence the representation x|g: H — G L4(Q))
is trivial. On the other hand taking the decomposition into irreducible, hence 1-
dimensional representations

X=X1DPXx2D - DXd
each y; will correspond to a 1-dimensional [-adic representation

i Pick (k) — @ZX

satisfying 1; = x; o ®x which are the trivial representations by construction. Hence
by we get that each y; and consequently the representation

x: m(C) — GLy(Q))
is trivial. It follows that U = 7%(C) and H = 7*(C') completing the proof of Lang’s

Theorem. O
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To prove the remaining statement concerning the induced isomorphism on the

kernels
Pic (k) — Ker(y)
we note that the factorized Reciprocity Map
Py : Picc(k) — 79(C)

is injective and has dense image by Lang’s Theorem and [diagram 4.2.3] so we get the
following commutative diagram
Pid.(k) ——— Picc(k) ———>

b

Ker(p) — @k (Picc(k)) 5

which induces an isomorphism

Picd (k) =, Ker(p)

completing the Proof of Artin’s Reciprocity Law. [



Chapter 3

Tamely Ramified (Geometric
Abelian Class Field Theory

In this chapter we will present tamely ramified geometric abelian class field theory
which establishes a connection between the Picard group Picc s of a smooth projective
curve over a finite field, where S is a finite set of points of the curve and the abelianized
tame étale fundamental group 70*(U) of the open complement.

We will begin with stating the main theorem of the tamely ramified theory in
different forms without going into the details and trace out a way how we will prove
it.

Then in the subsequent sections we will discuss and develop the background. In
particular we will define the basic concepts appearing in both sides of the correspon-
dence, namely the Picard group Piccs and the tame étale fundamental group of
the open complement and we will also perform the necessary constructions leading
to a geometric proof of the main theorem, which finally will be provided in the last

chapter.
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3.1 The Main Theorem

Let C' be a smooth, projective, geometrically irreducible curve over a finite field
k=TF, S=A{pi,p2...,pn} C|C| a finite set of closed points and U := C'\ S the
open complement of S. Let K = k(C') be the function field and for every closed point
p € |C| let (/9; be the completion of the local ring at the point p and K, its quotient
field. For every p € S we consider the kernel

—~1

0, = Ker(0, — (Op/m,)*)

where we have O,/m, = @;/ﬁ\‘t. Let Iy = H;;em K be the idele group of C,
1

Lic,s := (ILgs K, X [es Op ) N1k be the subgroup of the ideles relative to S. Let

Kg:= K*(1ks C Ik be the set of rational functions satisfying ord,(1 — g) > 1 for

all p € S. We consider also the normal subgroup

—~1 —
Furthermore let 7¢"(U) be the abelianized tame étale fundamental group of the open

subscheme U C C'. The main theorem of tamely ramified abelian class field theory is

the following:

Theorem 3.1.1 (Tamely Ramified Reciprocity Law, adelic form). The tamely ram-

ified Reciprocity Map

A~ 2w ; t,ab

[( ey Qpy e )peU] — HpEU Frobgrdp(ap)

induces a map (also denoted by Pk s)

Lef. Theorem 11.4.3 in [Neu(7]
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Dy g: K* \]IK/HPGSC’) X HMO — ()
fitting into the commutative diagram

Ker(deg) —— K*\Ix/]] esO x 1 ¢S(’)X — Y sz

| - [ .

Ker(yp) ni’“b((])

such that there is an induced isomorphism on the kernels
Ker(deg) =, Ker(y)
where @: T ab(U) — 7 is the map given by composing the natural map 7 ab(U) —

7% (C) with the induced map ©°(C) — Z .

In order to interpret this statement geometrically we need the following
Proposition 3.1.2. The inclusion Ik g — Ik induces an isomorphism
K\lks = K*\Ix
and hence an isomorphism

—~ —~1 —~
KS\I[K,S/ Hp¢S O};( = KX\]IK/ HpES Op X Hp¢s Ol;

Proof. The first statement is Proposition 4.6 (b) in [Mil0O8b], the second statement
1

then follows by dividing out with [] O

pES

We can characterize this adelic double quotient in terms of geometric data asso-

ciated to the curve C' in the following way

Proposition 3.1.3. There is an isomorphism
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—~1 —~ )
KX\]IK/ HpeS Op X Hp¢3 O;; = PZCas(k‘)

between the adelic double coset space and isomorphism classes of invertible sheaves

on C' together with fixed isomorphisms at each point p € S
Picc,s(k) = {([G]. {tbp}pes) | [G] € Picc(k) and ¢,: G @0, Op/my, = O, /my}.
Proof. Given an invertible sheaf F on C' with fixed isomorphisms at each p € S
Up 1 G @op Opfmy = Op/my,
we choose a trivialization at the generic point £ of C
fe: F®oo K — K,

also a trivialization for every closed point p € U

fo: F @00 O — O,
and at each p € S a trivialization

foes: F ®@0p Op — O,

such that f,cg = 1, mod m,. The natural morphism O, — K gives the diagram

for all p e C

fp®id
F Qo Op®opK%KOp®@pK

R

K K .

R

The isomorphism g, is given by multiplication by an element a, € K*. Moreover for
all but finitely many closed point p € |C| we have thatﬂ a, € O, hence the invertible

sheaf F defines an element
2cf. Lemma 1.6.5 in [Har(6]
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(. . ,a/p, P )pE\C| G Hp€|C| KX.
If we choose another trivialization at the generic point &
for Foo K — K

then each element a, will be changed via left multiplication by an element in K. If

we choose another trivializations at each p € U
fo: F ®0c O — O,

then the element a, will be changed via right multiplication by an element in O.

Also if we choose another trivializations at each p € S
le)GS: ‘F®Oc Op — Op

satisfying fpes = 1, mod m, then the element a, will be changed via right multipli-

~1
cation by an element in O, . Hence F defines an element in
’ —~1
K\ HPE\CI K/ HPGS Op x HméS OpX'
Now we use to get an element in
—1 —

K\l / ILes Op X [1es O

which depends only on the isomorphism class of F by construction.

