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ABSTRACT. Let p be an odd prime. Given an imaginary quadratic field K =
Q(v/=Df) where p splits with Dx > 3, and a p-ordinary newform f €
Sk(To(N)) such that N verifies the Heegner hypothesis relative to K, we
prove a p-adic Gross—Zagier formula for the critical slope p-stabilization of
f (assuming that it is non-6-critical). In the particular case when f = f4 is
the newform of weight 2 associated to an elliptic curve A that has good ordi-
nary reduction at p, this allows us to verify a conjecture of Perrin-Riou. The
p-adic Gross—Zagier formula we prove has applications also towards the Birch
and Swinnerton-Dyer formula for elliptic curves of analytic rank one.
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1. INTRODUCTION

Fix forever an odd prime p as well as embeddings ts : Q — C and lp Q— Qp.

Let N be an integer coprime to p. We let v, denote the valuation on Gp, normalized
so that v,(p) = 1.

Let f = Y ang™ € Sk(To(N)) be a newform of even weight & > 2 and level
n=1

N > 3. Let Ky := ¢ }(Q(- -+ ,an,---)) denote the Hecke field of f and P the prime
of Ky induced by the embedding ¢,,. Let £ denote an extension of Q, that contains
tp(K ). We shall assume that v,(ip(ap)) = 0, namely that f is P-ordinary. Let
@, B € Q denote the roots of the Hecke polynomial X2 — 1 !(a,)X + p*~! of f at
p. We assume that E is large enough to contain both ¢,(a) and ¢,(3). Since we
assume that f is P-ordinary, precisely one of ¢,(c) and ¢,(8) (say, without loss of
generality, ¢,(c)) is a p-adic unit. Then v,(¢,(8)) = k — 1. To ease our notation,
we will omit ¢, and ¢o, from our notation unless there is a danger of confusion.

The p-stabilization f* € Si(T'o(Np)) of f is called the ordinary stabilization and
1% is called the critical-slope p-stabilization. We shall assume throughout that f”
is not A-critical (in the sense of Definition 2.12 in [Bel12]).

Our main goal in the current article is to prove a p-adic Gross—Zagier formula for
the critical-slope p-stabilization f#. This is Theorem In the particular case
when f has weight 2 and it is associated to an elliptic curve A q, this result allows
us to prove a conjecture of Perrin-Riou. This is recorded below as Theorem [1.1.5}
it can be also translated into the statement of Theorem which is an explicit
construction of a point of infinite order in A(Q) in terms of the two p-adic L-
functions associated to fa (under the assumption that A has analytic rank one, of
course). As a by product of Theorem we may also deduce that at least one of
the two p-adic height pairings associated to A is non-degenerate. This fact yields
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the proof of the p-part of the Birch and Swinnerton-Dyer formuleﬂ for A; this is
Theorem [[L1.8 below.

Before we discuss these results in detail, we will introduce more notation. Let
S denote the set consisting of all rational primes dividing Np together with the
archimedean place. We let W, denote Deligne’s (cohomological) p-adic represen-
tation associated to f (so that the Hodge-Tate weights of Wy are (1 — k,0), with
the convention that the Hodge—Tate weight of the cyclotomic character is +1). Set
Vi = Wy(k/2); we call Vy the central critical twist of W;. Both W; and V; are
unramified outside S and they are crystalline at p.

Let Deris(Vy) denote the crystalline Dieudonné module and Djig(Vf) Fontaine’s
(étale) (¢, I'cyc)-module associated to Vi|c, . Welet Dy, Dg denote the eigenspaces

of Deyis(Vy) for the action of the crystalline Frobenius ¢; so that ¢|p, = pk/2

and ()O‘DB = pik/2ﬂ~

Let K = Q(v/—Dk) be an imaginary quadratic field and let H} (K, V) denote
the Bloch-Kato Selmer group associated to V. For each A € {a, 8} the submodule
Dy C Dqris(Vy) defines a canonical splitting of the Hodge filtration on Deyis(Vy),
namely that we have

(67

Dcris(vf) =D\® FﬂODcris(Vf)'

as E-vector spaces. Note that our assumption that f# is non-#-critical is necessary
to ensure this splitting when A = 8 (see [Bell2] Proposition 2.11(iv)]). We let

W% : Hf (K, Vi) x H{ (K,Vy) — E

denote the p-adic height pairing that Nekovar in [Nek93|] has associated to this
splitting.

Suppose that the prime p splits in K and write (p) = pp¢. Assume also that K
verifies the Heegner hypothesis relative to N. Let ex denote the quadratic Dirichlet
character associated to K/Q. The Heegner hypothesis ensures that ord,_ k L(f/k,s)

is odd and there exists a Heegner cycle zy € H} (K, Vy).

