SELF-DUAL ARTIN REPRESENTATIONS

DAVID E. ROHRLICH

Functional equations in number theory are relations between an L-function and
some sort of dual L-function, and in general, the L-function and its dual need not
coincide. For example, if x is a primitive Dirichlet character then the functional
equation relates L(s, ) to L(1 — s,X), and L(s,X) = L(s, x) if and only if x? = 1.
Or if f is a primitive cusp form of weight two for T';(N) and fV is the complex-
conjugate form then the functional equation relates L(s, f) to L(2 — s, f¥), and
L(s, f¥) = L(s, f) if and only if f is a cusp form for T'g(N) with trivial character.
Let us call an L-function self-dual if its functional equation is a relation between
the L-function and itself. While self-dual L-functions are often of special interest,
the preceding examples suggest that they may also be rare. Indeed the number of
Dirichlet characters modulo N is the quantity

p(N)=NJ[a-p"

p|N

and is therefore > N'~¢ for every € > 0, but the number of quadratic Dirichlet
characters modulo N is < N€. Similarly, if N > 5 then the dimension of the space
S2(T'1(N)) of cusp forms of weight two for I'; (V) is given by

N? 1
dim S3(I'y(N)) =1+ oYy (1-p%)— 1 Z @(N1)p(N2)
pIN NiNo=N
and is therefore > N2, but the dimension of the space of cusp forms of weight two
for Tg(N) is < N1*¢. Is it perhaps the case that self-dual L-functions are of density
zero among all L-functions?

It is tidier, although not a priori equivalent, to replace the L-functions by the
objects underlying them. If the L-functions are motivic then the underlying objects
are motives, and one can ask whether “essentially self-dual motives” (in other words,
pure motives which are self-dual up to Tate twist) have density zero among all pure
motives of a given rank and weight. However if we insist on full generality then
the preceding question is not yet amenable to a precise formulation, because the
set of isomorpism classes of pure motives of a given rank and weight over a given
number field with conductor below a given bound is not known to be finite. So
instead we shall focus on motives of weight zero. By an Artin representation of a
number field F we mean as usual a continuous representation p of Gal(F/F) on
a finite-dimensional complex vector space. Such a representation always factors
through the quotient of Gal(F/F) by an open normal subgroup and so will be
regarded as a representation of Gal(L/F) for some finite Galois extension L of F.
The conductor of p is an integral ideal q(p) of F, the absolute norm of which will
be denoted ¢(p). According to a theorem of Ralph Greenberg (unpublished) and of
Anderson, Blasius, Coleman, and Zettler [1] (who consider more generally the case
of representations of the global Weil group of F), if we fix F' and n then the set of

1



2 DAVID E. ROHRLICH

isomorphism classes of n-dimensional Artin representations p of F' with ¢(p) < z is
finite. Write ¥, (z) for the number of such isomorphism classes and 195137“(1') for
the number of classes such that p is self-dual. Dropping the subscripts F' and n for
simplicity, we ask whether lim, ., ¥4 (z)/9(z) = 0.

If F =Q and n = 1 then an affirmative answer is implicit already in our remarks
about Dirichlet characters, and it is easy to see that in fact ¥%4(z)/9(x) ~ 7%/(3x)
in this case. Using the work of Bhargava [3], [4] and of Bhargava, Cojocaru, and
Thorne [5], we shall prove that the answer is also affirmative for F = Q and n = 2.
For FF = Q and n = 3 we show at least that an affirmative answer would follow
from a conjecture of Malle [26] on the distribution of Galois groups, but for n > 4
we are unable to derive an affirmative answer even conditionally, and if F' is an
arbitrary number field then already the case n = 1 is mysterious, a point to which
we return.

Before describing the contents of the paper in more detail we introduce some
refinements of ¥p,(x). Recall that a finite-dimensional complex representation
of a finite group G is abelian if it is a direct sum of one-dimensional characters
of G, reducible if it is a direct sum of two proper subrepresentations, irreducible
if it is of positive dimension but not reducible, monomial if it is induced by a
one-dimensional character of a subgroup of G, and primitive if it is not induced
from any proper subgroup of G. We use the superscripts “ab,” “irr,” “im,” and
“ip” to refer to abelian, irreducible, irreducible monomial, and irreducible primitive
representations respectively. For example, ﬁ%bn(x) is the number of isomorphism
classes of n-dimensional abelian Artin representations p of F' with ¢(p) < z, and
19}]3; d(m) is the number of such isomorphism classes that are self-dual. The notation
is illustrated by the self-evident assertions

S ab,sd im,sd ip,sd
(1) ga(z) = g5 + 055 (@) + 985" ()
and
S ab,sd ,sd irr,sd
) Vga(@) = 05" + gl () + 055 (),

where 195%2’5(1(33) is the number of isomorphism classes of self-dual Artin represen-

tations of Q of the form p = p/ & p”’ with p’ one-dimensional, p” irreducible and
two-dimensional, and ¢(p')q(p”) < z. Of course (1) and (2) remain valid without
the superscript “sd” and with Q replaced by any number field F.

In addition to ¥p,(r) and its refinements, we need two functions which count
discriminants rather than conductors. Given a finite extension K of F', write 0/ p
for the relative discriminant ideal of K over F' and dg,p for the absolute norm of
Ok p. If FF' = Q then we write simply 0x and dx. Now fix an integer m > 2.
We write ng () for the number of extensions K of F' inside our fixed algebraic
closure F' such that [K : F] = m and dig/r < . Also, if G is a transitive subgroup
of the symmetric group .S,,, then ng’m(m) denotes the number of such extensions
K for which Gal(L/F) 2 G as permutation groups, where L is a normal closure of
K over F and Gal(L/F) is viewed as a permutation group via its action on the set
of conjugates a1, aq, ..., ay, of a primitive element of K over F. The requirement
that Gal(L/F) and G be isomorphic as permutation groups means of course that
there is a bijection of {ay,aq,...,any} onto {1,2,...,m} such that the resulting
map Gal(L/F) — S,, has image G.
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With these notations in hand let us now describe the contents of the paper
section by section. We have included a considerable amount of expository material
throughout, because our aim is in part pedagogical.

The first four sections are devoted to the abelian case. The tauberian method,
recalled in Section 1, leads to asymptotic formulas for ¥g 1 () and 19%171 (z) in Section

2 and for ﬂaﬁ’n(:c) and ﬂ(a@b;fd(:v) in Section 3. Our dicussion of the abelian case is
completed in Section 4, where we attempt to replace Q by an arbitrary number
field F. If F is neither Q nor an imaginary quadratic field then the asymptotic
behavior of ¥p1(x) appears to be unknown, and we argue that what is needed is a
horizontal analogue of Leopoldt’s conjecture.

In the next two sections we bound 19”“ 54(x). Whether monomial or not, an
irreducible self-dual Artin representatlon is either orthogonal or symplectic — in
other words, relative to an appropriate choice of basis, its image is contained in
either the real orthogonal group O, (R) or the complex symplectic group Sp,,, (C) —
and hence in particular 19““ Sd( ) is the sum of an orthogonal term and a symplectic
term. These terms are bounded in Sections 5 and 6 respectively. The orthogonal
term is bounded by a reduction to the asymptotic formulas of Siegel [35], and then
the symplectic term is bounded by a reduction to the orthogonal term.

Our treatment of the primitive case begins in Section 7 with some background
on Schur covers. In Section 8 we bound ﬁg,’sd(a:) in terms of ng4(z) and 77(8’55(@,
to which we then apply the results of Bhargava [3] and Bhargava, Cojocaru, and
Thorne [5] (the latter work being itself an application of Bhargava’s asymptotics
for quintic fields [4]). In principle we could have adopted a different strategy, in
the spirit of Serre’s paper [31]: bound the dimension of spaces of holomorphic
cusp forms of weight one and spaces of Maass forms of eigenvalue 1/4, and then
appeal to the Langlands correspondence to deduce a bound for 191p Sd(x). In fact
the relevant bounds on spaces of automorphic forms can simply be quoted from the
work of Michel and Venkatesh [28], who vastly generalize the original breakthrough
(in the case of holomorphic cusp forms of weight one, prime level, and character the
Legendre symbol) of Duke [11]. However, in spite of the enormous progress of recent
years, the Langlands correspondence for two-dimensional Artin representations of
Q of icosahedral type and even determinant remains conjectural, and for the sake
of an unconditional result and a uniform treatment our argument will be carried
out on the Galois side of the correspondence.

By the end of Section 8 we will have assembled upper bounds for each of the
terms on the right-hand side of (1). The upshot will be that

(3) U2 (r) = O(@*77)

for every v < 1/60. On the other hand, from our asymptotic formula for ﬁabn(x)
we will also have

(4) 198{)’2 (x) > 2% log x.

Since ¥g2(z) > 935 (x), it follows from (3) and (4) that lim, o 9*(x)/9(z) is
indeed 0 for F = Q and n = 2.

Perhaps it is disappointing to arrive at this conclusion by comparing the totality
of self-dual representations with the abelian representations only. Thus in Section
9 we go on to show that lim, ., 954 (z) /9" () = 0 for F = Q and n = 2. But
even the latter assertion rests on the trivial inequalities ¥'"%d(x) < 9¥34(x) and
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9T (z) > 9™ (z). Unfortunately, a direct comparison between, say, 9P (z) and
VP (x) seems to be out of our reach.

Apart from two appendices, the remainder of the paper is devoted to Malle’s
conjecture and two of its consequences. One consequence, derived in Sections 10
and 11, is an upper bound for ¥P*d(z) valid for arbitrary F' and n > 2. The
other conesquence, a variant of the first, is a bound for the term 1951;’8‘1(1:) in (2).
Using this bound we prove in Section 12 that under Malle’s conjecture we have
lim, o 934 (x)/9(z) =0 for F = Q and n = 3.

The many questions left open by this paper are so glaringly obvious that it would
be superfluous to enumerate them. But it may be worthwhile to point out a parallel
line of inquiry in the domain of automorphic forms: Do lifts from orthogonal and
symplectic groups have density zero among all cuspidal automorphic representations
of GL(n)? The question seems amenable to a precise formulation, and perhaps also
to a solution.

I am deeply grateful to Manjul Bhargava for providing me with a preprint of
[5] before publication. I would also like to thank Josh Zelinsky for drawing my
attention to the paper of Collins [7].

1. A TAUBERIAN THEOREM

The tauberian theorem that will be needed in this paper is a special case of Theo-
rem 7.7 on p. 154 of the book [2] by Bateman and Diamond. Let ¢(1),(2),%(3),. ..
be a sequence of nonnegative real numbers, and let

D(s)=> ¥(g)g*

g=1

be the associated Dirichlet series and

) = 3 vlq)

gz

the associated summatory function. We assume that there are positive real numbers
a and o with @' < a together with an integer b > 1 such that the following
conditions are satisfied:

(1) The series > -, ¥(q)g~* converges for R(s) > a and thus defines D(s) as
a holomorphic function in this region.
(ii) D(s) extends to a meromorphic function in the region R(s) > a’.
(iii) D(s) has a pole of order b at s = a and is otherwise holomorphic for

R(s) > d'.
Let x be the residue of (s — a)*~*D(s) at s = a, and put ¢ = x/(a- (b —1)!). It
follows from the hypotheses that x > 0 and hence that ¢ > 0.

Proposition 1. 9¥(x) ~ cz®(logx)’~*.