On the other hand given an element a = (..., a,,...) € Ix we define a sheaf F,

on C' by
F.(V):={z € K| a;lxea,VpEV}.

It follows from this local description that F, defines a sheaf on C'. Moreover changing
—1 —
the coset representative a from the right by an element in Hpe O, x Hp¢ ¢ O does

not change anything in F, and does not change a, mod m, at p € S. Changing
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from the left by an element b € K* gives an isomorphism of sheaves F, L Fra, SO
we have to prove that F, is locally free of rank 1. If a, € (/9;X for all p € V then
Fo(V) = Oc(V) by construction, hence it is free on V. Otherwise using [Claim 1.1.3
we take an element t € K such that ta, € (’/);X. Now define V:={pe|C|: t € (’/);X}
and use the isomorphism F, BN Fiq which gives that F, is locally free of rank 1 on V.
It remains to prove the existence of fixed isomorphisms at each point p € S. For that
we use the approximation theoremEL which enables us to find an element ag € K*
satisfying ag'a, = 1 mod m, for all p € S. Hence we can modify the elements a, at

each p € S such that the trivializations defined by a,
fres: F ®op Oy — O,
will give fixed isomorphisms
Up: F Qoc Opfmy = Op/m,,

well-defined modulo m,, at each p € S. These two constructions are inverses to each

other which completes the proof. O
Now we can state the tamely ramified Reciprocity Law in a more geometric form:

Theorem 3.1.4 (Tamely Ramified Reciprocity Law, geometric form). The tamely
ramified Reciprocity Map
Pg 5 Div(U) — 7t ()

1

P —— [Frob,)

mduces a map

Dy g : Picog(k) — 70(U)

3cf. Theorem 11.3.4 in [Neu(7].
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and fits into the commutative diagram

Pic, g(k) ——> Piccs(k) — 2 7

l FK’S [n (3.1.1)
Y/

Ker(p) —— 7)) ———>

such that there is an induced isomorphism on the kernels

Picoc’s(k) =, Ker(p)

where @ 7™ (U) —> Z is the map given by composing the natural map 7> (U) —s

79(C) with the induced map 7%(C) — Z .

Asin the unramified theory, the strategy of the proof is first to consider continuous,
1-dimensional [-adic representations of ﬁ’ab(U ) and 1-dimensional l-adic representa-
tions of Pic; 4(k), where [ is a prime number different from char(k). Assume we have

a closed point p € U(k) C C(k), then we can characterize these representations as

follows

e the continuous 1-dimensional l-adic representations of 7/*(U) (which are the
same as the continuous 1-dimensional [-adic representations of the tame étale
fundamental group 7% (U, @)) are in one-to-one correspondence with 1-dimensional
l-adic local systems £ on U, which are tame at S together with a rigidification,

i.e.a fixed isomorphism ¢: £; = Q,;, where @: Spec(Q) — U is a geometric

point (ct. [ection 4.1);

e the 1-dimensional /-adic representations of Pz’coc’ s(k) together with a Frobenius

. = X . . . .
action F'rob,: Z — (Q; are in one-to-one correspondence with 1-dimensional
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l-adic local systems Ag on Piccs together with a rigidification, i.e.a fixed

isomorphism v : Aglo = Q, satisfying
mTALT > ALK AS

where

. pjd e - d+e
m: Picg g X Picg, g — Picgls

is the group operation on Piccg and 0: Spec(k) — Pice g is the identity

section (cf. [section 4.1)).

Using these correspondences we will give a geometric construction adapting Deligne’s
argument in which gives a one-to-one correspondence between rigidified
1-dimensional [-adic local systems on U which are tame at S and rigidified multi-
plicative 1-dimensional [-adic local systems on Piccg. Having done this we will get

the following diagram:
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1-dimensional [-adic rep-

continuous 1-dimensional
resentations of Picg, ¢(k)

&S {x : Pic (k) — Q'}

together with a Frobenius

[-adic representa-

tions of 70 (1))

{x : () - Q)

action F'roby,: Z — @ZX

ah IH (3.1.2)

1-dimensional [-adic

1-dimensional [-adic
local systems Ag on

local systems £ on U
Picc g together with

which are tame at S —
a fixed isomorphism

together with a fixed _
Y Aglo = Q satisfying

mT AL = ALK Ag

isomorphism ¢ : £; = Q

Finally in we will use the correspondences appearing in this diagram

to prove geometrically the tamely ramified Reciprocity Law.
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3.2 The Symmetric Power U® and the relative Pi-
card Scheme Picc g

In this section we will define the symmetric powers U@ and the Picard scheme Picc g
functorially and establish the tamely ramified Abel-Jacobi map between them.

Let C be a smooth, projective curve over a field k, S = {p1,ps,...,pn} C |C] a
finite set of closed points, U := C'\ S the open complement of S and d > 1 an integer.
Recall that in [section 1.2l we defined the functor

Divd: Sch/k —s Set

which to a k-scheme T associates the set Divéd (T) of relative effective Cartier divisors

of degree d on (C' X gpee(ry ')/ T). By |[Proposition 1.2.6|this functor parametrizes pairs

(G,s), where G is an invertible sheaf on (C' Xgpeer) T)/T) and s € H((C' X spec(r)
T)/T),G) \ {0} is a non-zero global section such that the subscheme defined by s is

flat over T'.
Definition 3.2.1. We define an open subfunctor of Div,
Divd: Sch/k —s Set

which to a k-scheme T associates the set Divé(T) of relative effective Cartier divisors
of degree d on (C' X gpecr) T')/T such that if such a D € Div{:(T) is represented by a
class (G, s), then s|g«7 # 0.

Now the proof of [I’heorem 1.2.10| can be applied word by word for our situation

and one can construct a canonical relative effective Cartier divisor Deq, on (C' X gpec(r)

UD) /U@, which implies the following
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Theorem 3.2.2. Let C' be a smooth, projective curve over a field k, S = {p1,pa,...,pn} C
|C| a finite set of closed points, U := C'\ S the open complement of S and d > 1
an integer. Then for any relative effective Cartier divisor D on (C' Xgpeery T)/T,
that is represented by a class (G, s), where s|sxr # 0 there exists a unique morphism

a: T — C9 factorizing through o : T — UD such that
D = (ide X @) N (Dean),
that is the functor Div is representable by U@,
Now let us turn to the Picard scheme Piccs.