1.1. Results. Let Lg%b(f/K, s) be the p-adic L-function given as in 1D It is
the critical slope counterpart of Nekovai’s p-adic L-function associated to the p-
ordinary stabilization f¢. It follows from its interpolation property that Lg%b( [, 1) =
0. As its predecessors, our p-adic Gross—Zagier formula expresses the first derivative

of L?%b(f/K, s) in terms of the p-adic height of the Heegner cycle z;:

Theorem 1.1.1. Let f € Sg(To(N)) be a newform with N > 3. Suppose f is
p-ordinary with respect to the embedding i, and let B denote its critical-slope p-
stabilization (of slope v,(B8) = k —1). Assume also that f° is not 0-critical. Let
K = Q(v/—Dxk) be an imaginary quadratic field where the prime p splits and that
satisfies the Heegner hypothesis relative to N. Then,

4
d E_1 pNek ( L
— L5 (fr8)] _x = -2 K fkf).
ds ’ s=35 5 (4|DK|)§_1

1Under the additional hypothesis that A be semistable, this has been proved in [BBV16,
JSWIT, [Zhal4] using different techniques. We do not need to assume that A is semistable.
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This theorem is proved by appealing to the existence of p-adic families of finite
slope modular forms, which allows us, using the existence of a suitable two-variable
p-adic L—functiorﬂ and Theorem to reduce to the case of non-critical slope.
Such a non-critical slope result is precisely Theorem (p-adic Gross-Zagier
formula for non-ordinary eigenforms of arbitrary weight; which is work in progress
by Kobayashi [Kob19]). More precisely, Kobayashi’s method only establishes a p-
adic Gross—Zagier formula in the non-ordinary case for one of the two p-stabilization
of a given form (the one of smaller slope). However, this result is sufficient for our
method and moreover, our method not only yields the Gross—Zagier formula in the
case of critical slope, but also allows us to handle the case of the other non-ordinary
p-stabilization. See Theorem for an even more general statement.

1.1.1. Abelian varieties of GLa-type. We assume until the end of this introduc-
tion that f has weight 2. Let Ay/Q denote the abelian variety of GLa-type that
the Eichler-Shimura congruences associate to f. This means that there exists
an order Oy C K; and an embedding Oy — Endg(As). We shall assume that
ords=1L(f/q,1) = 1 and we choose K (relying on [BFH90]) in a way to ensure
that ords—1 L(f/x,1) = 1 as well. In this scenario, the element z; € HY(Q,Vy)
is obtained as the Kummer image of the f-isotypical component Py of a Heegner
pointE| P € Jy(N)(K). Here, Jy(N) is the Jacobian variety of the modular curve
Xo(N) and we endow it with the canonical principal polarization induced by the
intersection form on H'(X(N),Z). This equips Ay with a canonical polarization
as well.

We let (, >£(N) denote the Néron-Tate height pairing on the abelian variety
Jo(IN). Nekovai’s constructions in [Nek93] gives rise to a pair of F-equivariant
p-adic height pairings

WS (A5(Q) ®o, B) x (45(Q) ®o, E) — B
for each A = o, 8. We set
r ,1
c(f) =~ (f/(?\,) ) €K}
(Py, Pp)ss ™ 2miQf

where Q;{ is a choice of Shimura’s period. We note that K y-rationality of c(f) is
proved in [GZ86].

Corollary 1.1.2. In addition to the hypotheses of Theorem suppose that
k =2 and ords—1L(f/q,1) = 1. Then for Af, Py € Ay(Q) and c(f) € K} as in
the previous paragraph we have
2
L;),ﬁ(f/Qa 1) = (1 - 1/6) C(f) hg,er(Pf7Pf)
Remark 1.1.3. The version of Theorem above for the p-ordinary stabilization
f* is due to Perrin-Riou (when k = 2) and Nekovai (when k is general). The

version of Corollary concerning the p-adic L-function Ly, »(f/q,s) follows from
Perrin-Riou’s p-adic Gross—Zagier theorem.

2The construction of this p-adic L-function follows from the work of Loeffler [Loel7] and
LoefHler-Zerbes [LZ16].

3More precisely, P € Jo(N)(K) is given as the trace of a Heegner point y € Jo(N)(H ) which
is defined over the Hilbert class field Hg of K. Our restriction on the sign of the functional
equation (for the Hecke L-function of f) shows that that Py € Jo(IN)(Q) ® K.
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1.1.2. Elliptic curves. In this subsection, we will specialize to the case when Ky =
Q, so that A = Ay is an elliptic curve defined over Q of conductor N and analytic
rank one, with good ordinary reduction at p and without CM. We note that it
follows from [Eme04, Theorem 1.3] that f? is not f-critical.

We still assume that ord,—1L(f/q,1) = 1 and we choose K as in Section m
We assume that the mod p representation

Bt Go — Aute, (Alp]) > GLa(F,)

is absolutely irreducible. We fix a Weierstrass minimal model A,z of A and let
w4 denote the Néron differential normalized as in [PR95, §3.4] and is such that its
associated real period QX is positive. Set V' = T,,(A)®Q,, and we let weris € Deris(V)
denote the element that corresponds to w4 under the comparison isomorphism.
Extending scalars (to a sufficiently large extension E of Q,) if need be, we shall
denote by Dy, Dg C Deyis(V) the corresponding eigenspaces as before. Set weris =
Wq +wg with we € Dy and wg € Dg. We let

[, =] : Deris(V) X Deyis (V) — E

denote the canonical pairing (induced from the Weil pairing) and we set d4 :=
[ws,wa]/c(f). We let w* € Deyis(V)/Fil’Deyis(V) denote the unique element such
that [wa,w?%] = 1. We remark that Deyis(V)/Fil’Deyis(V) may be identified with
the tangent space of A(Q,) and the Bloch-Kato exponential map

expy ¢ Deis (V) /Fil’Desis (V) — H{ (Qp, V) = A(Q) ® Q,
with the exponential map for the p-adic Lie group A(Q,).