To deduce Proposition 1 from Theorem 7.7 of [2], note the definition of F given
on p. 109 of [2], the special case of the definition embodied in the displayed equation
at the top of p. 110, and the definition of o.(F) on p. 119, and keep in mind that
our a, a’, and b correspond to the constants «, 3, and v of [2].
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2. DIRICHLET CHARACTERS

Given a positive integer ¢, write 1 (g) for the number of primitive Dirichlet
characters of conductor q. We consider the Dirichlet series

D(s) = S v(g)a,

convergent for R(s) > 2.
Proposition 2. D(s) = ((s —1)/{(s)%

Proof. Assertions of this sort are antique (cf. [14], p. 268, Theorem 330), but we
include a proof nonetheless. Let p and ¢ denote as usual the M&bius and Euler

functions, and put C(s) = 3 >, ¢(q)g™°. Since ¥(q) = >, 1(q/q")#(q") we have

() D(s) = C(s)/¢(s)-
Now ¢ is multiplicative, so
C(s) =] e )p).
p v>=0
Write C),(s) for the Euler factor on the right-hand side. Since p(1) =1 and ¢(p”) =
(p—1)p*~! for v > 1, we have

Co(s) =1+ (p—Dp 'p"" " =14+ (p-1)p°/(1-p'?)

v>1
and consequently
1-s —s —s
p-p l-p
Cp(s) =1+ i =7 i
Hence C(s) = (s — 1)/¢(s). The proposition now follows from (5). O

Identifying one-dimensional characters of Gal(Q/Q) with primitive Dirichlet
characters in the usual way, we see that

doala) = 3 w(a).

In other words ¥g 1(x) is the summatory function corresponding to D(s). On the
other hand, it follows from Proposition 2 that D(s) is holomorpic for R(s) > 1
apart from a simple pole at s = 2 with residue 36/7%. Hence Proposition 1 gives:

Corollary. 9 1(z) ~ 1822 /7.
Next consider the Dirichlet series

DSd(S) _ Zwsd(q)q—s7

g>1

where ¢%(q) is the number of primitive Dirichlet characters x of conductor ¢ such
that 2 = 1.

)—-277)

Proposition 3. D%(s) = (1 +47% +2- 88)5;)(1_2—23)'
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Proof. The conductor of a primitive quadratic Dirichlet character can be written
2Yr, where v = 0, 2, or 3 and r is a square-free odd positive integer. Conversely,
every number of this form is the conductor of exactly one (if v = 0 or 2) or exactly
two (if v = 3) primitive Dirichlet characters x with x? = 1. It follows that

(6) D¥(s) = (1447 +2-87")R(s),

where R(s) is the Dirichlet series > r—*, the sum being taken over square-free odd
positive integers . Now if the sum were taken over all square-free positive integers
then the resulting Dirichlet series would be ((s)/{(2s), so to deduce a formula for
R(s) we remove the Euler factor at 2 in ((s)/¢(2s). Substitution in (6) yields the
stated formula. O

Another appeal to Proposition 1 gives:
Corollary. ¥, (z) ~ 6z/7°.

Comparing this corollary with the previous one, we see that
(7) U5 (2)/Vg.(x) ~ 7/ (3x),

as mentioned in the introduction.

3. ABELIAN REPRESENTATIONS

Given positive integers n and ¢, let 1,,(¢) be the number of isomorphism classes
of n-dimensional abelian Artin representations of Q of conductor g. We put

Dn(s) =Y tnlg)g "

g=1

In the notation of Section 2 we have ¢ (q) = 1(¢) and hence D1 (s) = D(s).

Proposition 4. Forn > 1,

Do(s) = Z% 3 D(v15) D(w3s) -+ D(ws).

V V ... l/
k=1 vitve+-trp=n 172 k

where the inner sum on the right runs over k-tuples (vy,vq, - ,vk) of positive
integers summing to n.

Proof. Given a one-dimensional character x of Gal(Q/Q), let us write x®¥ for the
direct sum of v copies of x. If

pEXT OXT @ B X
with one-dimensional characters x1, X2, - .., x» of Gal(Q/Q) and positive integers
ny,Na,...,Nn; then

ng

q(p) = q(x1)" q(x2)" - - - q(xx)

Thus we have the following identity of formal power series in x with coefficients in
the ring of formal Dirichlet series:

S alp) e = T - a0 ") ",

X
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where p runs over a set of representatives for the distinct isomorphism classes of
abelian Artin representations of Q and x runs over one-dimensional characters of
Gal(Q/Q). Equivalently,

L+ Z Zﬂfn(q)q*sx” = H(l - q*sz)*w(q).
n>1qg>1 g>1

Summing over ¢ on the left-hand side while expressing the right-hand side as the
exponential of its logarithm, we obtain

1+ Z D, (s)z™ = exp Z D(l/s)%y

n>1 v>1

The proposition follows on comparing the coefficient of z™ on both sides. O

Proposition 5. D,,(s) is holomorphic for R(s) > 1 except for a pole of order n at
s = 2. Furthermore, the residue of (s — 2)" 1D, (s) at s = 2 is (1/n!)(36/7*)".

Proof. Rewrite Proposition 4 in the form

_ D(s)" +’§ 1 3 D(v18)D(vs3) - - - D(1s)

k' ViV -+ Vg

k=1 """ vidvat-Fvr=n

From Proposition 2 we know that D(s) is holomorphic for $(s) > 1 except for a
simple pole at s = 2 with residue 36/7%. Thus D(s)"/n! has the properties claimed
for D,,(s). To deduce that D,(s) itself has these properties it suffices to observe
that for k < n—1 the term D(v15)D(ves) -+ D(vgs)/(vive - - - vg) on the right-hand
side of (8) has at most n — 2 factors D(v;s) with v; = 1. Hence the pole (if any) of
such a term at s = 2 is of order at most n — 2. g

As ﬁabn(x) is the summatory function of D,,(s), Proposition 1 gives:
Theorem 1. 93, (x) ~ (1/2)(1/n!)(36/7*)™ - 2*(log )" .

A similar argument can be applied in the self-dual case. Write 1/54(q) for the
number of isomorphism classes of n-dimensional self-dual abelian Artin representa-
tions of QQ of conductor ¢, and put

D) =Y it (@)g .
q>1

Then 53¢ = ¢4 and D3¢ = D! in the notation of Section 2. Given a positive
integer v, it is also convenient to set

DIl(s) D*d(vs) if v is odd
vl(s) =
D(vs)  if v is even.

Note in particular that D[1] = D%,

Proposition 6. Forn > 1,

Ds(s) = Zi' 3 D[] (s)D[va|(s) - - - Dv](s)

Vg - Vg

)

k=1"" vi+va+t-Fvp=n

where the inner sum on the right runs over k-tuples (v1,va, -+ ,vk) of positive
integers summing to n.
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Proof. An abelian Artin representation p of Q is self-dual if and only if it has the

form
!

= (@ ) 0 (@, ),

where the direct sum inside the first set of parentheses runs over one-dimensional
characters x of Gal(Q/Q) of order < 2, the direct sum inside the second set of
parentheses runs over pairs {x,x '} of complex conjugate characters (this is the
significance of the prime) of order > 3, and v(x) = 0 for all but finitely many x.
As g(x @ x7 1) = q(x)?, it follows that

!/

L+ D) =], a0 ) I, (1=ab0™2*) 7"

n>1
= H(l _ q—sx)—ws‘i(q) . H(l — g2V @
q=1 g1
with *(q) = (¥(q) — ¥*4(q))/2. Set D*(s) = > 5, ¢*(q)g~*. Then D*(s) =
(D(s) — D*4(s))/2. Writing the two products in the last expression in (9) as the
exponentials of their logarithms, we obtain

1+ 3 Dil(s)a™ =exp(Y] D (ws)a” /v) - exp(3 D* (2us)a /)

n>1 v>1 p=1

= exp ZD Yz [v).

r>1

(9)

The proposition follows on inspecting the coefficient of 2™ in this last expression. [

Proposition 7. D34(s) is holomorphic for R(s) > 1/2 except for a pole of order n
at s = 1. Furthermore, the residue of (s — 1)" "1 D$4(s) at s = 1 is (1/n!)(6/7%)".

Proof. We observe first of all that if v is a positive integer then D[v](s) is holomor-
phic for R(s) > 1/2 except possibly for a simple pole at s = 1. Indeed if v is odd
then D[v](s) = D*(vs) and our assertion follows from Proposition 3, while if v is
even then D[v](s) = D(vs) with v > 2 and D(s) = ((s — 1)/{(s)? (Proposition 2).
Now Proposition 6 gives

(10) Dsd(s) = Dsd Z_: 1 > D[11](s)D[vs](s) - - - D[] ()

ViV - Vg

)

k!
k=1 " vitve+-+vp=n

and by Proposition 3 we know that D%!(s) is holomorphic for R(s) > 1/2 except
for a simple pole at s = 1 with residue 6/72. Thus D*4(s)"/n! has the properties
claimed for D?(s). These properties are inherited by D3d(s) itself, because for
k < n the term D[11](s)D[v2](s) - Dvg](s)/(vave - - - vk) on the right-hand side of
(10) has at most n — 1 factors of the form D[v](s), and thus its pole (if any) at
s = 1 is of order at most n — 1. Of course each such factor and hence their product
is holomorphic elsewhere in the region R(s) > 1/2. O

Once again we appeal to Proposition 1, obtaining:
b,sd n n—
Theorem 2. 9 (z) ~ (1/n!)(6/7*)" - z(logz)" .
Combining Theorems 1 and 2, we see that
ab ,sd n n
(11) () /0 () ~ 2 7" /(6" ),

a straightforward generahzatlon of (7).
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4. DOES LEOPOLDT’S CONJECTURE HAVE A HORIZONTAL ANALOGUE?

Our asymptotic estimate 19§Qd,1(x) ~ 6x/7% has the following generalization to
the case of an arbitrary number field F":

Theorem 3. U3, (x) ~ ca with a constant ¢ > 0 depending on F.

To prove Theorem 3 we will exploit the fact that in the quadratic case, 0g/p
equals the conductor of the relevant quadratic character. In other words, let X
be the set of extensions K of F (inside some fixed algebraic closure F of F') with
[K : F] < 2, and given K € K let xx : Gal(F/F) — {£1} be the character
with kernel Gal(F/K). Then the map K — Y is a bijection from K to the set
of self-dual characters of Gal(F/F), and q(xk) = 0k /F, whence q(xk) = dg/p.
Consequently 95, (z) = 1+ np2(x) for 2 > 1, and Theorem 3 simply asserts that

(12) Nr2(z) ~ cx

with a positive constant ¢ depending on F'.

The proof of (12) is straightforward but laborious, and we relegate it to an
appendix (Section 14). For now the main point is that we are able to count quadratic
characters of Gal(F/F) by counting quadratic extensions of F, so in effect by
counting elements of F*/F*2. This approach is no longer available if we want to
count one-dimensional characters of Gal(F/F) of arbitrary order, and in fact if F
is not Q or an imaginary quadratic field then the asymptotic behavior of ¥p1(x)
seems to be unknown. However it is easy to give an upper bound:

Proposition 8. ¥ 1(z) = O(z?), where the implied constant depends on F.

In the case where F' has units of infinite order, Josh Zelinsky has proved the
stronger assertion that ¥r1(x) = o(z?). But let us prove Proposition 8 as it stands:
First of all, we identify one-dimensional characters of Gal(F/F) with idele class
characters of F of finite order, or equivalently with primitive ray class characters of
F. Given a nonzero integral ideal q of F', write h%*"(q) for the order of the narrow
ray class group of F' to the modulus q. Then

(13) Ipa(z) < Y hE(q),

Ng<z

because h3*(q) is equal to the number of primitive ray class characters of F' of
conductor dividing q and is thus an upper bound for the number of such characters
of conductor exactly q.

On the other hand, let O be the ring of integers of F and O} its unit group. It
is convenient to put Up = O} and to write Up(q) for the subgroup of Up consisting
of units congruent to 1 modulo q. We also write U;(q) for the subgroup of totally
positive units in Up(q). Finally, let hp be the class number and r1(F') and 2ry(F)
the number of real and complex embeddings of F'. According to a classic formula
(cf. [23], p. 127, Theorem 1),

(14) () =20 - b - or(a)/[Ur < Uz (9)],

where ¢r(q) = [(Or/a)*]. As ¢r(q) < Nq and [Ur : Uf(q)] > 1, we see on
returning to (13) that Jp;1(2) is bounded by a constant times > n,, N(q). The
latter expression is the summatory function associated to (g (s — 1), where (r(s) is
the Dedekind zeta function of F', so Proposition 8 now follows from Proposition 1.
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Problem. Determine whether 9p1(x) ~ ¢ - x* with constants ¢ > 0 and a > 1
depending on F.