Definition 3.2.3. For an integer d € Z we define the Picard functor of degree d with
respect to S as the functor from the category of schemes over k to the category of

abelian groups
Pict, g Sch/k — Ab
which to a k-scheme T associates the abelian group

Pict, s(T) == ({G, {¢p}pes})/pry* (Pic!(T))

where G € Pic(C Xgpeery T') such that deg(G;) = d for all t € T together with fixed

isomorphisms ¥,: G o, Opsr/Mpxr = Opsr/Myxr at each p € S.

pXT

We note that for a point p € S we have an isomorphism of functors
Pic, =, Picgv’p

given by sending G € Picd,(T) to GRpry '(G|yxr), which has a canonical trivialization
along p x T', where pry: C' Xgpeery T — T is the second projection. On the other
way round we use the forgetful functor sending {G, {¢,},cs} to G. So the fibres of

the natural (forgetful) transformation
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o o
Picg, ¢ — Picg

are the possible trivializations of bundles at the other 5 — 1 points in S. From that
we can conclude that the functor Picf; ¢ is an extension of the (representable) functor

Picd by the (representable) functor G#5—1
G#~! — Picl, s — Pic},

thus itself representable.

Now we can define a natural transformation between the functors Divf; and Picf, g
Definition 3.2.4. The tamely ramified Abel-Jacobi map
AJsq: Divd — Picdas

is defined for a scheme 7" over Spec(k) and for a relative effective Cartier divisor D

of degree d on (C' X gpeery T') /T represented by the pair (G, s), where s|gx7 # 0 by

AJ5.4(T)((G:5)) = {9, {sp}pes}

where the section s gives canonical isomorphisms s,,: G®o, . Opxr [y — Opsr/Mysr

at each p € S.
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3.3 The Tame Fundamental Group

In this section we will define the tame fundamental group of a regular integral scheme
that is separated of finite type over a (finite) field and present some of its most
important properties according to the scope of our purposes. The main references for
this section are [GMT1], 5.7.15-16 in [Sza09b], A.L. in [FKS88] and I1.7. in [Neu07].
Let K be a field together with a discrete valuation v, denote O,, k(v) and v(K*)
the valuation ring, the residue field and the value group of v respectively. Let L/K
be a finite separable field extension, then by I1.8.1 in [Neu07] there exist only finitely
many non-equivalent extensions w/v of the discrete valuation v to the field L and

these are also discrete valuations.

Definition 3.3.1. A finite separable field extension L/K is said to be tamely ramified

with respect to the valuation v of K if for each extension w of v to L we have
1. char(k(v)) t e where e := [w(L*) : v(K™)] is the ramification index of w/v and
2. the residue field extension k(w)/k(v) is separable.
Tamely ramified extensions have the following properties’]

Proposition 3.3.2. 1. For a tower of field extensions M D L D K the extension
M/K is tamely ramified if and only if L/K and M/L are tamely ramified with

respect to any extension z/w/v;

2. if L/K and M/K are tamely ramified with respect to v, then the compositum

LM/K is also tamely ramified with respect to v;

4We assume that every field extension L, M, K ' /K and their composita are contained in a fixed
algebraic closure K /K.
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3. let L/K be tamely ramified with respect to v and K /K be an arbitrary field
extension together with a discrete valuation v’ extending v, then the extension

LK'/K' is tamely ramified with respect to v';

4. let L/ K be tamely ramified with respect to v and let M /K be the smallest Galois
extension of K containing L, then M /K is also tamely ramified with respect to

v,

5. if L/K is tamely ramified with respect to v, then L @ K, /K, is also tamely
ramified, meaning that each summand L,, is tamely ramified over K, (see The-

orem 11.8.3 in [Neu07]).
Proof. cf. Lemma 2.1.3. and Corollaire 2.1.4. in |[GMT71]. O
Now we define the notion tamely ramified for schemes:

Definition 3.3.3. Let X be a normal, integral scheme, U C X an open subscheme,
such that the closed subset S = X \ U is of at least codimension 1. Then a finite

morphism f: Y — X is said to be tamely ramified with respect to S if
1. f|;-1y is a finite étale cover f~'U CY — U and

2. Y is tamely ramified over Spec(Ox ;) for each codimension 1 point s € S, that
is the fibre Yy :=Y x x Spec(Ox ) is a finite direct product Yy =[]}, Spec(L;)
of spectra of finite separable field extensions of the quotient field K of Ox, as
the generic point of Spec(Ox ) is contained in U, and each extension L;/K is

tamely ramified with respect to the valuation given by Ox .

Tamely ramified coverings have the following properties:
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Proposition 3.3.4. Let f: Y — X be a morphism of schemes and g: X — X
a surjective, étale base change morphism. Then Y is tamely ramified over X with

respect to S if and only if Y xx X' is tamely ramified over X with respect to g=*(S).

Proposition 3.3.5. 1. Let Y/X and Z/X be schemes over X, f: Y — Z and
g: Z — X be finite morphisms g being surjective. Then Y is tamely ramified
over X with respect to S if and only if Z is tamely ramified over X with respect

to S and 'Y is tamely ramified over Z with respect to g~ *(5).

2. Let f:Y — X be a tamely ramified cover with respect to S, where S is a
divisor with normal crossings. Let g: X — X be a morphism, where X is
a normal scheme such that S := g='(S) is defined and is again a divisor with
normal crossings. Then f: X xxY — X is a tamely ramified cover with

respect to S'.
Proof. cf. Lemma 2.2.5, Lemma 2.2.7 and Lemma 2.3.6 in [GMTI]. O

Assume now that X is a connected regular integral scheme that is separated of
finite type over a (finite) field k and S C X is a divisor with normal crossingg’] Let
U := X\ S be the open complement.