Theorem 1.1.4. Suppose A = Ay is in the previous paragraph (so k =2, Ky = Q
and py is absolutely irreducible). In addition to all the hypotheses of Theorem
assume that ords—1L(A)q,1) = 1. Then

expy (a& o (0= V)2 10 1)~ (1782 1 (e, 1>)>
18 a Q-rational point on the elliptic curve A of infinite order.

The theorem above asserts the validity of a conjecture of Perrin-Riou. We also
note that this theorem allows for the explicit computation of rational points on
elliptic curves. Indeed one can compute the expression appearing in Theorem |1.1.4
to very high p-adic accuracy by using the methods of [PS11] where algorithms
are given to compute the derivatives of both ordinary and critical slope p-adic L-
functions. Such computations should be compared to the analogous computations
in [KP0O7] in the non-ordinary case.

Theorem may be deduced from the next result we present (in a manner
identical to the argument in [Biiyl7, §2.3]), which compares the Bloch-Kato log-
arithms of two distinguished elements of the Bloch-Kato Selmer group H'(Q,V):
the Beilinson-Kato element BK; and the Heegner point P given as above, for
an appropriate choice of the imaginary quadratic field K. Notice that under our
running hypotheses

H{(Q.V)=AQ®Q,
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and it is a one dimensional Q,-vector space. Note that P; € A(Q) is a rational
point on A and as such, it is a genuinely algebraic object, whereas BK; € A(Q) ®
Q, is a transcendental object that relates to both p-adic L-functions. The proof
of Theorem boils down to setting up an explicit comparison between BKj
and Py. This is precisely the content of Theorem It was conjectured by
Perrin-Riou and was proved independently by Bertolini-Darmon—Venerucci in their
preprint [BDV19] (their approach is different from ours).

Theorem 1.1.5. Suppose A,q is an elliptic curve as in Theorem and let
P € A(Q) be a generator of the free part of its Mordell-Weil group. We have

log, (res,(BK1)) = —(1 = 1/a)(1 = 1/B) - ¢(f) - log (res,(P))*,
where log 4 stands for the coordinate of the Bloch-Kato logarithm associated to A
with respect to the basis (of the tangent space) dual to that given by the Néron
differential w 4.

One key result that we rely on establishing Theorem [I.1.5] is the following con-
sequence of our p-adic Gross—Zagier formula. We record it in Section [1.1.3] as we
believe that it is of independent interest; while we re-iterate that a proof of The-
orem is not written down explicitly in this article as it follows verbatim as
in [Biyl7].

1.1.3. p-adic heights on Abelian varieties of GLa-type and the conjecture of Birch
and Swinnerton-Dyer. Throughout this section, we still assume that f € So(To(V))
has weight two; but we no longer assume that K; = Q. We retain our hypothesis
that ords—1L(f/q,1) = 1 and we choose K as in Section In this situation,
it follows from the work of Gross—Zagier and Kolyvagin—-Logachev that the Tate-
Shafarevich group III(A;/Q) is finite and the Heegner point

P:= > Pp€A[Q

oKy —Q
generates Af(Q) ® Q as a K ¢-vector space.

Theorem 1.1.6. Suppose f = a,q™ € Sa(To(N)) is a newform with N > 3 and
such that

®* vp(p(ap)) =0,

e neither of the p-stabilizations of f is 0-critical,

e the residual representation py (associated to the PB-adic representation at-
tached to f) is absolutely irreducible,

L] ordszlL(f/Q, 1) =1.

Then either hg%‘ or hg%‘ is non-degenerate.

Remark 1.1.7. When Ky = Q and p is a prime of good supersingular reduction
for the elliptic curve A = Ay, a stronger form of Theorem was proved by
Kobayashi in [Kob13|]. Fortunately, this weaker version is good enough for applica-
tions towards the Birch and Swinnerton-Dyer conjecture we discuss below.

The final result we shall record in this introduction (Theorem below)
is a consequence of Theorem and Theorem towards the Birch and
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Swinnerton-Dyer conjecture for the abelian variety A;. Under the additional hy-
pothesis that Ky = Q and A be semistable, this has been proved in [BBV16}, . ISW17,
Zha14]E| using different techniques. Our results here allow us to adapt the proof of
[Kob13l Cor. 1.3]) to the current setting to obtain a much simpler proof of (the
p-part of) the Birch and Swinnerton-Dyer formula and eliminate the semistability
hypothesis in [JSW17].

Before we state our result, we define the O-equivariant L-function L(A;/Q, s)
(with values in K ® C) by setting
L(Af/Qa 5) = (L(fU/Qa 5))0'62 )

where ¥ = {0 : K; < Q}. For any {x;} C Af(Q) (resp. {y;} C A¥(Q)) that
induces a basis of A7(Q) ®z Q (resp. of A¥(Q) ® Q), the Néron-Tate regulator
Ro(Af/Q) on Af(Q) is given as

- det (i, y5) o)

el Q) Sz 47@ S 2]
We let Reg,, ,(Af/Q) denote the o-component of this regulator, given as in (14),
so that we have

Reg,o(47/Q) = [ [ Regu »(45/Q)

oex
(see Remark where we discuss this factorization). We may then write

R A%
Regoo. o (A/Q) - 2mi ],

to denote the algebraic part of the leading coefficient of the equivariant L-function
L(Af/Q,s) at s =1.

Theorem 1.1.8. Suppose f € S2(I'o(N)) is a newform as in Theorem [1.1.6, If
the Twasawa main conjecture holds true for each f/”Q, we have

[LI(Af/Q)| - Tam(Ay/Q)
‘Af(Q)tor| ' |A¥(Q)tor|

L*(Af/Q.1) = ( ) € K;©Q
oEXD

L*(Af/Q,1) € (OF®Zp)".