The underlying issue here is the average size of [Ur : U (q)], about which little
seems to be known. Of some relevance, perhaps, is the literature on analogues of
Artin’s primitive root conjecture for units of number fields (see for example [9], [18],
[19], [20], [25], [29], and [30]). In any case, [Up : U (q)] differs by a factor dividing
271(F) from the order of the image of the natural map from Ur to (Or/q)*, so
the problem is to understand the image of the global units in an approximation
to a group of local units. This formulation is reminiscent of Leopoldt’s conjecture,
which we now revisit for the sake of the analogy.

Fix a prime number p and let 6, be the number of one-dimensional characters
of Gal(F'/F) of conductor dividing p"Op. We think of 6, as a vertical analogue of
Yr1(z). To simplify the notation, write U (p"Op) as U (p™), and put

(15) B, = Ui (")

for n > 2. Also put E = F,. Via the map v — u ® 1 we may view E as a
subset of O ®z Z, and more precisely as a subgroup of (Or ®z Z,)* and indeed
of 1+ p*(OF ®zZ,). We denote the p-adic closure of a subset S of O @7 Z,, by S,
and we write r1(F') and ro(F) simply as r; and r2. Leopoldt’s conjecture is usually
stated as (i) or (ii) below.
Proposition 9. The following statements are equivalent:
(i) rkz, Hom(Gal(F/F),Z,) = 3 + 1.
(ii) rkZpE =7r; +ry—1.
(iii) log6,, ~ (ro +1)logp - n.
Thus (iii) is another formulation of Leopoldt’s conjecture.
Proof. The equivalence of (i) and (ii) is well known, cf. [36], p. 265, Theorem 13.4.
(Strictly speaking, the unit group E; in [36] is not quite the same as our E, but
our F is a subgroup of finite index in £ and so the p-adic closures have the same
Z,-rank.) For the sake of completeness we will verify that (ii) is equivalent to (iii),
although the argument is in principle the same as in [36].
Put s =rkz F and t = [ : Q] — kg [, so that
(16) s+t=r;+2r;.
It suffices to see that there is a constant ¢ > 0 such that
(17) 9n = Cptn

for n sufficiently large. Indeed (17) implies that log8,, ~ (tlogp) - n, whence (iii)
becomes equivalent to t = 79 + 1; but (ii) is equivalent to s = r1 +r2 — 1, and the
equations t =3 + 1 and s = 1 + o — 1 are equivalent by (16).

To derive (17) we use the fact that 6, = A} (p"Op). It is readily verified that

er(P"OF) = p AT, (1 = (Np)~1), so (14) gives
(18) O = c1 - p"F[Up U (p))

with ¢; =2 - hp - [, (1 = (Np)~).
On the other hand, recalling the notation (15), we can write

[Up : U (p")] = [Ur : E|IE : B,]
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for n > 2. As the natural map E/E,, — E/E, is an isomorphism, it follows that
(19) [Up : Ui (p")] = e2[E : By
with ¢ = [Ur : E]. Now the p-adic logarithm log, gives an isomorphism

E/E, = (log, E)/((log, E) Np"OF),

so we have

(20) F B =[L: L0 (p"Op)

with L = log, E. Put m = [F : Q. As Op ®z Z, is a free Zy,-module of rank m
and L is a Zy,-submodule of rank s, there exists a basis ey, ez, ..., ey, for Op ®z Z,
together with integers vy, vs,...vs = 0 such that p“te;,p“?eq,...,p" e, is a basis
for L. Returning to (20), we see that if n > max(v1,vs,...,vs) then

(21) [E: E,] = c3p™*

with ¢z = p~(1Hv2t4v5) | Finally, combining (21) with (18) and (19), and setting
¢ = c1/(cacs), we obtain (17) for n sufficiently large. O

5. DIHEDRAL REPRESENTATIONS

A finite subgroup G of GL,(C) is irreducible if the tautological representation
t: G — GL,(C) is irreducible. Similarly, G is monomial if ¢ is monomial, and G is
self-dual if ¢ is self-dual. Let Da, denote the dihedral group of order 2m (m > 3)
and Q4 the quaternion group of order 4m (m > 2). The term “quaternion group”
is used here as in [27], p. 72, but since it is often reserved for the case m = 2, let
us recall the standard presentations: Ds,, has generators a,b with a™ = 1 = b?
and bab~! = @', while Qu, has generators a,b with a*” = 1, a™ = b%, and
bab~! = a~'. These are the only groups that figure in ﬂg?;d(a:):

Proposition 10. Let G be a finite subgroup of GLo(C). If G is irreducible, mono-
mial, and self-dual then either G = Doy, with m > 3 or G = Qum with m > 2.

In the former case G is conjugate to a subgroup of Oz(R) and in the latter case
G C SLy(C).

A two-dimensional irreducible monomial self-dual Artin representaton p will be
called dihedral or quaternionic according as the image of p is isomorphic to Doy,
(m > 3) or to Qum (M = 2). We also put m(p) = m. Since SLy(C) and Sp,(C)
coincide, we see that the orthogonal and symplectic terms in the decomposition

im,sd im,orth im,sym
(22) D5 (@) = 05" (x) + g™ (2)

count dihedral and quaternionic Artin representations of Q respectively. In this
section we bound the the dihedral term 1935} orth ().

Proposition 10 is a standard remark, as are Propositions 11 and 12 below, but for
want of a suitable reference we supply proofs of all three assertions in an appendix
(Section 13). Given a group G, a normal subgroup H, a one-dimensional character
x of H, and an element g € G, write x? for the character h — x(ghg~"') of H.

Proposition 11. Let G be a finite group and p a faithful irreducible monomial self-
dual representation of G of dimension two. Then G has a cyclic subgroup of index
two, and if H is any such subgroup then p is induced by a faithful one-dimensional
character ¢ of H of order > 3 satisfying £€9 = €1 for g € G~ H. Furthermore, ¢
and €1 are the only two characters of H inducing p.
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Given a finite group G and a subgroup H, write G*” and H® for their maximal
abelian quotients and trang : G* — H®P for the transfer. If £ is a one-dimensional
character of H then ¢ factors through H?P, whence we can form the composition
¢ o tran and view it as a one-dimensional character of G. We write sign$ for
the sign of the permutation representation of G on the left cosets of H in G, and
we write 1 for the trivial one-dimensional character of any group. Finally, if A is
a representation of H then indg)\ denotes the representation of G induced by A.
Part (a) of the following proposition is a converse to Proposition 11 and part (b)
is a refinement of it.

Proposition 12. Let G be a finite group and H a subgroup of index two, and let
& be a faithful one-dimensional character of H of order > 3. Put p = indgf.

(a) If €9 = €71 for g € G~ H then p is faithful, irreducible, and self-dual.

(b) The hypothesis of (a) holds if and only if £ otran$, is either 1 or sign&, and
these two alternatives imply respectively that p is orthogonal or symplectic.

Now let F be a number field. Given a finite extension K of F' (always understood
to be contained in some fixed algebraic closure F' of ') and an Artin representation
A of K, we write indg,p A for the Artin representation of F' induced by A\. We may
think of ind,/p either as induction from Gal(F/K) to Gal(F/F) or as induction
from Gal(L/K) to Gal(L/K), where L is any finite Galois extension of F' containing
K such that A factors through Gal(L/K). Similarly, trang,r denotes the transfer
from Gal(F/F)?" to Gal(F/K)® or alternatively the transfer from Gal(L/F)*" to
Gal(L/K)2P, where L is any finite Galois extension of F' containing K. Of course
in the case of a topological group like Gal(F/F) the notation G® refers to the
quotient of G by the closure of its commutator subgroup.

Proposition 13. Consider pairs (K, &) with [K : F] =2 and & a one-dimensional
character of Gal(F/K) of order m > 3 such that { o trang,p = 1. The formula
p = indg,p§ defines a two-to-one map from the set of such (K,§) onto the set of
isomorphism classes of dihedral Artin representations p of F with m(p) = m, the
other preimage of the isomorphism class of p being the pair (K,£71).

Proof. Given a dihedral Artin representation p of F', let L be the fixed field of
Ker p and put G = Gal(L/F). By Proposition 11 and part (b) of Proposition 12,
p = indg /& for some (K, ) as above. Conversely, given (K, &), we have £ = ¢t
for g € Gal(F/F) \ Gal(F/K) by part (b) of Proposition 12. Hence the fixed
field L of Ker ¢ is Galois over F, and part (a) of Proposition 12 shows that the
representation p = indg,p§ is irreducible and orthogonal, as well as faithful as a
representation of Gal(L/F'). Hence it follows from Proposition 10 that p has image
Dsy,,. Since a cyclic subgroup of index two in Dy, is unique, p determines K
uniquely, and the last assertion of Proposition 11 then implies that £ is unique up
to replacement by &1, ([l

If p = indg/p€ then q(p) = 0k r q(§) by the conductor-discriminant formula
(cf. [32], p. 104, Proposition 6), whence q(p) = dg,r q(£) on taking absolute norms.
Thus Proposition 13 gives

(23) P = >,

dg/rq(§)<z

where the sum runs over ordered pairs (K, &) satisfying the stated inequality.

DO |
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We now rewrite (23) using class field theory: A one-dimensional character £ of
Gal(F/K) becomes an idele class character of K of finite order, and the condition
§otrang p = 1 becomes {|Aj = 1, where A} is the idele group of F.

Lemma. There is an ideal q of O such that q(§) = qOk.

Proof. This is a straightforward deduction from the fact that {|[A% = 1. Only one
point deserves comment: If v is a finite place of F' which ramifies in K and w is the
place of K above v, then the local component &, of £ has even conductor-exponent
a(&y). To see this, let Op, and Ok ,, be the completions of Op and Ok, and let
Ty be a uniformizer of Ok 4. If @ = a(§,) is odd then the cosets of 1 + 7% Ok 4, in
1+ 727 Ok 4 (or in Ok . if @ = 1) are represented by elements of O ,, whence
the nontriviality of &, on the quotient contradicts the triviality of £ on A%. (|

Given a nonzero integral ideal q of F, let gx,r(q) be the number of idele class
characters of K of finite order > 3 which are trivial on AIX; and of conductor qO.

Returning to (23), we see that ﬁim’orth( ) = 1/23 9k/r(q), where the sum runs
over pairs (K, q) with dx/r(Ngq)? < 2. It follows in particular that

> K/r(a),

di/r(Nq)?<z

(24) I (@) <

N | =

where hrll?/rF(q) is the number of idele class characters of K of arbitrary finite order

which are trivial on A% and of conductor dividing qOk.
Now take F' = Q. We write h‘;?/rF(q) simply as h‘;?}r@( q), where ¢ is the positive

integer such that q = qO. If the quadratic field K is imaginary then h%? /Q( q) may
be further abbreviated to hg/g(q). Thus (24) becomes

1

im,orth
(25) dgr @ <5 D hpelo) + = ) ()
dx g’ <z qu <z
K imaginary K real

Siegel [35] proved the asymptotic formulas

(26) Y husola) ~ w22 /(18¢(3))
dxq®<z
K imaginary
and
(27) Z K)o(a)log ek g ~ 232/ (18¢(3)),
i

where € 4 is the fundamental totally positive unit of the order Ok ¢ = Z + qOk:
In other words, €g 4 is the unique generator > 1 of the group UE =Uyg tnU K.,qs

where Ug, = Of . Since logeg o > 1 (indeed ek, > qVd/2 > \/_/2) we deduce
the following bound from (25), (26), and (27).

Proposition 14. ﬁgjg’orth(x) = 0(2%/?).

One point deserves clarification. Put d = Fdg¢?, choosing the sign so that

+dk is the discriminant of K. The quantity hr;?/rQ( q) as we have defined it is the

narrow ring class number of K to the modulus q, whereas the results which we have
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quoted from [35] pertain to the narrow class number of primitive binary quadratic
forms of discriminant d. The equality of these two quantities is of course classical
and can be established conceptually, but we will take the shortcut of recalling a
standard formula for h3¢)o(q), which upon comparison with formulas (10) and (19)
of [35] (and an application of Dirichlet’s class number formula) will assure us that
Siegel’s hg coincides with our hnKa/rQ(q). Let xx be the primitive quadratic Dirichlet
character corresponding to K. We write h}2" for the narrow ideal class number of
K (equal to hy if K is imaginary).
Ry
U : UL,

nar

Proposition 15. hiq(q) = q11,,(1 = xx(p)/p).
Proof. The argument is classical (see for example the references to Fueter and
Weber on p. 95 of [24], where the analogous formula is proved for wide ring class
numbers) but we recall it briefly nonetheless.