Let Fet" /X be the category of tamely ramified coverings of X with respect to S.
Let w: Spec()) — U be a fixed geometric point and define the tame fibre functor

at the geometric point u

FL5: FettS /X —s Set

5In particular the case we are most interested in when X is a smooth projective geometrically
irreducible curve over a finite field and S C X is a finite set of closed points.
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which to a tamely ramified cover f : ¥ — X with respect to S associates the
underlying set of the fibre over @, i.e. F2°(Y, f) := {the underlying set of Y :=

Y xx Spec(Q)} and for a morphism

g
Y Z
tame w.r.t. S
\ Ae w.r.t. S

O
X

it associates the set-theoretic map F2°(Y) — F2%(Z) induced by the morphism of

geometric fibres Y x x Spec(Q)) — Z x x Spec().

Definition 3.3.6. Let X, S, U and u be as above. Then the tame étale fundamental
group (X, S, u) of X with respect to S at @ is defined as the automorphism group
of the tame fibre functor F2° on Fet"S /X . If there is no confusion we will denote

this group as 7% (U, @) and call it the tame étale fundamental group of U at 4.

Theorem 3.3.7. Let X be a connected regular integral scheme that is separated and
of finite type over a (finite) field, S C X a divisor with normal crossings, U := X \ S

its open complement and u a geometric point of U C X. Then

o the group 7 (U, @) is profinite and its action on F2%(Y') is continuous for every

Y in Fet™¥/X.

e The fibre functor Fé’s induces an equivalence of the category Fet"S | X with the
category of finite continuous left w (U, u)-sets. Connected covers corresponds to

sets with transitive action, and Galois covers to finite quotients of =t (U, u).

Proof. cf. Corollaire 2.4.4. in |[GMTI]. a
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Example 3.3.8. Let X =P}, S =P/- 'and U = A7, where k° is a separable closed
field. Then 7t (A7, a) = {1} is trivial. To prove this we use an induction argument.

For n = 1 it is enough to show that any finite map f: Y — P}, that is étale
over A, C P}. and tamely ramified at infinity, is an isomorphism. Let w be the
differential dt on Pi.. It has a double pole at infinity and no other poles or zeroes.
By the Hurwitz-Riemann formula we have that 2g(Y) — 2 = n(—2) + 7o, — 1, where
n is the degree of the map f and r., is the ramification index at infinity. Now we
have the inequality —2n +n — 1 > 2¢(Y) — 2, from which it follows that n = 1.
Now assume that f: Y — IP’Zjl is a finite map, that is étale over AZ;H C IP’Zjl
and tamely ramified along P};. But then the restriction of f to any n-dimensional
affine subspace will be tame along any n — 1-dimensional projective subspace of the
complement, hence trivial by the induction hypothesis. So it implies that f must be

an isomorphism, completing the proof.

Let Fet/U, Fet/X and Fin/X be the categories of finite étale covers of U, finite
étale covers of X and finite covers of X respectively. Then we have the following

inclusions of categories as full subcategories
Fet/X C Fet'"S/X C Fin/X
and also
Fett3 /X C Fet/U
which induce the following surjective maps
mi(U,u) — m(X,u) — 1

and
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m(U,a) — 7t (U,a) — 1.

The tame étale fundamental group has the usual properties of the algebraic fun-

damental group:

Proposition 3.3.9. 1. Changing the base point @ to @ the tame fundamental
groups become isomorphic wt(U, i) — w(U, @) determined up to an inner

automorphism.

2. Let g: X' — X be a morphism, where X is a normal scheme such that S' =
g~ 1(8) is defined and is again a divisor with normal crossings and @ a geometric
point of U C X', where U := X'\ S is the open complement. Then there is
an induced group homomorphism 74 (U, 4) — wt(U,a) determined up to an

inner automorphism of =t (U, w).

Proof. cf. 2.4.5 in |[GMT1]. O



Chapter 4

The Proof of the Main Theorem of
the Tamely Ramified Theory

In this chapter we begin with final preliminary works proving the correspondences

appearing in [diagram 3.1.2] and after that we give a geometric proof of the

[Theorem 3.1.4] adapting Deligne’s geometric argument.

4.1 Preliminary Constructions

Let C be a smooth, projective, geometrically irreducible curve of genus g over a finite
field k =F,, S = {p1,p2,....pn} C |C| a finite set of closed points and U := C'\ S
the open complement of S.

Let us begin to prove the correspondence between representations of ﬁ’ab(U ) and
local systems on U which are tame at S. First we define 1-dimensional [-adic local

systems on U which are tame at S.

Definition 4.1.1. Let £ be a 1-dimensional [-adic local system on U C C defined by
a continuous 1-dimensional l-adic representation x: m (U, u) — @ZX . Then £ is said

to be tame at S = X \ U if for every s € S the induced map

83
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™1 (Spec(K,), 5) — m(U,a) = Q;
where K is the stalk at the generic point of Spec(Ox ;), induces a factorization

m(Spec(K,), 5) — m(U, @) ———— o
?

-
-
3 -
-
-
-
-
-
-
-
-

7t (Spec(Ky), 5) .

In other words the induced representation m;(Spec(K,),s) — Q, is trivial on the
inertia subgroup I, C m(Spec(Ky),S), where the inertia subgroup is defined as the

kernel of the natural surjective map m (Spec(Ky), §) — wt(Spec(Ks), 5).
Now we can state

Theorem 4.1.2. There is a one-to-one correspondence between

1-dimensional l-adic

continuous 1-dimensional
local systems £ on U
l-adic representa-
— which are tame at S
tions of 70" (U)

tab — together with a fixed
x:m*(U) - Q'}

isomorphism ¢ : £5 = Q,

Proof. We consider the following diagram of categories and the natural functors be-

tween them

Fet/U _restriction Fet/Spec(Kj)

| |

Fett’S/X restriction Fett/spec(KS)

which is a push out diagram, hence it induces a push out diagram
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m (U, u) «—— m1(Spec(K5), 5)

| |

(U, u) «—— mt(Spec(K,), 5) .