Here:
o Tam(A;/Q) =[x ce(As/Q) and ce(Ay/Q) is the Tamagawa factor at L.

o A;(Q)tor (resp. A}/(Q)tor) is the torsion subgroup of the Mordell-Weil group
of Ay (resp. of the dual abelian variety A}/)

Corollary 1.1.9. Suppose A;q is a non-CM elliptic curve with analytic rank one
and that

(MC1) A has good ordinary reduction at p,
(MC2) py is absolutely irreducible,
(MC3) one of the following two conditions hold:

4Besides the assumption that A be semistable, [Zhaldl Theorem 7.3] has additional assumption
that p is coprime to Tamagawa factors and [BBV16, Theorem A] requires p be non-anomalous
for A. In Section 5.6 of [BBV16|, the authors explain a strategy to weaken the semistability
hypothesis.
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(MC3.1) There exists a prime q||N such that p { ordq(A,) for a minimal dis-
criminant Aq of A at q.

(MC3.2) We have pa(Gq) D SL2(Z,) and there exists a real quadratic field F
verifying the conditions of [Wanl5, Theorem 4].

Then the p-part of the Birch and Swinnerton-Dyer formula for A holds true.

Remark 1.1.10. The Iwasawa main conjecture for f;’Q relates the characteristic ideal

of a Selmer group of the p-adic Galois representation 7' := lim A +(Q)[B%], where

Bo is the prime of Ky that is induced by the embedding ¢, 00 : Ky — Gp, to one
of the p-adic L-functions Ly x (f7q, s) (Where A7 := ¢y 0 0(A) for A = a or 8 and
where we have extended o to an embedding K ¢(«) < Q in an arbitrary manner).
Whether or not T is an ordinary Galois representation or not depends on whether
or not ¢, oo o 1 (ap) is a p-adic unit and therefore, the proof of the p-part of
Birch and Swinnerton-Dyer formula for a general GLs-type abelian variety requires
the Iwasawa main conjecture both for primes of good ordinary reduction and good
supersingular reduction. There has been great progress in this direction; c.f. the
works of Skinner-Urban and Wan.

When Ky = Q and p is a prime of good ordinary reduction for A = Ay, one
only needs the main conjectures for a good ordinary prime. This has been proved
in [SU14] and [Skil6l Theorem 2.5.2] (under the hypotheses (MC1), (MC2) and
(MC3.1)) and in [Wanl5] (under (MC1) and (MC3.2)).

We close this introduction with a brief overview of our strategy to prove The-
orem [1.1.1] We remark that the original approach of Perrin-Riou and Kobayashi
(which is an adaptation of the original argument of Gross and Zagier) cannot be
applied in our case of interest as there is no Rankin-Selberg construction of the
critical-slope p-adic L-functions Lp(fo, s) and Lp(ffQ ®e€k,Ss). The main idea is to
prove a version of the asserted identity in p-adic families. That is to say, we shall
choose a Coleman family f through the p-stabilized eigenform f# (over an affinoid
domain &) and we shall consider the following objects that come associated to f:

e A two-variable p-adic L-function Ly (£, s). The construction is essentially
due to Loeffler (and it compares to that due to Bellaiche); we recall its
defining properties in Section [4] below. One subtle point is that this p-
adic L-function does notﬂ interpolate LE%(f,k,5), but rather an explicit
multiple of it. This extra (non-interpolatable) p-adic multiplier is essentially
the p-adic interpolation factor for the adjoint p-adic L-function attached to
f8. Crucially, the same factor also appears in the height side.

e An &/-adic height pairing he x that interpolates Nekovai’s p-adic height
pairings for the members of the Coleman family, in the sense that the
diagram below (located just before the start of Section commutes.

It is important to compare the “correction factor”ﬁthat appears on the right

5In fact, it could not: See Remark below where we explain that Lg%b(f/K, s) does not

vary continuously as f# varies in families.
6This factor appears as the ratio of the two Poincaré duality pairings on the the f-direct
summand summands of two modular curves of respective levels I'g(N) and I'o(N) NT'1(p). See
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most vertical arrow in the lower right square to the non-interpolatable p-
adic multiplier mentioned in the previous paragraph. The construction of
the o-adic height pairing is due to Benois and it is recalled in Section [3.3
below.

e A “universal” Heegner point Z¢ that interpolates the Heegner cycles as-
sociated to the central critical twists of the members of the family f. The
construction of this class is one of the main ingredients here and it is carried
out in [JLZ19, BL19].

Relying on the density of non-critical-slope crystalline points in the family f and a
p-adic Gross—Zagier formula for these members (recorded in Theorem which
is Kobayashi’s work in progress), one may easily deduce an «7-adic Gross—Zagier
formulaﬂ for L,(f / K, S), expressing its derivative with respect to the cyclotomic
variable as the &/-adic height of the universal Heegner cycle (see Theorem
below). The proof of Theorem 1.1.1]follows, on specializing this statement to weight
k.