Suppose first that K is real. Write Cj* (¢) and C**(q) for the narrow ray class
groups of Q and K to the moduli ¢Z and gOg respectively, and let w be the natural

map from C™ (q) to Cx™(q). Then hi () is the order of the cokernel of w. Hence

nar _ hrfl(ar(Q)

(28) hgio(a) ) |Ker w.
Let Uk /q(q) be the subgroup of U consisting of units u for which there exists a € Z
with au = 1 modulo qOk and au > 0 at both real places of K. Also put U;g(q) =
UI'(" (¢Ok). One checks that the map sending the ray class of aZ to the coset of
u modulo {£1}U}(q) is an isomorphism from Ker w onto Ug,q(q)/{£1}U}t(q)).
Hence (28) becomes

nar _ hnKar(q) . +
(29) hK/@(Q) = W[UK/Q(Q) : {:I:l}UK(Q)]'

Replacing F' by K in (14) and inserting the result in (29), we deduce that

22
30 nes =hg - 1-— . .
00 Hijela) = e o L0 =D g et U
The stated formula follows from (30), because [{£1}Ui(q) : Uit(q)] = 2 and
2hi[Uf U}"q] = W' lUk : Ukjg(q)]. (To verify the latter equation, consider
cases according as the fundamental unit of K does or does not have norm —1, and
observe that the units in Uk /g(q) all have norm 1.)

Next suppose that K is imaginary. We take w to be the natural map of wide
ray class groups Cg(q) — Ck(g). The order of Cp(q) is ¢(g)/2 or ¢(gq) according
as ¢ > 2 or ¢ < 2, hence it equals ©(q)/[{£1}Uk(q) : Uk (q)] in all cases. Thus we
have

(31) hiola) = h;(f;;) Uk/alq) : Uk(q)].
in place of (29). Applying (14) as before, we obtain
h
(32) hi/ola) = m 'QH(1 = xx(p)/p)-

plg
Now [Ugk : Ukg(q)] is 1, 2, or 3 according as dx > 4, dx = 4, or dg = 3. The
same is true of [Ug : Uk 4], s0 (32) is the stated formula. O
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6. QUATERNIONIC REPRESENTATIONS
Next we will prove an estimate for the quaternionic term in (22):

Proposition 16. ﬁ;gfésymp(a?) = O(23/2%2) for every ¢ > 0, where the implied
constant depends on €.

Combining Propositions 16 and 14, we will have:

im,sd

Proposition 17. 95" () = O(z%/%1) for every e > 0, where the implied con-
stant depends on €.

We begin with a general remark. Given Artin representations p and p'_ of a
number field F', write Pp and Pp’ for the projective representations of Gal(F/F)
determined by p and p’, and call p and p’ projectively equivalent if Pp = Pp/.

Proposition 18. Suppose that p and p' are symplectic of dimension n. Then p
and p' are projectively equivalent if and only if o = p®x for some one-dimensional
character x of Gal(F/F) with x™ = 1.

Proof. To say that Pp = Pp/ means precisely that p = p® x for some one-
dimensional character x of Gal(F/F). Taking determinants of both sides, we find
that x™ = 1, because symplectic representations have trivial determinant. O

Next we state an analogue for quaternionic Artin representations of an earlier
assertion about dihedral Artin representations (Proposition 13). Given a quadratic
extension K of F' (understood to lie in some fixed algebraic closure F of F), write
signye/p for the quadratic character of Gal(F'/F) with kernel Gal(F/K).

Proposition 19. Consider pairs (K, &) with [K : F] =2 and £ a one-dimensional
character of Gal(F/K) of even order 2m > 6 such that £ o trang,p = sigg /p-
The formula p = indg,p defines a two-to-one map from the set of such (K,§)
onto the set of isomorphism classes of quaternionic Artin representations p of F
with m(p) = m, the other preimage of the isomorphism class of p being the pair

(K,&7).

This is simply Proposition 13 with three changes: the word “dihedral” is replaced
by “quaternionic” and the conditions “order m > 3”7 and “€otrang,r = 17 by “even
order 2m > 6” and “Sotrang,/p = signg /p.” (Acutally the requirement that £ have
even order is superfluous; it follows from the condition {otrang,/r = signK/F). The
proof of Proposition 19 is likewise identical to that of Proposition 13, apart from
the obvious changes. Note in particular that in terms of the presentation of Q4.
given in Section 5, the elements a’b and a’b® have order four, whence for m > 3 a
cyclic subgroup of index two in Q4,, is unique, just as it is in Ds,,. By contrast, Qg
has three cyclic subgroups of index two, and as a result the analogue of Proposition
19 for m(p) = 2 is as follows:

Proposition 20. Consider pairs (K,§) with [K : F] =2 and £ a one-dimensional
character of Gal(F/K) of order 4 such that £ o trany/p = sighy,p. The formula
p = indg, pé defines a siz-to-one map from the set of such (K,§) onto the set of
isomorphism classes of quaternionic Artin representations p of F with m(p) = 2. If
L is the fixed field of Ker p and K1, Ko and K3 are the three quadratic extensions
of F' contained in L then the siz preimages of the isomorphism class of p have the
form (Kj,fj.d) with 1 < j < 3 and one-dimensional characters &; of Gal(F/K;).
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Our strategy for bounding the quaternionic term in (22) rests on a simple remark:
Given a quaternionic Artin representation p of F' with m(p) > 3, we can define a
dihedral Artin representation p of F' by writing p = indg,r§ as in Proposition 19
and setting p = indg, #&2. That the isomorphism class of p is well defined follows
from Proposition 13, which also gives

(33) mlp) = mi(p).

Using Proposition 20, we can define p in the same way when m(p) = 2, but because
of the nonuniqueness of K in Proposition 20 we must make an arbitrary but fixed
choice of a quadratic extension K of F' inside every biquadratic extension of F.
Note that p is now reducible; in fact if L is the fixed field of Ker p then p = y & Y/,
where x and X’ are the two quadratic characters of Gal(L/F) which do not factor
through Gal(K/F). Thus p is no longer “dihedral,” but we still set m(p) = 2, so
that (33) holds in all cases. Another formula which holds in all cases is

(34) a(p) = q(p),

because q(p) = dg/r q(€) and q(p) = dg/r q(£?) by the conductor-discriminant
formula, and ¢(¢) > ¢(&2). Finally, it follows from Proposition 10 that if p is a
quaternionic Artin representation of F' and x is a one-dimensional character of
Gal(F/F) with x? = 1 then p ® x is again a quaternionic Artin representation of
F. Now if p is replaced by p ® x then ¢ is multiplied by resg/p(x), the restriction
of x to Gal(F/K). But as x? = 1 the character £2 is unchanged, and hence p is
unchanged up to isomorphism. Referring to Proposition 18, we deduce that the
isomorphism class (p) of p depends only on the projective equivalence class [p] of
p, so we obtain a map [p] — (p).

Proposition 21. The map [p] — (p) is injective.

Proof. In view of (33), it suffices to verify injectivity on the subset of projective
equivalence classes [p] for which m(p) has a fixed value m. To begin with we take
m > 3. So suppose that we are given quaternionic Artin representations p and p’
of F' with m(p) = m(p') = m = 3. Write p = indg/r{ and p’ = indg//p&" with
pairs (K, &) and (K’,¢’) as in Proposition 19. We assume that

(35) indK/F§2 o indK,/F(g’)2

and must deduce that Pp = Pp’.

Since m > 3, the representations indg, p&* and indg,p(¢')? are dihedral. Hence
in view of (35), we have K = K’ and (¢')? = ¢*2 by Proposition 13. After replacing
the pair (K, €) by (K,£71) if necessary, we may assume that (¢')? = ¢2, and then
¢ = £¢ for some character ¢ of Gal(F/K) with ¢? = 1. Since £ o trang,p and
¢’ otrang,p both coincide with sighg /g, it follows that ¢ o trang,/r = 1. Let us
now view ¢ as an idele class character of K. Then the condition ¢ o trang,p = 1
becomes ¢|Ax = 1. In particular, ¢ o Ng/rp = 1, where Nk, is the idelic norm
from Ay to Ax. Write o for the nontrivial element of Gal(K/F'), and view o as
an automorphism of A%. Then ¢(z°T!) = 1 for all z € A%, and as ¢* = 1 we
deduce that ¢(2°~!) = 1 also. Hilbert’s Theorem 90 now implies that ¢ factors
through Nk, so that ¢ = x o Ng/p for some one-dimensional character x of
A%. Returning to the Galois setting, we see that ¢ = resg/r(x) when ¢ and x
are viewed as one-dimensional characters of Gal(F/K) and Gal(F/F) respectively.
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To recapitulate, we have p = indg,p€, p' = indg/ pl’, K = K', { = £6, and
¢ = resg/p(x). It follows that p’ = p ® x, whence Pp = Pp’.

The case m = 2 is contained in Theorem 4 on p. 146 of [12], at least for F' = Q.
However for the sake of completing the present argument, we first observe that if x
and Y’ are distinct quadratic characters of Gal(F/F), then there is a unique pair
(K, ) consisting of a quadratic extension K of F' and a quadratic character ¢ of
Gal(F/K) such that indg,p(¢) = x @ x'. Indeed if M and M’ are the fixed fields
of the kernels of x and X’ respectively then K is the third quadratic extension of
F contained in M M’, and ( is the unique quadratic character of Gal(F/K) which
factors through Gal(MM'/K). It follows that in the case m = 2, the isomorphism
(35) still implies that K = K’ and £2 = (¢')2. The proof is now completed as in
the case m > 3. O

Now take F' = Q, and let X be the set of one-dimensional characters of Gal(Q/Q)
satisfying x> = 1. The arguments to be given next will be needed again when
we deal with primitive representations, so it is efficient to suspend our focus on
quaternionic Artin representations in favor of a more general setting. Thus A4 will
denote any class of two-dimensional Artin representations of Q which is symplectic
and closed under quadratic twists in the sense that the following conditions hold:

o If p € A then detp = 1.

o Ifpe Aand x € X then p® x € A.

e If pe Aand p' = p then p' € A.
The third condition is an inessential nicety intended only to eliminate ambiguities.
We write 9 4(x) for the number of isomorphism classes of representations p € A
such that ¢(p) < .

Let £ denote the set of projective equivalence classes of A, and write [p] as before

for the projective equivalence class of p. Proposition 18 implies that

(36) @<y S
[ple€

x€X
a(p®x)<

the inner sum being independent of the choice of representative p of [p]. The reason
for inequality rather than equality in (36) is that sometimes p ® x = p with x # 1.

In order to bound the right-hand side of (36) it is convenient to introduce the
notion of the “p-conductor” g,(x) of a character x € X. Let ord, denote the p-adic
valuation of Z. We define ¢,(x) by deleting from ¢(x) the contributions of the
primes dividing ¢(p):

(37) 200 = T por.
pta(p)

Then we have the following elementary remark:

Proposition 22. FEach projective equivalence class E € £ has a representative p
such that q(p © x) = a(p)gp(x)* for all x € X.

Proof. Write E = [A] with A\ € A. We must exhibit a character ¢ € X such that
the representation p = A ® ¢ satisfies the stated inequality for all y € X.