Now given a continuous 1-dimensional l-adic representation x: 7t (U, u) — @IX , it
induces a continuous 1-dimensional [-adic representation x: m (U, u) — @lx such

that the restriction map
™ (Spec(Ky),8) — m (U, u) == Q)

induces a factorization at each s € S

m(Spec(K,),5) — m(U,a) ——— Q)

-
-
E| -
-
-
-
-
-
-
-
-

7t (Spec(K), 3)

that is we have a rigidified 1-dimensional [-adic local system £ on U which is tame
at S by and by the definition of tameness of a local system.

On the other hand if we are given a rigidified 1-dimensional [-adic local system £
on U which is tame at .9, it induces a continuous 1-dimensional [-adic representation
x: m(U,u) — @ZX together with the above factorization, hence the above push out
diagram induces a continuous 1-dimensional l-adic representation y: ! (U, @) — Q, .
These constructions are inverses to each other. Now we can pass to the abelianized
fundamental groups, as 1-dimensional representations naturally factor through them

completing the proof of the Theorem. n

Next we want to analyze the tamely ramified Abel-Jacobi map (cf. [section 3.2))

and determine the fibres.
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Given an integer d > 1 and a geometric point ([G], {¢,}pes) € Pict ¢ we have the
following condition concerning the surjectivity of the tamely ramified Abel-Jacobi

map

Condition 4.1.3. The fibre AJg4([G], {¢p}pes) # 0 is not empty if there exists a
non-zero global section s € H°(C,G) \ {0} generating the fibre G ®p. O, at each
p € S such that the induced map s,: G ®o, O,/m, — O,/m, coincides with the

fixed trivialization ¢,: G ®o. O,/m, — O,/m, for all p € S.
Now consider the exact sequence of sheaves on C'
00— O0(-S)— O — 0s —0

where O¢ is the structure sheaf of C'; O(—S) is the ideal sheaf of the closed subscheme
S C C and Oy is the structure sheaf of S. As G is locally free, tensoring with G we

get the exact sequence
0— G(—S) — G —G/G(-S) —0

where G/G(—5) = @,c5(G ®o, Op/m,). This exact sequence induces a long exact

sequence in cohomology

0—— H%C,G(-5)) —— H°C,G) —= H(C,G/G(-S))

H'(C,G(-95)) —

Then |[Condition 4.1.3|is equivalent to
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{p}pes € Ker(0)

In particular this is the case if the evaluation map in cohomology is surjective
H(C,G) — H°(C,G/G(—S)) — 0.
From the long exact sequence it follows that this is the case if
HY(C,G(-S)) = 0.
By Serre duality
HY(C,G(=5)) = H(we ® G(=5)7")",

hence H(C,G(—S)) vanishes if deg(G(—S)) > 2¢g — 1. From the exact sequence we

started with it follows that
deg(G(—=5)) =d -5
where d = deg(G). Putting everything together we get

Proposition 4.1.4. The tamely ramified Abel-Jacobi map AJg 4 is surjective if d >

2g —1+4S.
Now we can determine the fibres of the map AJg 4 for d > 29 — 1 + 5.

Proposition 4.1.5. Given a geometric point (G, {1p}pes) € Pict g and an integer d

satisfying d > 2g — 1 + 1S, we have the exact sequence
0 — H(C,G(—S)) — H(C,G) <% H(C,G/G(—S)) —= 0

and for the fibre we have the isomorphism

X e ({phpes) — ATgu((G {¥p}pes))
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given by
s+ div(s)

for an s € ev ' ({¢, }pes) € H(C,G).

Proof. Injectivity: given sections s,s € ev™ ({1, }pes) with div(s) = div(s’), then by
definition we have that
s—s € Ker(ev) 2 H(C,G(-9))
sos =s—t for some t € H°(C,G(—S)). But we also have that
t € H(C,G ® O(—div(s)))
because of the equality div(s) = div(s'). Now the degree
deg(G ® O(—div(s))) =0

is zero, hence H°(C,G ® O(—div(s))) = k, that is ¢ must be a constant. But as
t € HY(C,G(—39)) as well, which means that ¢ vanishes at the points p € S, it follows
that t =0 € k, hence s = 5.

Surjectivity: Given an effective divisor D € QLJ;;((Q, {tp}pes)), it defines a canon-
ical section sp: O¢ — O(D) satisfying 0 # sp|, = ¢, for all p € S and O(D) = G.
This means that sp € ev™'({¢,}pes) C HY(C,G) and div(s) = D, which completes

the proof of the Proposition. m
The main result that we will need in the next section is

Theorem 4.1.6. If the degree satisfies d > 2g — 1 + S then the tamely ramified
Abel-Jacobi map AJg q: Ud — Picc g 1s a surjective morphism. For a geometric

point ([G], {tp}pes) € Pict, g the fibre is isomorphic to the affine subspace



%;L((g, {wp}pes)) = ev_l({¢p}pes) - HO(O7 g)

which is an H°(C,G(—=S))-torsor.
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4.2 A Geometric Proof

In this section we turn to the proof of the [Main Theorem 3.1.4] using a geometric

argument adapting Deligne’s proof of the unramified theory.
First we want to prove the tame version of Deligne’s Theorem which gives the
connection between rigidified 1-dimensional [-adic local systems on U which are tame

at S and rigidified multiplicative 1-dimensional [-adic local systems on the Picard
scheme Picc g appearing in the bottom row of [diagram 3.1.2

Theorem 4.2.1. There is a one-to-one correspondence between

1-dimensional l-adic

1-dimensional l-adic
local systems Ag on
local systems £ on U
Picc s together with
which are tame at S —
a fixed isomorphism

Y Aglo = Q, satisfying
mT AT = A§ KA

together with a fized

isomorphism ¢ : £ = Q,

Proof. Given a 1-dimensional [-adic local system £ on U which is tame at S we can

construct a 1-dimensional l-adic local system £ on U@ in the same way as we did

in by defining
£ i (Symjya). £

where Sym?: C? — C@ is the symmetrization morphism. Moreover this 1-dimensional
l-adic local system £@ will be tame at the codimension 1 part of the complement
CONUD > Z :=J,.q5 x UV by the following argument. Let n be the generic
point of s x U@ and 7 a generic point of s x U? mapping to 1 under the symmetriza-

tion morphism. Assume that the 1-dimensional l-adic local system £(® on U@ is
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defined by the continuous 1-dimensional l-adic representation y: m (U@ a) — @lx .
Then we have to prove that the induced representation x: m (K,,7) — @lX fac-
tors through ! (K,,7). The morphism Sym? is étale over the open subscheme
CO\ A c 0@, where A is the big diagonal, that is where some of the points
coincide, which means that Sym? is étale over the generic point 7. By
we know that tame étale coverings of U@ form a full subcategory of the tame
étale coverings of U?, hence there is a surjective morphism between the inertia groups
I7 — I,. Now assume that £%? is tame at 7. Then we claim that £@ is tame at 7.