Let g =3, _; an(g)q™ € S2,(I'o(N)) be a normalized eigenform. We let a,b € Q
denote the roots of its Hecke polynomial X2 — a,(g)X + p*>"~! at p. Suppose that
vp(tp(ap(g))) > 0 and assume that

0 < wp(tp(b) < vp(epla))-

Let g® € So,(I'o(Np)) denote the p-stabilization corresponding to the Hecke root b.
Kobayashi’s forthcoming result (Theorembelow) proves a p-adic Gross—Zagier
formula for the p-stabilization g® alone. This is sufficient for our purposes; moreover,
the method we present here (without any modification whatsoever) allows one to
deduce the following p-adic Gross—Zagier formula at every non-@-critical point x
on the eigencurve of tame level N, that admits a neighborhood with a dense set
of crystalline classical points (e.g., any crystalline non-6-critical classical point x
verifies this property).

Theorem 1.1.11. Suppose x is any non-0-critical point of weight w on the eigen-
curve of tame level N > 3, that admits a neighborhood with a dense set of crys-
talline classical points. Set L,(x,s) = L?S(F,m,s)h, where F is any Coleman
family over a sufficiently small neighborhood of x and finally L?S(F, K,S) 18 as in

Definition[{.1.} Then,

d

%Lp(xv S)|S:% = H%K(gfw Qfl) .
Here, H, i is the specialization of the height pairing Hy x (given as in Defini-
tion to x and likewise, %, is the specialization of the universal Heegner
cycle ¥ to x. In particular, if f € Sp(To(N)) is a classical newform and X is a
p-eigenvalue on Deyis(Vy) such that f* is non--critical, then

. 4
<1 B pg”) W% (25, 21)

d (o)
*LK,\b(f/K,S)L:% =

ds P A (4| Dg|)s 1

Proposition [3.4.5] where we make this discussion precise. We are grateful to D. Loeffler for ex-
plaining this to us.
"See also [Dis19] where a similar formula for slope-zero families was proved independently.
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2. NOTATION AND SET UP

For any field L, we let L denote a fixed separable closure and let G, :== Gal(L/L)
denote its Galois group.

For each prime A of a number field F', we fix a decomposition group at A and
identify it with G := GF,. We denote by Iy C G, the inertia subgroup. In the
main body of our article, we will only work with the case when FF = Qor F = K
(the imaginary quadratic field we have fixed above). For any finite set of places S
of F; we denote by Fg the maximal extension of F' unramified outside S and set
GF,S = Gal(FS/F).

~

We set C, := Q,, the p-adic completion of ép. We fix embeddings to, : Q < C
and ¢, : Q— C,. When the prime p is assumed to split in the imaginary quadratic
field K, we let p denote the prime of K corresponding to the embedding ¢,,.

We denote by v, : C, — RU {400} the p-adic valuation on C, which is normal-
ized by the requirement that v,(p) = 1. Set |z[, = p~v»(®).

We fix a system € = ((pn)n>1 of primitive p™th roots of the unity in Q such that
(gnﬂ = (pn for all n. We set T'¢yc = Gal(Q({p~)/Q) and denote by

. ~ X
chc . Fcyc — Zp

the cyclotomic character. The group I'.y. factors canonically as I'cyc = A X I" where
A = Gal(Q({p)/Q) and I' = Gal(Q(p=)/Q((p)). We let w denote the Teichmiiller
character (that factors through A) and set (Xcye) = w ™ xeye. We let A := Z,[[T7]].
We write A* to denote the free A-module of rank one, on which Gq acts via

Go—»T - T < A®

Loy oyt

By slight abuse, we denote all the objects (T'eyc, Xeye, A, ', w, A and ¢) introduced
in the previous paragraph but defined over the base field Q, (in place of Q) with
the same set of symbols.
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For any a topological group G and a module M that is equipped with a contin-
uous G-action, we shall write C*(G, M) for the complex of continuous cochains of
G with coefficients in M.

Let S be a finite set of places of Q that contains p and prime at infinity. If V is
a p-adic representation of Gig s with coefficients in an affinoid algebra A, we shall
denote by DIigA(V) the (¢, eye)-module associated to the restriction of V' to the
decomposition group at p.

Let ¥ denote the set of rational primes that divides Np, together with the
archimedean place. We denote the set of places of K above those in ¥ also by 3.

For our fixed imaginary quadratic field K, we let O denote the maximal order of
K. For any positive integer ¢, let O, := Z + cO denote the order of conductor ¢ in
K and let H. denote the ring class field of K of O.. Write Hc(Np ) for the maximal
extension of H, outside Np and &, := Gal(Hc(Np)/Hc). Fix a positive integer ¢
coprime to N. We also set Leps := Heps (fps)-

For any eigenform g, we shall write ¢ in place of ¢ ® ex for its twist by the
quadratic character associated to K/Q.

For each non-negative real number h, we let D, denote the Q,-vector space of
h-tempered distributions on Z,, and set Do, := UpDy,. We also let D denote the A-
algebra of Q,-valued locally analytic distributions on Z,. The natural map D}, — D
is an injection (for every h) since locally analytic functions are dense in the space
of continuous functions.

We let %, denote the Q,-algebra of analytic functions on the open unit ball. In
explicit terms,

Ry = {Z cn XM 7}1_>Holo |cn]ps™ = 0 for every s € [0, 1)} .
n=0

According to [PR94, Proposition 1.2.7], the algebra D is naturally isomorphic via
the Amice transform to %, .

On fixing a topological generator y of I' (which in turn fixes isomorphisms I' = Z,
and A = Z,[[X]]), we may define the Q,-algebras

Dip(T) C Do (') € D(T)
of distributions on I'. We also set

H={f(y=1): feZ} C QI

(so that # = Zy viay — 1+ X). For H = Y ° jc,(H)(y — 1)" € 2,

= Denr1 (H
we shall set H' := Z W
08, Xeye (Y

n=0

c1(H) /log, Xeye(7) does not depend on the choice of 7.