Given a prime p, let X, C X be the subset of characters x € X which are
unramified outside p and infinity. Thus |X5| =4, and if p is odd then | X,| =2. In
particular, X, is finite, so for each p dividing ¢(\) we can choose ¢, € X, minimizing
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ord, ¢(A ® ¢p). We put ¢ = [[,,») #p, and as already indicated, p = A ® ¢. By
construction, every prime p dividing ¢(p) divides ¢()\), and for every such p and
every x € X we have

(38) ord,, q(p ® x) = ord, q(p) (pla(p))-

On the other hand, if p t ¢(p) then the restriction of p to an inertia subgroup at p is
the two-dimensional trivial representation, whence the restriction of p® x coincides
with that of x @ x. Therefore

(39) ordy q(p @ x) = 2 ordp g(x) (ptalp))
The stated inequality follows from (38) and (39). O

Henceforth we assume that in the sum in (36) over equivalence classes [p] € &,
the representative p is chosen as in Proposition 22. Then

(40) NOED YD SE?

plee  xex
a, ()< (z/a(p))"/?

because the summation in (36) runs over a subset of the set of summation in (40).
The next step eliminates the inner sum in (40):

Proposition 23. For every ¢ > 0,

dalz) <z'/? D qlp)/F,
[ple€
q(p)<z

where the implicit constant depends on €.

Proof. Given [p] € £, we define a map x — x, from X to itself as follows: Write
X = Hp‘q(x) Xp With xp, € X and x, unramified outside p and infinity; then

Xp = H Xp-

pla(x)
pta(p)

Recalling the definition (37) of ¢,(x), we see that

(41) 4o (x) = a(xp)-

for all x € X. Furthermore an element A € X has at most 27(¢(p)) preimages
under the map x — X,, where 7(¢) denotes the number of positive divisors of g.
Hence on making the substitution (41) in (40) and setting A = x,, we obtain

(42) IFsN @) <2y > 1))
[ple€ AEX
a(N<(z/a(p))*/?

The inner sum in (42) equals 7(g(p)) ~19?Q‘171((w/q(p))1/2) if ¢(p) < z and 0 otherwise.
Furthermore 7(¢q) = O(¢®) for every ¢ > 0. Hence the stated estimate for ¥ 4(x)
follows from the corollary to Proposition 3. (]
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We now specialize to the case where A is the class of quaternionic Artin represen-
tations of Q and & is the set of projective equivalence classes of such representations.
Combining (34) with Proposition 23, we find that

(43) g (@) <@t Y T a(p) T
[ple€
q(p)<z

provided & < 1/2. In view of Proposition 21 we deduce that

(44) DY P (x) < a2 YT gl a2 YT go)7 VT,
(o) im, orth (o) ab, sd
q(e)sz q(o)<w
where in the first sum () denotes an arbitrary isomorphism class of dihedral Artin
representations of @ (not just one of the form (f)) and in the second sum (p)
denotes an arbitrary isomorphism class of two-dimensional abelian self-dual Artin
representations of Q (not just one of the form (x @ x’) with distinct quadratic
characters y and x’ of Gal(Q/Q)). Let us apply Abel summation to the first sum:

—1/2+¢ im,orth —1/2+e T 19(1512,0%}1(1;)
Z a(0) - ﬂ@,é (x)z +(1/2 - 5)/1 t’S/T dt.

(o) im, orth
q(o)<m

Since ﬁgnéorth(m) = O(2*/?) by Proposition 14, we deduce that

(45) > qle)'tT =0,

(o) im, orth
q(o)<z

The second sum in (44) can be handled similarly:

T ﬁab,sd "
Y al) A = 0y w)am e 4 (12 - s)/ Y2 ® g,
(o) ab, sd ' 1t /2—¢
q(0)<z
Theorem 2 gives ﬁat:ésd(x) = O(zlog ), so we find that
(46) Z q(g)—l/Q-‘rE _ O($1+26).
(o) ab, sd
q(o)<z

Inserting (45) and (46) in (44), we obtain Proposition 16.

7. SCHUR COVERS

As before, if G is a finite subgroup of GL,,(C) then we attribute properties of the
tautological representation ¢ : G — GL,(C) to G itself. Thus G is irreducible or
self-dual or primitive if these adjectives are applicable to ¢. We denote the image of
G in PGL,,(C) by PG, and we write S,, and A,, for the symmetric and alternating
groups on n letters. The following result is classical (cf. [37], Section 68).

Proposition 24. Let G be a finite subgroup of GLo(C). If G is irreducible and
primitive then PG =2 Ay, Sy, or As.
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Note that it is PG and not G itself which is isomorphic to A4, Sy, or As. In
fact Ay, Sy, and A5 do not have faithful two-dimensional representations over C,
so none of them is isomorphic to G. But if G is self-dual then there is an analogous
tripartition for G itself (cf. [38], p. 131, Lemma 1). To state it, put Ay = SLo(F3)
and A; = SLy(Fs), and let Sy be the subgroup of SLy(Fg) gencrated by SLo(Fs)
and in, where i € Fyg is a fixed square root of —1 and

(-1 0
=\o 1)
Since 7 normalizes SLy(F3) and (in)2 = —1 we have Sy = SLy(F3) U (in)SLa(Fs).
We denote the center of a group G by Z(G).

Proposition 25. Let G be a finite subgroup of GLy(C). If G is irreducible,
primitive, and self-dual then G = Ay, Sy, or As. Furthermore G C SLy(C) and
Z(G) = {£1}.

Conversely, these three groups do all have faithful two-dimensional irreducible
primitive self-dual representations over C. In fact up to isomorphism Ay has exactly
one such representation, while Sy and /15 have exactly two. These facts can all be
read from a character table (see for example [15], p. 44 or [16], p. 89 in the case of
ﬁ4; [15], p. 43 in the case of §4; and [16], p. 140 in the case of ﬁ5) On the other
hand, to derive Proposition 25 from Proposition 24, we will use the theory of Schur
covers, a few elements of which will now be recalled. All of the results about Schur
covers to be quoted here can be found in [17], and some of them are also usefully
summarized in [15]. Given a group G we denote its commutator subgroup by G,
and we say that G is perfect if G = G'.

Let G and J be finite groups. We say that G is a representation group of J if
there is a subgroup C' C Z(G) N G’ such that C = H?(J,C*) and G/C = J. The
group H?(J,C*) is the Schur multiplier of J, and a representation group of J is
also called a Schur cover of J. Every finite group has at least one Schur cover,
and up to isomorphism it has only finitely many. Furthermore, if the orders of
H?(J,C*) and J/J' are relatively prime — in particular, if J is perfect — then the
isomorphism class of a Schur cover of J is unique.

In keeping with tradition we have referred to G itself as a Schur cover of J,
but it is also convenient to apply the term to any epimorphism ¢ : G — J with
kernel C. In practice G and ¢ are largely interchangeable, for if Z(J) is trivial
(as it will be in the cases of primary interest to us) then G determines C: In
fact C = Z(G), because Z(G) has trivial image in J and is therefore contained in
C'. Furthermore, the fundamental property of a “representation group” (and the
property which explains the terminology itself) is that projective representations
of J lift to genuine representations of G, and we claim that the validity of this
property is unaffected by the choice of ¢. To justify the claim, let us state the
property at issue more precisely: If 7 is a projective representation of J then there
exists a representation p of G such that Pp = moy, where Pp denotes the projective
representation determined by p. Now if ¢y : G — J is another epimorphism with
kernel Z(G) then ¢ = oy for some automorphism « of J, and as woa is a projective
representation of J there exists a representation p’ of G such that Pp’ = (roa)op.
Then Pp' = wo 1.
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While the lifting property will be used in Section 8, our immediate concern is
simply to identify the Schur covers of Ay, Sy, and As. It is actually more instructive
to consider A, and S,, for arbitrary n. First A,: It is known that H?(A4,,,C>) is
trivial if n < 3, cyclic of order six if n = 6 or 7, and cyclic of order two otherwise.
Furthermore A, is perfect for n > 5, while for n = 4 we have |A4/A)| = 3. Tt
follows that for all n > 1 the groups H?(A,,,C*) and A,,/A!, are of relatively prime
order, whence a Schur cover of A, is unique up to 1somorph1sm If n > 4 and
n # 6,7 then a Schur cover of A, is typically denoted A, or A Granted, if n =4
or 5 then A, has already been assigned a meaning, but we will check in a moment
that SLy(F3) and SLo(F5) are indeed Schur covers of A4 and As.

The situation for S, is as follows: H?(S,,,C*) is trivial for n < 3 but cyclic of
order two for all n > 4 without exception. Furthermore, if n > 4 and n # 6 then up
to isomorphism there are exactly two Schur covers of S,,. In the literature, the two
Schur covers are variously denoted S, and S, (cf. [15], p. 23), or S and S;* (cf
[17], p. 523), or 275, and 275, (cf. [8], p. xxiii), the second member of each pair
being characterized by the fact that the preimages of the transpositions of S, are
involutions. (Warning: Although we follow [15] in distinguishing between § and
Sn, the 0pp051te convention is also in use; see e. g. the characterization of S4 in [22],
p- 199 and of S, in [34] p. 97.) If n > 4 and n # 6,7 then the respective inverse
images of A,, under S, — S, and S — S, are Schur covers of A,, and are therefore
isomorphic, whence we obtain the notations A, and A already mentioned.

The next proposition will justify our orlgmal definition of A47 S4, and A5 and
will show in addition that we may take S4 = GLy(F3). By an involution in a group
we mean as usual an element of order two (which of course is central if unique).

Lemma. Let G and J be finite groups. Assume:

(i) H?(J,C*) has order two, and J' has even order.
(ii) G has a unique involution, and if C is the subgroup generated by the invo-
lution then G/C = J.

Then G is a Schur cover of J.

Proof. The only point to be checked is that C' C G’. As C' is the unique subgroup
of order two in G it is contained in every subgroup of even order, and G’ is of even
order because its quotient J' is. (]

Proposition 26. In each of the following cases, G is a Schur cover of J, and
J 2 G/C with C = Z(G) = {£1}:

J = A4 and G = SLQ(F?,)

J = A5 and G = SLQ(F5)

J = 54 and G = SLQ(]F3) U (ZU)SLQ(F:_),)

J = S4 and G = GLQ(Fg)

Furthermore, —1 1is the unique involution in G in the first three cases, but every
transposition in Sy lifts to an involution in GLa(Fs3).

Proof. Over any field F' the scalar matrix —1 is the unique involution in SLy(F),
and we have identifications Ay = PSLy(F3) and As = SLy(Fy4) (=2 PSLy(F5)) by
virtue of the transitive action of PGLg(F) on the projective line P(F). The first
two cases of the proposition now follow from the lemma.
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To justify the fourth case we note that the identification Sy =2 PGL2(F3) is again
a reflection of the action of PGLy(F) on P(F). Since the subgroup C = {£1}
of GLy(F3) is both central and contained in GLy(F3)' = SLy(F3), we conclude
directly from the definition that GLg(F3) is a Schur cover of Sy;. Now when we
identify PGLy(FF3) with S; via its action on P1(F), the image of the matrix 7
in PGLy(F3) maps to the transposition in Sy interchanging the points [1 : 1] and
[—1: 1] of P}(F3). Since the transpositions form a conjugacy class of Sy, we deduce
that every transposition in Sy lifts to an involution in GLg(F3).

Finally, in the third case G C SLy(Fy), and consequently —1 is the unique
involution in G. Hence to conclude from the lemma that G is a Schur cover of
Sy it suffice to see that G/C = Sy, or equivalently that G/C = PGLy(F3). But
GL2(F3) = SL(2,F3) UnSL2(Fs3), and n and in have the same image in PGLy(Fy).
Thus the identity embedding of PGLy(F3) into PGL2(Fy) is an isomorphism of
PGLy(F3) onto G/C. O

Proof of Proposition 25. By Proposition 24, PG is A4, Sy4, or As. As already noted,
none of these groups has a faithful irreducible two-dimensional representation, so G
intersects the group of scalar matrices in GLy(C) nontrivally. On the other hand,
G is self-dual, so the only scalar matrices which can belong to G are £1. It follows
that —1 € G, that the group C' = {£1} coincides with Z(G) (by Schur’s lemma),
and that G/C = PG. Now G is symplectic, for otherwise it is orthogonal, and a
two-dimensional irreducible orthogonal representation is monomial (because O2(R)
contains the abelian subgroup SO2(R) with index two). Thus G C SL2(C). As —1
is the only involution in SLy(C) and a fortiori the only involution in G, the lemma
shows that G is a Schur cover of PG. Proposition 25 now follows from Proposition
26 and the fact that a Schur cover of A4 or Ay is unique up to isomorphism, as is
a Schur cover of S; with only one involution. O

8. PRIMITIVE REPRESENTATIONS

As already mentioned, some of the arguments used to bound the quaternionic
term in Section 6 will now find application in the primitive case. We take the class
A of Section 6 to be the collection of two-dimensional irreducible self-dual primitive
Artin representations of Q. That A is symplectic and closed under quadratic twists
follows from Proposition 25. Hence Proposition 23 gives

(47) I @) < a2 Y )

[pl€€

a(p)<z
where £ is the set of projective equivalence classes of A. Although the validity of
(47) depends on the choice of a particular representative p for the equivalence class
[0], in the arguments that follow no further use will be made of this choice. Our
goal is the following bound:

Proposition 27. Fix v < 1/60. Then 19(3?7’25(1(3;) = O(x>77), where the implicit
constant depends on 7.