To prove this we recall that (Sym?)~1£(@ =, £¥4 50 tameness of £% at 7 means

that we have the commutative diagram

Ifz [77

~ ~

— _ X
m (K, 7) ———— W1<K% Q

T (K5,1) —— (K, 1) -

\

As by assumption the representation m (K3, 7) — @lx becomes trivial on the inertia
subgroup I; and the map between the inertia subgroups I — I, is surjective, it
follows that the representation m(K,,7) — @ZX also becomes trivial on the inertia
subgroup I,,, hence £ is tame at 7, as wanted.

It remains to prove that £%¢ is tame along U,eg s X U1 As this is a product,

£Hd=1 is tame along Uses s x U 4=2 Tt finally reduces to show

we have to prove that
that £ is tame along S C C', which is our starting assumption, completing the proof

of the claim, that £ is tame along Z := |J, g4 s x U7,
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Now consider the universal family of invertible sheaves G,,;, on
. d i . d

By definition for each closed point y := [G, {1, }pes] € Pic‘é, g the restrictions Gy, Of
the universal invertible sheaf to the fibres C, have degree d and if the degree satisfies

d>2g— 1+ 1S then we have fibrewise exact sequences
0— HO(Cya guniv,y(_S)) — HO(Cya guniv,y) — HO(ng guniv,y/guniv,y(_s)) — 0.
Now we need the following theorem

Theorem 4.2.2 (Grauert, Grothendieck). Let f: X — Y be a projective morphism
of noetherian schemes with Y integral and F a coherent sheaf on X, flat over Y.

Suppose that for some i the function
Wy, F) = dimp) H'(Xy, Fy)

is constant on'Y. Then R'f,(F) is locally free on'Y and for every y the natural map
R fu(F) ® k(y) — H'(X,, Fy)

18 an isomorphism.

Proof. cf. 11.12.9 Corollary in [Har06]. O

By this theorem we get an exact sequence of locally free sheaves on Pz’cda S

0 — TGunivn(—S) — T Guniv ' T Guniv/ Gunin (—S) — 0. (4.2.1)

As the restrictions Gy, have trivializations ¥y, : gumy@ocy Oc, /my, =, Oc, /my,y
at each point p € S, the sheaf m.Gyniv/Guniv(—9S) has a canonical global section Sy,
given by these trivializations. Now we claim that U(% is isomorphic to the closed

subscheme ev ™S,y C ToGuniv fitting into the commutative diagram
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ev SUTL’L’U C W*gunw ﬂ-*gunw/gunw

N

1R

U@ %m&i P ZCCS
To prove this we consider a closed point y := [G, {tp}pes] € Pic‘as. For the fibre
QLE;Z(y) we have the isomorphism %;b(y) =~ ev {1, }pes. The image of y under the
universal section is just Syniy(y) = {¢,}pes, thus we get the isomorphism Qtfj;’b(y) ~
eV Syuniv(y). This gives a morphism UY — ev~'s,,;,. To construct the inverse map
we note that 7,G,,, parametrizes tuples (G, s, {1, }pes), where G is an invertible sheaf
on C, s € H°(C,G) \ {0} is a non-zero global section which does not vanish at the
points p € S and {¢,}pes are fixed isomorphisms ¢,: G Qo O,/m, = O,/m,. It
follows from this description that ev™'s,,;, parametrizes tuples (G, s, {1, }pes) where
Yp(s,) = 1 € O,/m, at each p € S and we can define a morphism ev™'s,,,, — U?

by sending

(gv S, {wp}PEAg? wp(sp) = 1) = diU(S),

that is inverse to the morphism U @ — ev L sunin. Moreover ev ™ syniv C TeGuniv 18
a closed subscheme being the inverse image of the closed subscheme sumvPich g C

T« Guniv/ Guniv(—S), proving the claim.

Next we take a projective closure of U@ defined by the following diagram
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]P(?T*gumv S5 O)  — 7T*guniv

| .

7@ } > @) ——" Picl g

J
W

where the morphism 2Jg 4 is defined by using the restriction of the natural projection

P(m.Guniv ® O) — mGuniv followed by the bundle map 7,.Gypniv — Picda s

As the sheaves in the sequence are locally free, the closure of U@ will look
like locally as the closure of an affine subspace in the projective closure of affine space,
hence it is isomorphic to a projective space of dimension one less than the dimension
of the affine subspace. It follows that the codimension 1 part of the complement

Z CUD\ U@ is a smooth divisor.

Now I claim that the local system £ on U@ can be extended to U@,

Claim 4.2.3. The push forward £0) = 7.2 of the 1-dimensional l-adic local system
£@ defined on U@ which is tame at |J, g5 x U is a 1-dimensional l-adic local

system on U@,

Proof. 1t suffices to prove this locally at the generic points of the smooth divisor Z C
W\ U@ because any subset V C W\ U@ of codimension > 2 can be disregarded
by L.§5.(h) in [MiI80]. So let 7 be such a generic point with image 2AJg (7)) = 1 €
Picf, 5. Now the tamely ramified Abel-Jacobi map is Zariski locally trivial, as the

exact sequence of locally free sheaves on Picf: g
0 — 7T->|<gu'n,z'u(_‘9) — W*guniv & ﬂ-*gunw/gunw(—S) — O (422)

is Zariski locally a split exact sequence, so we get for the geometric fibre
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AJ5a(7) 2= 7 % Af
where n = d — g+ 1 — #5. Now assume that £(% is tame on U@ along the divisor in
the compactification U@, Then the restriction
£(d)‘ﬁm’,§s
is defined by a continuous 1-dimensional [-adic representation

,abam X
X: 7T§ (AL) — Q

which must be trivial, as ﬁ’ab(A’,}S) = 1 is trivial by |Example 3.3.8|. It then follows

that £(@ extends naturally to
nx AR =nx Pr!

and hence defines a 1-dimensional [-adic local system £@ on W, which is uniquely
defined by the construction.