(v —1)" € 7. Notice then that 1(H') =

We shall equip D, (T") (0 < h < 00) and S with a A-module and Galois module
structure via the compositum of the maps

Amice

A= All/p]| = Dy(T") = D) — .
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We set Ay = A4 given a Qp-affinoid &7. We let S := 5 @5 A* and
similarly define J2,.

2.1. Modular curves, Hecke correspondences and the weight space. For
each non-negative integer s € Z>9, we let Y; denote the affine modular curve of
level To(N)NT(p*). It parametrizes triples (E, C, w) where F is an elliptic curve,
C is a cyclic group of E of order N and w is a point of order p°*. We let X denote
its compactification and Js := Jac(X5).

For each s, we let $5 C End(Js) denote Z,-the algebra generated by all Hecke
operators {7y} ¢ np together with {Up} ¢ n, and the diamond operators {(m) : m €
(Z/p°2)*}.

We set Ayt 1= Zp[[Z)]]. For z € Z), we let [2] € Ay denote the group-like
element. The Hecke algebra £); comes equipped with a Ay¢-module structure via
[2] — (z). We let my denote the maximal ideal of £, that is determined by the
residual representation p, associated to our fixed eigenform f. When there is no
risk of confusion, we shall abbreviate m := m;,.

Following [How07], we define the critical weight character © : T'gyc — Ayt (cen-
tered at weight k) by setting

0(0) := w* 71(0)[(Xeye) V2 (0)]

for 0 € T'¢ye, where w : T'eye — Z is the Teichmiiller character. We let Alvt denote

Ayt as a module over itself, but allowing Gq act via the character ©~!. Let £ € AL
denote the element that corresponds to 1 € Ay.

For any $);-module M on which Gg acts, we shall write
M= Moy, AL,

which we equip with the diagonal Gg-action. Here the tensor product is over Ay
and its action on M is given via the morphism Ay; — 95 (the diamond action).

2.2. The Coleman family (f, ). We fix an isomorphism e;_oAy = Z,[[w]] and
let # := Sp Z,[[w]] denote the weight space and let U = B(k,p~") C # denote the
closed disk about k of radius p~" for some positive integer . We let O(U) denote
the ring of analytic functions on the affinoid U; the ring O(U) is isomorphic to the
Tate algebra o = E ({(w/p")) .

For each k € k + p"~'Z,,, we shall denote by v, the morphism

Ve o — E
wr—s (1+p)F—1.

Consider the sequence I = {k € Z>5 | k =k (mod (p—1)p"~')} of integers and
let

£= Y a.q" € olg]
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denote a p-adic family of cuspidal eigenforms passing through f?, in the sense of
Coleman [Col97]. This means that for every point x € I, the formal expression

f(:“&) = Zdjn (an)qn

is the g-expansion of a cuspidal eigenform of level I'o(Np) and weight k, with the
additional property that f(k) = f. Let us denote by = a,, for the Up-eigenvalue
for its action on f, so that we have (k) = 8. By shrinking the closed ball U if
necessary and using [Col97, Corollary B5.7.1], we may (and we will henceforth)
assume that f is a family of constant slope k — 1 (in particular, f specialises to a
classical form of weight w and slope k — 1 at any integer weight w > k lying in U).

Let Wt denote the big Galois representation associated to the family f with

coefficients in &7 = O(U). We define its twist V; := We Q4 Al,. We recall that
Wt comes equipped with a Ay¢-module structure via the diamond action. Note
then that V¢ is self-dual in the sense that we have a Gg s-equivariant symplectic
pairing (that we denote by (, )np)

(1) ()pee = Vex Ve — (1)

3. SELMER COMPLEXES AND p-ADIC HEIGHTS IN FAMILIES

3.1. Cohomology of (¢,T'cyc)-modules. In this subsection, we shall review the
cohomology of (¢, cyc)-modules. Fix a topological generator v of I'. Recall that
o/ stands for the affinoid algebra over E and R, for the relative Robba ring over
o/ . For any (¢, T'cyc)-module D over R, consider the Fontaine-Herr complex

. . pA d A A d A
C%W(D) : D % D2 @D~ =5 DA,

whete do(z) = (o — 1)(x), (v — 1)z) and di(y,2) = (v — 1)(y) — (¢ — 1)(2) (for
further details and properties, see [Her98, [Liu08, [KPX14]). We define

H'(D) := H'(C?,_ (D).

It follows from [Liu08, Theorem 0.2] and [KPX14, Theorem 4.4.2] that H*(D) is a
finitely generated «/-module for i = 0,1, 2.

In the particular case when D = Dzig’ o (Vp), it follows by [Liu08, Theorem 0.1]
and [Pot13, Theorem 2.8]) that there exist canonical (up to the choice of v) and
functorial isomorphisms

(2) H'(Df, (Vo) =~ H'(Q,, V).

for each i. The following proposition is due to Benois [Benl4, Proposition 2.4.2]
and refines the isomorphism . Set

K3 (Vg) := Tot (O. <Gp, Ve @ giig,gf) et (Gpvvf(g’d giig,%)) )

where B!

tig, oz 18 the ring of p-adic periods introduced by Berger in [Ber02].
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Proposition 3.1.1 (Benois). We have a diagram

Ky (Ve
3
!

where the maps n and & are both quasi-isomorphisms.