Our strategy for proving Proposition 27 is to replace conductors by discriminants
in (47) and then to appeal to the results of Bhargava and of Bhargava, Cojocaru
and Thorne. Consider the fixed field L of the kernel of Pp. By Proposition 24,
Gal(L/Q) is isomorphic to one of Ay, Sy, and As, and we write m for the degree
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of the permutation group in question: thus m = 4 in the first two cases and m =5
in the third. In the following proposition K is any subfield of L with [K : Q] = m.
While the choice of K is arbitrary, L is the normal closure of K over QQ for every
possible choice.

Proposition 28. dx < cq(p)™ Y/2 with an absolute constant ¢ > 1.

Proof. A standard bound for wild ramification (cf. [33], p. 127, Proposition 2) gives

(48) dg <c H pm L

pldx
p>m

with ¢ = 2137 if m = 4 and ¢ = 2!435% if m = 5. (Thus we may take ¢ = 2143959
in all cases.) On the other hand, let M be the fixed field of the kernel of p itself.
Then Proposition 25 implies that Gal(M/Q) is A4, Sy, or A5 according as Gal(L/Q)
is Ay, Sy, or As. Thus if p > m then p does not divide the order of the image of
p, and consequently the restriction of p to an inertia group I at p factors through
the tame quotient of I. Hence ord, q(p) is dim(V/V?), where V is the space of p
and V1 the subspace of inertial invariants. Now if p|q(p) then V/V! has dimension
1 or 2, but if the dimension is 1 then V is the direct sum of a line on which I
acts trivially and a line on which it acts nontrivially, contradicting the fact that
det p =1 (Proposition 25 again). Therefore

(49) ap) = [] »*

pla(p)
p>m

Since L is the normal closure of K, every prime dividing dx divides ¢(p), whence
the proposition follows from (48) and (49). O

Remarks. 1) The inequalities (48) and (49) are both deduced from the fact that
one side of the inequality is divisible by the other.

2) Using the fact that A4 has no elements of order > 3, one finds that dx < cq(p)
when Gal(L/Q) = A,. However this improvement in Proposition 28 does not lead
to an improvement in Proposition 27, because the latter combines all three cases.

Proposition 29. Let L be a finite Galois extension of Q such that Gal(L/Q) is
isomorphic to Ay, Sy, or As. Then the number of elements [p] € € such that L is
the fized field of Ker (Pp) is bounded by an absolute constant.

Proof. Put J = Gal(L/Q). We may assume that there is a quadratic extension M
of L, Galois over @, such that the group G = Gal(M/Q) is isomorphic to IL, 54,
or /~15 according as J is isomorphic to Ay, Sy, or As. Indeed if there exists [p] € €
such that L is the fixed field of Ker (Pp) then we may take M to be the fixed field
of Ker (p), and if no such [p] exists then there is nothing to prove. Now up to
isomorphism, there are exactly three two-dimensional irreducible representations ¢
of Gif G = /L or §4 and exactly two if G =2 g5. (Note that we are not requiring
© to be faithful or self-dual or primitive.) Let us declare ¢ and ¢’ to be equivalent
if ' = ¢ ® x for some one-dimensional character x of G. Then there is exactly
one equivalence class if G = 114 and there are exactly two if G & §4 or g5. So
the proposition will follow (with the absolute constant equal to 2) if we define an
injective map [p] +— [¢] from the set of [p] € £ such that L is the fixed field of
Ker (Pp) to the set of equivalence clases [¢] as above.
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Given [p], view Pp as a projective representation of J. Since G is a Schur cover
of J we can lift Pp to a genuine representation ¢ of G. It is immediately verified
that the equivalence class [¢] of ¢ is uniquely determined by [p] and that the map
[p] — [#] is injective. O

Reviewing the preceding paragraphs, we see that we have defined a function
[p] — K: Given [p] € £, we let L be the fixed field of Ker (Pp) and then we choose
a subfield K C L with [K : Q] = m. Since L is determined by K (indeed L is the
normal closure of K) Proposition 29 shows that the number of preimages [p] of K
is bounded by an absolute constant. Thus Proposition 28 gives

_ . —1/34¢/3 —1/44€/2
(50) Z q(p) 1/2+ < Z dK /3+e/ + Z dK /4+e/
lee (K -Ql=1 [K-Ql=5
q(p)<z d <cad/? Gal(L/Q)=As
di <cz?

for 0 < & < 1/2, where the first sum on the right-hand side runs over number
fields K with [K : Q] = 4 and dx < cz®/?, and the second sum runs over K
with [K : Q] = 5, dg < cx?, and Gal(L/Q) = As, L being the normal closure of
K. Of course the first sum could be confined to K such that Gal(L/Q) = A4 or
Gal(L/Q) = Sy, but (50) will suffice as it stands.

We now apply Abel summation to the first sum on the right-hand side of (50):

cx®/?

S (e et e [ S
[K:Ql=4

di <5m3/2

Since ng,4(x) = O(z) by [3], we deduce that

(51) S @ = o).
(K Q=4
dx Sc:pg/Q

The second sum on the right-hand side of (50) can be treated in the same way:

2 A,
—1/44¢/2 5 _ L ,‘)5(75)
Z dy [4+e/2 _ n87o5(cx2)(cx2) Vate/2 4 (1/4 —¢/2) / ts(/@476/2 dt.
[K:Q]=5 !
Gal(L/Q)=As;
dK<6m2
By [5] we have n8f5(x) = O(x'7P) for any B < 1/120, so we obtain
(52) ST @ < 0@,
[K:Ql=5
Gal(L/Q)=As
di <cxz?

Inserting (51) and (52) in (50) and then concatenating the result with (47), we
obtain Proposition 27.

9. MONOMIAL REPRESENTATIONS REVISITED

Assembling our estimates for the three terms on the right-hand side of (1), we
see that Theorem 2, Proposition 17, and Proposition 27 together imply the upper
bound for 19(?5172(1') claimed in (3). On the other hand, Theorem 1 gives the lower

bound for 98, () in (4), so we conclude that indeed lim, o 9*4(z)/9(z) = 0 for
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F =Q and n = 2, as asserted in the introduction. We will now show that the limit
of ¥34(z) /9™ () and a fortiori of ¥**54(z) /9 (z) is 0 also. Since ¥'*(z) > 9™ (x)
it will suffice to show that

(53) gy () > 2.

I do not know how to replace (53) by an asymptotic equality.

To prove (53), fix an imaginary quadratic field K, and let 19572(@ be the number
of isomorphism classes of two-dimensional monomial Artin representations of Q
which are induced from K and of absolute conductor < x. Write 198:2’]{(:17) and

1987)’2[( () for the number of such classes of irreducible representations and abelian
representations respectively. Then

(54) g (2) = 0F,(x) — 955" (a).
We shall prove that

(55) 053" () ~ 18z/(dgcm?)
and that

(56) 195)2(33) ~ cx?

with a constant ¢ > 0 depending on K, whence also 19?5151( (z) ~ cx? by (54). Since

196}7‘2@) > 198? éK(m) the lower bound (53) will then follow. In principle we would
get a better result in (53) if instead of fixing K we were to sum (56) over all K,
taking account of any duplications. However even after summing over K we would
not be able to replace (53) by an asymptotic formula, because we do not have the
analogue of (56) for real quadratic fields.

To prove (55), we observe that the two-dimensional abelian Artin representations
of Q induced from K are precisely the representations p = x @ x - signy g, where x

is an arbitrary one-dimensional character of Gal(Q/Q) and sign /@ is the character
with kernel Gal(Q/K). As q(p) = q(x)?dx we have
Iy (@)= Y. 1,
a(x)?<z/dk
where the sum runs over all y satisfying the stated inequality. Recognizing this
sum as Yg,1(y/x/dk), we obtain (55) from the corollary to Proposition 2.

It remains to prove (56). The Artin representations of Q counted by 1967 5(x)
are precisely the representations of the form p = indg /g, where £ runs over one-
dimensional characters of Gal(Q/K) such that dxq(¢) < z. Furthermore the map
sending the isomorphism class of p to £ is two-to-one, for it follows from Frobenius
reciprocity that if G is a finite group, H a subgroup of index two, and £ a one-

dimensional character of H, then there is exactly one character &' of H such that
¢ # ¢ and ind$ ¢’ = ind%¢. Therefore

(57) 9K 5 (x) = (1/2)9x 1 (z/dK).
Now put
(58) ¢ = (n/d}L%)) - (hx/(wrCr (2)))?,

where (x(s), hi, and wg are as usual the Dedekind zeta function, class number,
and number of roots of unity in K. We obtain (56) with ¢ as in (58) by combining
(57) with the following assertion:
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Theorem 4. Vg 1(x) ~ (1/Vdk)(hxz/(wkk(2)))?.

Proof. Given a nonzero integral ideal q of K, put px(q) = [(Ok/q)*| as before,
and set pg(q) = (—1) if g is the product of exactly ¢ distinct prime ideals of K
and g (q) = 0 otherwise. Also write hj(q) for the number of primitive ray class
characters of K of conductor ¢, so that

(59) Ira(x) = Y hi(q)
Ng<z
and
(60) hic(a) = pxc(a/a)hx(d).
q’lq

Let wg (q) the number of roots of unity in K which are congruent to 1 modulo g.
Since K has no real embeddings, the narrow ray class number h%2*(q) is indistin-
guishable from the wide ray class number hx(q), and consequently

(61) hi(a) = hx - pr(q) - (wk(a9)/wik)

by (14). Combining (60) and (61), we have

(62) hic(a) = (hc/wi) > pxc(a/d ) pr (@) wi ().
q9’lq

Put () = >4/ 4 #x(a/0)px (a'). It is convenient to rewrite (62) in the form
(63) hic(q) = (hi/wk)vk(a) + O(1)

with O(1) = (hx /wi) 3 2g/q tx (a/d") ek (0) (wi (@) = 1).

The expression which we have denoted O(1) is indeed bounded by a constant
depending only on K, because wgi(q') = 1 unless q'|60k. Hence by substituting
(63) in (59) we obtain

(64) Oka(z) = (hic/wi) > vr(@) +0( Y 1).
Ng<z Ng<z

Denote the first and second sums on the right-hand side of (64) by ¥; and Xs:
(65) 19[(}1(3?) = (hK/’LUK)Zl + 0(22)

Then X5 is the summatory function of (x(s), and consequently Proposition 1 gives
31 ~ Agx, where Ak is the residue of (x(s) at s = 1. In particular, ¥; = O(z). On
the other hand, if we redo the proof of Proposition 2 with ¢ and v replaced by ¢x
and ¥ and with the rational prime p replaced by a prime ideal p of K or by Np, as
appropriate, then we find that ¥; is the summatory function of (x (s — 1)/(x (s)?.
Hence another appeal to Proposition 1 gives

(66) 51~ Ak /(2(k(2)°) - 2.
Since X9 = O(xz), it follows from (64) and (66) that
I (2) ~ Axchia? / (2wi (ke (2)%).