So it remains to prove that £ is tame on U® along the divisor in the compact-
ification U@. For that we recall that the closed subscheme U@ C T« Guniv can be
described as isomorphism classes of tuples (G, s, {1, },es) where ¥,(s,) =1 € O,/m,
at each p € S. So the projective closure U@ c P(m.Guniv ® O) is given as the
isomorphism classes of (G,[s : t],{¢p}pes) where ¢,(s) = t for all p € S and
(s,t) € H°(C,G) ® k (as U? is given by setting ¢ = 1). The section s can not
be 0 at any point in U@, because the condition Yp(s) =t would imply ¢ = 0, which

can not be the case. Thus we can define a map
a: UD — C@

by sending (G, [s : t], {tp }pes, (Vp(s) = 1t)pes) — (G, s)). We can describe the bound-

ary as follows
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oUW = U@\ U = {(G,[s : ], {y}pes) | t = 0.5, = 0} = PH(C, G(~5)).

Thus the image of the boundary is a(OU@) = S x C4=#) c C@. Now consider the
following fibre product diagram
cd X c(d) U@ % o

-

U ———— 0@

Since the local system £%¢ is tame on C? along Useg 5% C4' by |Proposition 3.3.4|the

pull-back ¢~ €2 will be tame on C x ¢ U@ along the pull-back ¢~ ({J,.g s x C41).
Now as before at the generic point 7 of a(am) the symmetrization morphism Sym
is étale, thus the projection p is étale over a generic point 7 of 8@, hence using the
descent argument as before we can conclude that £@ is tame on U@ along aW,

completing the proof of the claim. O

Now we can apply the relative homotopy exact sequence theorem ((1.4.13]) to the

compactified tamely ramified Abel-Jacobi map AJgq: U@ — Picdas taking into

account ['heorem 4.1.6|to get the exact sequence

m(PL9% a) — (U@, 4) — mi(Pick g, 1) — 1

where k* is the separable closure of the base field k. We know from [Example 1.4.12|

that 7 (P{. 9 * @) = 1 is trivial, hence we get an isomorphism
7T1(U(d), ﬂ) = 7T1(PZ-CdC’S, ﬂ)

which induces an isomorphism between the abelianized étale fundamental groups

i (UW) = a{*(Pict,g).
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This means that to the continuous 1-dimensional [-adic representation
Xe@ (D) — Q]

corresponds a unique continuous 1-dimensional [-adic representation
Xag T (Pict g) — Qo

which again corresponds (section 1.5) to a unique 1-dimensional [-adic local system
Aé on Picg ¢ together with a fixed isomorphism : AE|4 = Q. To prove further

that A% extends to Picog and satisfies the multiplicative property we refer to the

proof of [Deligne’s Theorem 2.2.1]

On the other way round let a rigidified multiplicative 1-dimensional [-adic local
system Ag on Piccs be given. Then we consider the tamely ramified Abel-Jacobi

map

~ . 1
Q[»‘js"]_. U — PZCC,S

and by |[Proposition 1.5.12|the pull-back

£ =AY AL
is a 1-dimensional [-adic local system on U together with a rigidification. We have to

prove that £ is tame along S C C. For that we note that A% on Picf, 5 is defined by

a l-dimensional [-adic representation x: Pic, ¢(k) — @, by [Theorem 4.2.4 Now

consider the multiplication by ¢ — 1 map

fitting into the diagram
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()1 e—s Picoc’s(k‘) —» Picd (k)

l[ql} l[qll l[qll

(k)51 s Picl, (k) —— Pich(k) .

It follows from this that the pull-back [¢ — 1]7" A% on Picg ¢ will come from a local
system on Picg, as the induced representation Picg, g(k) ! Pic¢, g(k) — Q/ is

trivial on (K*)*~!. The map [g— 1] is certainly tame for any smooth compactification

Pic), 5, so using the isomorphism Pic{, g = Pic, g and pulling back everything to U
we get a finite cover U — U and a local system 2Jg}[q — 1]7"A} on U'. But the
induced map U — Picg, g — Picg will extend to a smooth compactification C' of
U’ as the scheme Pic}, is compact. In particular the finite cover C' — U is tame
along C" \ U'. So we find that the pull-back AJg}[g — 1]7'A} is unramified over
C" as it comes from Picl, thus the local system £ = QLJ;IA}: becomes unramified
after pull-back to a tame covering, hence certainly tame on U with respect to C'\ U,

completing the proof of the Theorem. O

Next we want to discuss the tame version of the faisceaux-fonctions correspondence

appearing in the right vertical side of Assume we have a closed point
p € U(k) C C(k), then we have the following

Theorem 4.2.4. There is a one-to-one correspondence between
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1-dimensional l-adic

1-dimensional l-adic rep-
local systems Ag on
resentations of Pic% ¢(k)
. ;X L1 Picc s together with
{x : Picgg(k) = Q } — . .
a fized isomorphism

¥ Aclo = Q satisfying
m AL = ALK A

together with a Frobenius

action Frob,: Z — @IX

Proof. First let be given a 1-dimensional l-adic local system A¢ on Picc s together
with a fixed isomorphism v : Ag|y = Q, satisfying mflA%Jre >~ A4 X A% Then the
restriction AQ on Pic ¢ will be a 1-dimensional I-adic local system together with a
fixed isomorphism A%y = Q, satisfying the character sheaf property

m1AL = ALK AL

hence by the faisceaux-fonctions correspondence (section 1.6) it will give us a 1-

dimensional [-adic representation of Picg; (k). Also by [Theorem 4.2.1] Ag defines a