C*(Gp, Vi)

C3 .~ (Dyig(Ve))

3.2. Selmer complexes.

3.2.1. Local conditions at primes above p. A result of Liu [Liu08, Theorem 0.3.4]
shows that the (¢, I'cyc)-module DIi o,z (Ve) admits a triangulation over /. In more

precise terms, the module Diig (V) sits in an exact sequence
(3) 0—D *}Diig’d(‘/f)ﬁﬁ — 0,

where both D and D are (¢, Teye)-modules of rank 1.

Recall that we have assumed p = pp°© splits, so that K, = Q, for each q € {p,p°}.
We define U (Vy,D ) := C¢ (D ). On composing the quasi-isomorphism 7 of
Proposition with the canonical morphism U, (V4,D ) — C3 (Dilg »(V)), we
obtain a map

ig : Ud (VD) — K3(Ve)

where K;(Vf) := Tot (C (Gq, Vi Qg Brlg d) 7 o (GC|7 Vi Qo Ei@,g{)) as above.

3.2.2. Local conditions away from p. For each non-archimedean prime A € X\
{p,p¢} of K, we define the complex

Fry—1

UL (V)= V> == V>,

which is concentrated in degrees 0 and 1 and where Fr) denotes the geometric
Frobenius. We define
i\ 2 UY (Vi) — C*(Ga, V)
by setting
iy (z) =2 in degree 0,
if (z)(Fry) = in degree 1.
In order to have a uniform notation for all primes in ¥ we set K3 (Vg) := C*(Gax, Vf)

and Uy (Vg,D ) := Uy (Vg) for a non-archimedean prime A € ¥\ {p,p}. Since we
assume p > 2, we may safely ignore the archimedean places.
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3.2.3. The Selmer complex. We define the complexes K (Vs) := @ K3 (V;) and
AES

Us(Vg,D ) = )\G}EU;(VE, D ). Observe that we have a diagram
€

ress

C*(Gkx, Ve) — K3(Vp)
Us; (Ve,D ),
N

where i5; = (i] ) ex and resy; denotes the localization map.

Definition 3.2.1. The Selmer complex associated to these data is defined as
K20 1]

Definition 3.2.2. We denote by RI'(Vg,, ,D ) the class of S*(Vg,, ,D ) in the
derived category of </ -modules and denote by

H'(V,,,D ):=RT(%,,,D ).

resgfi;

S (Ve

/K7

D ) = cone (C*(Gres, W) 0 UL (V2D )

its cohomology.

3.3. o/-adic cyclotomic height pairings. We provide in this section an overview
of the construction of p-adic heights for p-adic representations over the affinoid
algebra o7, following [Benl4]. We retain our previous notation and conventions.

Let Jg denote the kernel of the augmentation map
HRA = Ry — A

which is induced by v +— 1. Note that Jo = (y — 1)%Z4 o and J/J?, ~ o as
&7/-modules. The exact sequence

0 Vi®Jo/Joy — Vi@ Ry o/ Joy — Ve — 0

and the functorial behaviour of Selmer complexes under base change induces the
Bockstein morphism

Bvip ROV, D) — RI(V;,,,D)[l] @ Jor /T
Definition 3.3.1. The p-adic height pairing associated to the Coleman family (£, )
is defined as the morphism

Ao ®id

b, : RI(Vs,,D )&k RI(V;, D)
(Rr(vg

/K7

D)@ Jur/J% ) @ RI(Ve,,.D ) = Jur /T3 [-2]
where U s the cup-product pairing

RI(V;,,,D ) ®% RI(V;, D ) — o/[-3]
which is induced from the G s -equivariant symplectic pairing (, ) npe of .

In the level of cohomology, h¢ induces a pairing

by s H'(Ve, D ) @ H'(Ve, D) — Jur /T2
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o . . . .. 1,1 . .
Proposition 3.3.2. The &/ -adic height pairing by~ is symmetric.

Proof. This is a direct consequence of [Benl4, Theorem I] and the fact that the
pairing (, ) np is symplectic. O

The map v — 1 (mod J%) — log Xcyc(7) induces an isomorphism
Ocye : Jog | T2 — o .
We define the ./-valued height pairing b x by setting

1,1
hf,K = 8cyc o hf’ .

3.4. Specializations and comparison with Nekovai’s heights. Shrinking U
if necessary, we shall assume that 2k ¢ I. Throughout this subsection, we fix an
integer k € I with k > k and set

g:=1f(k) € S.(To(Np)) and b= (k).

The Galois representation V¢ ®. 4, E is the central-critical twist V; of Deligne’s
representation W associated to the cuspidal eigenform g.

Lemma 3.4.1. The eigenform g is non-0-critical and old at p.

Proof. If k > k, the eigenform for ¢ is not critical since in this case we have
vp(b) =k —1 <k —1. If k =k, then g = f? is non-6-critical by assumption.

If g were new at p, we would have k — 1 = v,(b) = /2 — 1 and thus k = 2k,
contradicting the choice of I. [l

Corollary 3.4.2. The Galois representation Vy is crystalline at p.

Definition 3.4.3. We let g, € S.(T'o(N)) denote the newform such that g = g% is
the p-stabilization of go.