Substituting Ax = (27)hk/(wxv/dk), we obtain the stated asymptotic formula.
O
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10. MALLE’S CONJECTURE

Only a weak form of Malle’s conjecture will be needed here, but for the sake of
completeness we first state the conjecture in its original form: Given a number field
F', an integer m > 2, and a transitive subgroup G of S,,, there are constants a, b,
and c satisfying 0 < a <1, b > 1, and ¢ > 0 such that
(67) 0 ~ ca®(logz)? .

What distinguishes Malle’s conjecture from previous hypotheses of this type (cf.
Cohen [6]) is that explicit values are proposed for a and b, as we now describe.

The value of a depends only on G, not on F; Malle denotes it a(G). To define

a(G) we recall that the index of an element g € G is the quantity

ind(g) = m — cyc(g),

where cyc(g) is the number of cycles in the exhaustive disjoint cycle decomposition
of g. Here “exhaustive” means that cycles of length 1 are included; for example if
g = 1 then we write g = (1)(2)--- (m) and find that cyc(g) = m and ind(g) = 0,
while if g # 1 then ind(g) > 0. We put
ind(G) = min ind(g)
971
and a(G) = ind(G) .

The quantity b depends on F' as well as G. The function g — ind(g) is constant
on conjugacy classes of G, so we can speak of the index of a conjugacy class, and
we let C be the set consisting of all conjugacy classes C' such that ind(C') = ind(G).
We define an action of Gal(F/F) on C by setting o - C' = C¥(°) for o € Gal(F/F)
and C € C, where w : Gal(F/F) — Z* is the cyclotomic character (Z being the
ring of adelic integers) and C*(°) is the conjugacy class consisting of the elements
¢“(?) with ¢ € C. If one prefers one can take w to be the mod-e cyclotomic
character Gal(F/F) — Z/eZ™ for any positive integer e divisible by the order of
every element of G. In any case, b is the number of orbits of Gal(F/F) on C.

A counterexample of Kliiners [21] shows that with these definitions Malle’s orig-
inal conjecture (67) is false: If F = Q, n = 6, and

G = ((Z/37) x (Z)3Z)) % (Z/2Z)

(embedded in Sg by identifying the first factor of Z/3Z with ((123)), the second
with ((456)), and Z/2Z with ((14)(25)(36))) then a = 1/2 and b = 1, but Kliiners
shows that the left-hand side of (67) is > x'/2log2. However if we state Malle’s
conjecture in the weaker form

(68) NG m () < 2Ot

for all € > 0, where the implicit constant depends on F', GG, and ¢, then the con-
jecture has so far proved unassailable, and henceforth it is (68) to which reference
will be made. We shall call (68) the weak form of Malle’s conjecture.

At this juncture we change perspective slightly by viewing G as an abstract group
of order m > 2. If we wish to regard G as a permutation group then we do so via
the regular representation, so that the associated embedding G — S, is uniquely
determined up to conjugacy in S,,. Now fix an integer n > 2 and let ﬂgn(x) be the
number of isomorphism classes of n-dimensional irreducible Artin representations p
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of F' with image isomorphic to G and ¢(p) < . We would like to compare ﬁgn(z)
with ng’m(a:). In Section 11 we will prove the inequality

(69) drr < q(p)/ €171,

where L is the fixed field of the kernel of p and p is as before an n-dimensional
irreducible Artin representation of F' with image isomorphic to G. Granting (69),
and making the trivial remark that if ¢(p) < z then g(p)!/Cl=7(n=1 L gIGl=n(r=1)
we see that

(70) 95 (2) < in(G) - 0§, (161 -n(n=1)),

where i,(G) is the number of isomorphism classes of faithful n-dimensional irre-
ducible complex representations of G.

Proposition 30. Let p be the smallest prime divisor of |G|, and fix
v <pn(n—1)/((p — DI|G]).
If the weak form of Malle’s conjecture holds then
VG, (x) < aP/ P~ =7,
where the implied constant depends on F', G, n, and 7.

Proof. Since G is a permutation group via the regular representation, we have
cyc(g) = |G|/|g| for g € G, where |g| is the order of g. Thus ind(G) = |G| — |G|/p
and a(G) = p/((p — 1)|G|). Inserting this value in (68) and then combining (68)
with (70) gives the stated estimate. O

Next we recall a theorem of Jordan: If G is a finite subgroup of GL,(C) then
G has an abelian normal subgroup of index bounded by a constant depending only
on n. We denote the optimal choice of this constant j(n). The value j(2) = 60 is
classical, and the value of j(n) for arbitrary n was determined by Collins [7]. For
example if n > 71 then j(n) = (n+ 1)\

Proposition 31. Let G be a finite irreducible self-dual subgroup of GL,(C). If G
is primitive then |G| < 2j(n).

Proof. Let ¢ : G — GL,,(C) be the tautological representation and A an abelian
normal subgroup of G of index < j(n). Then ¢|A is a direct sum of one-dimensional
characters of A. Let x be a one-dimensional character of A occurring in ¢|A.
If the multiplicity of x in ¢|A is < m then the subgroup of G stabilizing x is a
proper subgroup from which ¢ is induced, contradicting the primitivity of .. Hence
t|A = x®" and therefore

|G| =[G : A]|Ker x|.
But ¢ is self-dual, hence so is ¢|A. Thus x? = 1 and consequently |[Ker x| <2. 0O
Finally we deduce a conditional bound on 19232(1(@:

Proposition 32. Fixz v < n(n —1)/j(n). If the weak form of Malle’s conjecture
holds then

ﬂ}’yﬁd (z) < 2277,

where the implied constant depends on F, n, and 7.
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Proof. The only irreducible self-dual representation of a group of odd order is the
one-dimensional trivial representation. Hence it follows from Proposition 31 that

(71) IR < Y @),

IG|<25(n)

|G| even
where the sum on the right-hand side runs over a set of representatives for the
distinct isomorphism classes of groups of even order < 2j(n). Taking p = 2 in
Proposition 30, we obtain the stated estimate. (Il

11. LOWER BOUNDS FOR THE CONDUCTOR

We must still prove (69), the inequality between conductors and discriminants.
Fix a number field F' and a finite Galois extension L of F, and put G = Gal(L/F).

Lemma. Let p and A be finite-dimensional complex representations of G, with p
faithful. Then q(\) divides q(p)dim(/\)‘

Proof. Fix a prime ideal p of F, and let a(p) and a(\) be the exponent of p in q(p)
and q(\) respetively. It suffices to see that

(72) a(N) < dim(XN)a(p).

Let I C G be the inertia subgroup of some fixed prime ideal of L above p. If I = {1}
then both sides of (72) are 0 and there is nothing to prove. Hence we may assume
that I # {1}.

Let Go =1 O G; D Gy D ... be the higher ramification subgroups of I in the
lower numbering (cf. [32], p. 62). Since I is nontrivial there exists an integer n > 1
such that G; # {1} for 0 < i < n and G; = {1} for i > n+ 1. Writing V for the
space of p and V% for the subspace of vectors fixed by G;, we have

n

(73) Z

=0

m(V/VE)

(cf. [32], p. 100). Similarly,

(74) Z

=0

),

where W is the space of A. Now as p is faithful we have VG #Viorl<i<n
and hence dim(V/V%) > 1. Thus
dim(W/WE) < dim(W) = dim()\) < dim(\)dim(V/V ).

Substituting this inequality in (74) and comparing the result with (73), we obtain
(72). O

The inequality (69) is an immediate consequence of the following proposition:

Proposition 33. Let p be a faithful irreducible complex representation of G. Then
0r/F divides q(p)IC1=0"=") where n = dim(p).
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Proof. We apply the lemma to a set of representatives A for the distinct isomorphism
classes of irreducible representations of G. Raising both ideals in the divisibility of
the lemma to the power dim\ and then taking the product over A Z p, we see that

(75) H q(/\)dimA divides q(p)zxgp(dimk)z'
A¥p

Let reg, denote the regular representation of G, and multiply the divisor and
dividend in (75) by the same ideal q(p)™. Since regy = @\API™MA | we obtain

q(regg) divides q(p)(zk(dimA)Z),anm.

Now q(regg) = 0./ by Artin’s conductor-discriminant formula (cf. [32], p. 104).
Since |G| = Y, (dim\)?, the proposition follows. O

12. A CONDITIONAL RESULT IN DIMENSION THREE

To evaluate lim, o, 9°4(z)/9(z) conditionally when F = Q and n = 3, we must
bound each of the three terms on the right-hand side of (2). The first term is easily
dealt with:

(76) Ios (x) = O(a(log z)?).

by Theorem 2.

To bound ?955275(1(56), we observe that if a self-dual representation is a direct sum
of a one-dimensional and an irreducible two-dimensional representation then the
one-dimensional and two-dimensional representations are self-dual. Thus

(77) 1+2 Gd Z ¢Sd 1rr Gd m/q)

gz

where 1*4(q) is the number of primitive Dirichlet characters y of conductor ¢ sat-
isfying x2 = 1, as in Section 2. But (3) gives

95 (w/q) < O5la(x/q) < (x/q)**
for any £ < 1/60, so (77) becomes

(78) Doty ™ () < 227 EZ .

gz

Now apply Abel summation:

(79) ) %%(Zf) re—g) / T 4,

q2—s 33‘2_

gz

Since 19(5@%1(15) < t by the corollary to Proposition 3, we see that the right-hand side
of (79) is bounded by a constant, whence

(80) Ity ™ (@) < 27 7°

after substitution in (78).
It remains to bound ﬂ&rés‘i(x). We will use a variant of Proposition 31:

Proposition 34. Let G be a finite irreducible self-dual subgroup of GL,(C). Ifn
is odd then |G| < 2"j(n).
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Proof. The proof is similar to the proof of Proposition 31. If A is an abelian
normal subgroup of G of index < j(n) and ¢ : G — GL,(C) is the tautological
representation then ¢|A is a direct sum of one-dimensional characters of A, and it
follows from the self-duality of ¢|A that the multiplicity of any character x occurring
in ¢|A equals the multiplicity of xy~!. Furthermore, since A is normal in G and ¢
is irreducible, all of the one-dimensional characters x of A occurring in ¢|A are
conjugate under the action of G and thus have the same order w. If w > 3 then
X # x !, whence ¢|4 is a direct sum of two-dimensional representations of the form
X ® x~ !, contradicting the assumption that n is odd. Thus w = 2. Since A is
abelian we may assume after a conjugation in GL,(C) that A is contained in the
group of diagonal matrices, hence in the group of diagonal matrices of order < 2.
Thus |A] < 2" and |G| =[G : A]|A] < j(n)2™. O

We apply the proposition with n = 3. Using the value j(3) = 360 [7], and
recalling once again that a group of odd order does not have nontrivial irreducible
self-dual representations, we see that

(81) Iost@) < Y 98s),

|G| <2880
|G| even

where the sum on the right-hand side runs over a set of representatives for the

distinct isomorphism classes of groups of even order < 2880. Applying Proposition
30 with p = 2, we obtain:

Proposition 35. Fiz vy < 1/240. If the weak form of Malle’s conjecture holds then
I3 (z) < 2777,
where the implied constant depends on .

Using the proposition together with (76) and (80) on the right-hand side of (2),
we obtain the conditional bound 19(3‘%3(93) = O(z%77) for every v < 1/240. Since
198?3(@ > (xlogz)? by Theorem 1, we conclude under Malle’s conjecture that
lim, 0 934 (2)/9(z) = 0 for F = Q and n = 3.

13. APPENDIX: PROOF OF PROPOSITIONS 10, 11, AND 12
We shall prove the propositions in reverse order.

Proof of Proposition 12. (a) The irreducibility of p follows from Mackey’s criterion,
because the assumption that y has order > 3 means that y # x~! and hence that
x # x9 for g € G~ H. The self-duality of p follows from the calculation

p = (indfix)" = indfjx ! = indfx? = p.
Finally, induction preserves faithfulness.