1-dimensional [-adic local system £ on U which is tame at .S, hence a sheaf £, on
the point p € U(k), which is the same as a Frobenius action Frob,: 7 —s Q, by

Defmton 161

Going on the other way round let be given a 1-dimensional [-adic representation

X : Picd 4(k) — Q]

together with a Frobenius action F'rob,,: Z — @Q,'. Then by |Deﬁnition 1.6.1| the
Frobenius action defines a sheaf £, on p € U(k). Also by X defines a

character sheaf A? on Picl g together with a fixed trivialization A%|; = @;. We can

extend this local system to all of Picc g by
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where —dp is the isomorphism
—dp =P X pZC‘é’S i} PZCOC7S

defined by sending (G, {¢, }pes) to (GRO(—dp), {1psp tpes)), where s, is the canonical

trivialization at each p € S defined by the canonical section of O(—dp). Using now

the argument in the proof of [[heorem 2.2.3| it follows from this definition that the

1-dimensional [-adic local system A, on Picc g will satisfy
-1 +d ~ pd
m— AT = AT KAS.
These two constructions are inverses to each other completing the proof of the The-

oremnl. n

With this theorem we finally finished the proofs of the one-to-one correspondences

appearing in

Now we are able to prove [I'heorem 3.1.4|

Theorem 4.2.5 (Tamely Ramified Reciprocity Law, geometric form). The tamely
ramified Reciprocity Map
Pk s

Pg,5: Div(U) —> 7 ()

P ——— [Frob,)]

mduces a map
CI)K,S : PZ'CC,S(]C) — Wi’ab(U)

and fits into the commutative diagram



deg

PZ'C%?S(]C) — PiCC75(kJ)

S

Ker(p) ———— 7% (1)

such that there is an induced isomorphism on the kernels
Picg g(k) =5 Ker(y).
Proof. First we prove that the homomorphism
Div(U) — 7v®(U)
induces a homomorphism

(I)K’g: PZ'CC75(]€) — Wi’ab(U).

For that let us take a continuous, 1-dimensional [-adic representation

x: T U) — Q.

can

N ¢«—— N
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By the geometric constructions we carried out and appearing in|diagram 3.1.2| we can

associate to x a l-dimensional /-adic local system £ on U which is tame at .S, such

that for a closed point p: Spec(Fn) — U, the Frobenius element Frob, acts on the

fibre £, by multiplication by x([Frob,]) € Q, . By |Theorem 4.2.1| we can associate

to £ a rigid multiplicative 1-dimensional [-adic local system Ag on Pices and by

the faisceaux-fonctions correspondence we can associate to Ag a 1-dimensional [-adic

representation

) Picl g(k) — Q

together with a Frobenius action Frob,: Z — Q,, where z € U(k). The pair

(1, Frob,) induces a 1-dimensional [-adic representation (using the same notation)
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¥ Picgg(k) — Q
defined by

1/1([@(]?)], {SP}P€S> = tT.A}:(FTOb([O(P)L{Sp}peS))7

i.e. for a closed point p: Spec(F;n) — U the Frobenius element Froboe) {sp}pes)
acts on the fibre AHW by multiplication by ¥([O(p)], {s,}pes) € Q, . Now

consider the tamely ramified Abel-Jacobi map

AJg1: U — Pick

defined by p — ([O(p)], {sp}pes). By [Theorem 4.2.1| we have that

Ajgi(Ag) = £
hence for a closed point p: Spec(Fsn) — U the Frobenius element F'rob, acts on the

fibre £; in the same way as the Frobenius element F'rob(o(p)) {s,},c5) acts on the fibre

1 —_— .
'A2|([O(p)]7{sp}pes), that is

X([Frobp]) = ¥ ([O(p)], {sp}pes),

which means that we have the following commutative diagram

P
Div(U) ———=— zbab(qy)

-7
l Prs - lx (4.2.3)
79

PiCC,S(k) @ZX

where to be able to prove that @ g factorizes through Pice g(k) we need to show that
if different closed points py, po € |U| have the same image in Picc g(k) then they have
t,ab

the same image [F'roby, | = [Froby,,| in 77" (U). By the commutativity of the diagram

above, the closed points py,p2 € |U| with this property must satisfy x([F'rob,,]) =
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X ([F'rob,,]) for all continuous 1-dimensional I-adic representation y : b “b(U ) — @lx .
But if [F'roby,] # [Frob,,] then there exists an open normal subgroup G C 7} ab(U )
of finite index which contains one of [Frob,,], but not the other, as 77*°(U/) being a

profinite group is Hausdorff. Hence in the finite abelian group 7*(U)/G it holds for

the images that [Frob,,| # [Frob,,]. As 70*(U)/G is finite abelian, we can construct
a representation x: 70" (U)/G — Q, satisfying x([Frob,,]) # x([Frob,,]), which
induces a representation y: i (U) —s Q, satisfying y([Frob,,]) # x([Froby,]). It

follows that [F'rob,,] = [Frob,,] hence we have the tamely ramified Reciprocity Map

(I)K’g: PZ'CC75(]€) — Wiab(U).

Now as we did in the proof of [I'heorem 1.1.4] we can prove in the same way that we

have a commutative diagram

Dit®(U) 5 Din(U) oo Z

l l‘b}(’s [cam
® ~
Z

Ker(p) ————— n{*(U)

Moreover we have that the maps deg and ¢ extend to Picog(k) and 70*(U), that is

we have the commutative diagrams

Div(U) ——— Pice gk

and



tab
” Ty

\/

hence we have the commutative diagram

Picd, ¢(k) —— Picc.s(k)

7

l lCDKﬁ \{Can
P ~
7

Ker(p) — Wi’“b((])
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including the kernels into the picture as well. Now the injectivity of the tamely

ramified Reciprocity Map follows from the argument that we used to prove the fac-

torization property of ®x g, thus as in the unramified case we have the following

commutative diagram

deg

PZ'C%’SU{]) — PZ'CC75(]€) T
Ker(p) ———— @k s(Piccs(k)) — 7 57

which induces an isomorphism
Pz’c&s(k‘) =, Ker(y)

completing the Proof of the tamely ramified Reciprocity Law.

(o)
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