(b) A straightforward calculation shows that if ¢ € G~ H and h € H then
tran% (h) = hghg~'. Consequently x o tranG|H = xx?, whence x9 = x ! if and
only if y o trang|H = 1. Since signg and 1 are precisely the characters of G trivial
on H we obtain the first half of (b). Now an irreducible self-dual representation is
either orthogonal or symplectic, and we have just observed that if x9 = x ! then
X o tran, is either 1 or sign$. Thus to prove the second half of (b) it suffices to
see that x o trang = signf] if and only if p is symplectic, or equivalently (since
Spy(C) = SLy(C)) if and only if det p = 1. We now appeal to the formula for the
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determinant of an induced representation (cf. [13] or [10], p. 508, Proposition 1.2),
which takes the form det p = (sign%)(x o tran$) in the case at hand. O

Proof of Proposition 11. Since p is monomial, there exists a subgroup H of index
two in G and a one-dimensional character y of H such that p is induced by x. Since
p is irreducible, x # x? for ¢ € G~ H, and p|H = x ® x?. Thus by Frobenius
reciprocity x and x9 are precisely the two characters of H inducing p. But p is
self-dual, so x~! also induces p. Hence either ' = x9 and y is of order > 3 or
else x~! = x and y is quadratic. In the latter case p is realizable over R, hence
orthogonal. Viewing G as a subgroup of Os(R), we can replace H by SO3(R) NG
to get a cyclic subgroup of index two in G. On the other hand, if y~' = ¥ then
p|H = x @ x~t. Since p is faithful, so is x, whence H is cyclic.

Thus G has a cyclic subgroup of index two. If H is any such subgroup then
p|H = x & x’ with one-dimensional characters x and x’ of H, and x # x’ because
p is irreducible (if H is central then G is abelian). The irreducibility also gives
X = x? for g € G\ H, whence p = indgx. We are now in the situation of the
previous paragraph, but this time H is cyclic and so has at most one quadratic
character. Thus if y is quadratic then x¥, which is consequently also quadratic,
coincides with y, a contradiction. Hence x has order > 3 and x~!, which induces
p and thus coincides with one of x and ¥, coincides with x9. (I

Proof of Proposition 10. Applying Proposition 11 to the tautological representation
t: G — GLy(C), we see that t = indgx for some cyclic subgroup H of index two
in G and some character xy of H as in the proposition. Let a be a generator of H
and choose b € G~ H. Then x® = x ™!, and since y is faithful we get bab~! = a~!.
Also b € H as [G : H] = 2. If b = 1 then G & Dy, with m > 3. Otherwise b? is
a nontrivial element of the center of G, whence b? (= 1(b?)) is a scalar # 1 (Schur’s
lemma). Since ¢ is self-dual we get b*> = —1. But > € H, so H has even order.
Write |H| = 2m; then a™ = b? and G = Hy,,.
The second assertion of the proposition follows from Proposition 12, because
trang(b) =1 or —1 according as G = Dy, or Hyp,.
O

14. APPENDIX: PROOF OF THEOREM 3

As we have already remarked, it suffices to prove (12). View 1 + np2(z) as the
summatory function associated to the Dirichlet series

(82) D(s)= > dip

KeKk

where K is the set of extensions K of F' inside F with [K : F] < 2. We will show
that this series converges for $(s) > 1, that it extends to a meromorphic function
in the region R(s) > 1/2, and that it is holomorphic in the latter region except for
a simple pole at s = 1. The theorem will then follow from Proposition 1.

We begin by establishing a partition of I of the form

(83) K= U U U U K:a,b,c,r
be®B ceC reR(b) aeA(b,c,r)

with index sets B, C, R(b), and (b, ¢, r) still to be defined. In fact C is simply the
ideal class group of F', and B is the set consisting of all products of distinct prime
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ideals of F' above 2. Note that the empty product is by convAention Op, whence
Op € %B. To define R(b) for b € B we first introduce an ideal b of O determined
by b. Given any prime ideal p of Op, let e(p) be the ramification index of p over
Q. Then

(84) b= H p2e®)+1

p[2

ptb
Let C(b) be the wide ray class group of F to the modulus b, and let P(b) be the
subgroup consisting of all ray classes represented by principal fractional ideals. Also
write P([AJ)2 for the subgroup consisting of all squares of elements of P([;) We put

T(b) = C(b)/P(b)>
and
R(b) = P(b)/P(b)?,

and given a nonzero fractional ideal ¢ of F relatively prime to b, we let t(c) € T(b)
be the coset represented by the ray class of ¢ modulo b. Thus if ¢ is another
fractional ideal of F relatively prime to b, then t(c) = #(¢') if and only if ¢ = a/3%¢
for some «, € F'* relatively prime to b with a = 1 mod* b.

Before defining (b, ¢, ), we note that if ¢ and ¢’ are nonzero fractional ideals of
F relatively prime to b and belonging to the same ideal class ¢ then ¢(c2) = #((¢)?).
Indeed ¢ = ac for some with o € F* relatively prime to b, and t(a20p) = 1. We
define (b, ¢, ) to be the set of ideals a of Op which are products of distinct prime
ideals of F' of odd residue characteristic and satisfy

(85) t(abc?) = r

for some (hence any) fractional ideal ¢ € ¢ relatively prime to b.

We can now define the sets Kqp o0 Given a, b, ¢, and 7 as in (83), choose an
ideal ¢ € c relatively prime to b. We define Ka,p,c,r to be the set of extensions of F'
inside F of the form K = F(\/g), where § runs over all generators of the principal
fractional ideal abc?. Note that the set of such extensions is independent of the
choice of ¢ € c. If we fix a generator § of abc? then the other generators have the
form ué with u € OF, so the elements of K4, are the fields K(Vud) with u
running over a set of representatives for the distinct cosets of O 3% in Oy. Thus

(86) |Kaper| =277

In particular, Kq p . is finite.

Next we check that (83) holds. Given K € K, write K = F(v/9) with § € F*.
Let g be the product of the distinct prime ideals at which § has odd valuation.
Then 6OF = gc? for some fractional ideal ¢ of F. Let a be the product of the prime
ideals dividing g which are of odd residue characteristic and b the product of those
of residue characteristic 2. If p is a prime ideal dividing b then the valuation of &
at p is even, so after replacing § by o6 and ¢ by ac for an appropriate o € F* we
may assume that § and c¢ are relatively prime to b. Let ¢ be the ideal class of ¢ and
put 7 = t(00F). Then K € Kqp,c,r-

To see that (83) is actually a partition of I we must still check that the sets
Ka,b,c,r do not overlap nontrivially, or in other words that if K € Kg ., then
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(a,b,¢,7) can be recovered from K. In fact by (85) it suffices to see that (a,b,c)
can be recovered from K. Now K = F(V/§) with

(87) 50p = abc?

and ¢ € c relatively prime to b. Thus ab is the product of the distinct prime
ideals of K which occur in dg/p with odd multiplicity. In particular, ab is uniquely
determined by K. Since a is the product of the prime ideals dividing ab which have
odd residue characteristic it follows that a and b are uniquely determined by K as
well. As for ¢, if K = F(\/3') with & € F* then &' = o26 for some a € F*. If
we replace 0 by ¢ on the left-hand side of (87) then c¢ is replaced by ac, so ¢ is
unchanged.

Thus (83) is a partition. It follows that the Dirichlet series (82) can be written

(88) D=3 2 > > 2 dge

beDB ceC reR(b) acA(b,c,r) KELq b c,r
The innermost sum on the right-hand side is a finite Dirichlet series by (86), and
we claim that it has the form
(89) o dip = (Na)*®g,(s),

KeK:u,b,c,'r

where @y ,(s) is also a finite Dirichlet series and depends only on b and 7, not on
a and c. Granting this claim for the moment, we substitute (89) in (88), obtaining

(90) =22 D Puls) Y, (Ne)

beB ceC reR(b) ae%l(b,c,r)

Let us complete the proof of the theorem, granting the claim.

Let X (b) be the set of characters of T'(b). An element x € X (b) can be viewed as
a character of C(b) trivial on P(b)? and hence in particular as a ray class character
of F' to the modulus b. When x is so viewed it is in general imprimitive. However,
consider the equation

L(s, x) (1 —x(p)(Np)~*) -
(91) : =D _x(a)(Na)~=,
L(2s, x) g (1= x(p)(Np)~29) Za:
where a runs over all products of distinct prime ideals of F' of odd residue char-
acteristic. Since we have removed the Euler factors at all prime ideals dividing 2
and hence in particular at all prime ideals dividing b, the two sides of (91) are
unchanged if x is replaced by the corresponding primitive character. In particular,
the left-hand side is holomorphic for R(s) > 1/2 if x # 1 and meromorphic with a
simple pole at s = 1 and no other poles for ®(s) > 1/2 if x = 1. Furthermore, if
x = 1 then the residue at s = 1 is the quantity
AR Np

92 lp =
o BRSEe) lg 1+ Np’
where (r(s) is the Dedekind zeta function of F' and Ap its residue at s = 1. Of
course Ap can be given explicitly:

2r () (2m)r2(F) b Regp
wF\/dF ’

where Regp is the regulator of F'. It is immediate from (92) that [z > 0.

(93) Ap =
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We now return to (90) and consider the sum over a: the sum runs over a €
2A(b, ¢, ), whereas in (91), a runs over all products of distinct prime ideals of odd
residue characteristics. To bridge the difference we follow Dirichlet:

(90
) = ROl () 5 20 77 LX) Ne) )
o Z;Z;%) HOTN )Xe;b)X( T2 pr|[ (1= x(p)(Np) =)’

where X(r) is understood to mean X(g) for any nonzero fractional ideal g of F
relatively prime to b. Inspecting (94) and recalling the properties of Hecke L-
functions just reviewed, we find that D(s) is holomorphic in the region R(s) > 1/2
except for a simple pole at s = 1 with residue

K:thFZ% Z (bb}r(l).

beB reR(b)

Furthermore we have seen that [p > 0, and since the left-hand side of (86) is a
nonempty sum of terms of the form d . ., it is immediate from (86) that ®p (1) > 0
also. Hence k > 0, and an appeal to Proposition 1 completes the proof.

It remains to justify the claim. We have already deduced from (87) that if
K € Kq,p,c,r then ab is the product of the distinct prime ideals of K which occur in
0 r with odd multiplicity. Now it is a standard fact about quadratic extensions
that if p is a prime ideal of F' which occurs in 0/ with odd multiplicity then its
multiplicity is 1 or 2e(p) + 1 according as the residue characteristic of p is odd or 2.
Furthermore if p occurs in 0, p with positive even multiplicity then p|2. It follows
that if K € Kqp,cr then

(95) dK/F = (Na) . (H(Np)2e(p)+l) . (H(Np)”p (K))
plb plf,

with even integers v, (K) > 0 (in case b or b is O we follow the usual convention
that an empty product is 1). We would like to show that the finite Dirichlet series

(96) Upo(s)= > ([JNp)»@)-

KGKa,b,c,r plé

really does depend only on b and r, as the notation implies, for then the finite
Dirichlet series

(97) o, (5) = o (s) [ [(Np) =GP,
plb
will likewise depend only on b and 7, and (89) will be satisfied.

Given a prime ideal p of F' dividing 6, let F}, denote the completion of I at p,
and let K, denote the compositum K F) inside some fixed algebraic closure of Fj,
containing F. Then v,(K) depends only on K,. Thus it suffices to see that if K
varies over the elements of Kq p ., then the completions K, and the multiplicities
with which they occur depend only on b and r, not on a and c.

To verify this, suppose that ¢/ € C and that o’ € 2(b,c/,r). Choose ¢/ € ¢
relatively prime to b. Then (85) holds with a and ¢ replaced by a’ and ¢’. Let ¢’
be a fixed generator of the fractional ideal a’b(c’)?, and let & be a fixed generator
of the fractional ideal abc?, as in (87). Since

t(5OF) =Tr= t(d’OF),
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there exist elements «, 5 € F* | relatively prime to b and with @ = 1 mod* b, such
that

8 Op = afB?60p.
Thus
(98) 8 = upaf?

for some ug € OF. Thus the elements of Ko p . are the fields K’ = F(y/uugad),
where u runs over a set of representatives for the distinct cosets of (9;52 in OF.
Furthermore, if p|6 then « is a square in F},, because a = 1 mod* p2e(+1 Hence
the list of completions K| = F,(vuupad) coincides up to a permutation of the
coset representatives u with the list of completions K, = Fp(v/ud).
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