Consider the Bloch-Kato Selmer group H{(K,V,). It comes equipped with
Nekovai’s p-adic height pairing

hy s+ HE (K, Vy) ® HE (K,V,) — E.
The height pairing hj 5§ is associated to the Hodge-splitting
Desis(Vy) = Dy @ Fil’Deyis (V)
together with the symplectic pairing
(,)v : Va0V, — E(1)

that is induced from the Poincaré duality for the étale cohomology of the modular
curve Xo(N), where V, =V, appears as a direct summand.

Our goal in this subsection is to compare these objects to those obtained by
specializing the o/-adic objects we have defined in the previous section.

Definition 3.4.4.

i) We let Wi, denote the Atkin-Leher operator of level Np and let (, )N, denote the
Poincaré duality pairing on the cohomology of the modular curve of level To(N) N

Li(p)-
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ii) Realizing V, as the g-isotypical (with respect to the Hecke operators Ty for {4 Np
and operators Uy for £ | Np) direct summand in the cohomology of the modular
curve of level T'o(N) NI (p), we define

<7 >3\/p : ‘/9®V9 —)E(l)
by setting

(,9)np = (2, WNp Y) Np
and refer to it as the p-stabilized Poincaré duality pairing on V.

iit) We let
Pr;:V, =V,

denote the natural isomorphism appearing in [KLZ1T, Proposition 10.1.1/1]E|. Here
Vy on the left is the g-isotypical direct summand in the cohomology of Xo(N) (with
respect to the Hecke operators Ty for £+ N and operators Uy for £ | N), whereas Vj
on the right is the g-isotypical direct summand in the cohomology of the modular

curve of level To(N)NT1(p) (with respect to the Hecke operators Ty for £4 Np and
operators Uy for | Np).

We are grateful to D. Loefller for bringing the following observation to our at-
tention.
Proposition 3.4.5.
1) <wn T,y y>le = wn o <$7y>Np°°

ii) We have
(Pryz, Pry y)ny, = bAn(90) E(9)E7(9) (x, y)

where An(go) is the Atkin-Lehner pseudo-eigenvalue of go, £(g) = (1 — pzz ) and

—1

£ (g) = (1—1";2 )

Proof. The first assertion is well-known; c.f. Proposition 4.4.8 and Theorem 4.6.6
of [LZ16]. For the second, we note that

<PI‘Z z, PI‘Z y);\fp = <PTZ z, WNP PI‘Z y>NP
= (z, (Pry)« Wrp Pryy)n
=bAn(90) E(9)E™(9) (z,y) N

where the first and second equalities follows from definitions, whereas the third is
a consequence of the discussion in the final paragraph of the proof of Proposition
10.1.1 of [KLZI7T). O

Since the ¢ is non-6-critical (Lemma [3.4.1]), the triangulation gives rise to a
saturated triangulation

T

0 —> Dy — Dy, (V) — Dy — 0

of the (p,Icyc)-module Dlig
[N)b =D ®u .y, L. With this data at hand, one may proceed precisely as in
Section to define a Selmer complex S*(V, ., Dyp) in the category of E-vector

(V) by base change, where D := D Qg 4, E and

8This map would have been denoted by (Pr’)* in op. cit.
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spaces. We let RT'(V

: 9/K>
gory and H*(V, K D) denote its cohomology.

D) denote the corresponding object in the derived cate-

The general formalism to construct p-adic heights we outlined in Section [3.3
(where we utilize the symplectic pairing

<7>§Vp : VQ®VQ—>E(1)

given in Definition to determine an isomorphism V;*(1) = V;) also equips us
with an E-valued height pairing

bowx : H(V,

9/K>

Dy) ® H'(V,

g/Kan) — k.

Lemma 3.4.6.
i) We have a natural morphism (which we shall denote by ., by slight abuse)
bt H'(Ve, D) Ousy, E—H'(V,,..Dy)
of E-vector spaces, which is an isomorphism for all but finitely many choices of g.
ii) The following diagram commutes:

be K

Hl(Vf/K’D) S Hl(Vf D)4>°Q{
wh",

/K

wﬂl wN\L
H'Y(Vy, D) ®p H'(V,,Dy) ———E

97K bg.b, K

Proof. Let p, := ker(1),;) be the prime of &7 corresponding to g. Notice then that
Hl(‘/f/[{’ D ) ®»‘Z{;wn E = Hl(‘/f/[{’ D )/pﬁHl(‘/f/K’ D )

and the general base change principles for Selmer complexes (c.f. [PotI3 Section
1]) shows that the sequence

0— H'(Ve,,,D )/puH"(Vi,,..D ) — H'(V,

9/K?

Dy) — H*(Ve,,.D ]

of E-vector spaces is exact. The first assertion now follows. The second follows
easily from definitions. O

Proposition 3.4.7. There is a natural isomorphism

H*(V,,.,Dy) — H{ (K, V).

9/K>

Moreover, the height pairing by p Kk coincides with th%/b An(90) E(9)E*(g).

Proof. The proof of the first assertion reduces to [Benl4l Theorem III] once we
verify

(i) DcriS(Vq)¢=1 =0,

(ii) H(Dy) = 0.
Assume first & # k (so that g # f?). Let g, be as in Definition The roots of

the Hecke polynomial for g, at p could not be the pair {1,p*~!}, as otherwise we
would have k£ — 1 = v,(b) = k — 1. This verifies both conditions in this case.
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When v = k and ¢ = f?, both conditions follow as a consequence of the
Ramanujan-Petersson conjecture for f (as proved by Deligne), according to which
the roots of the Hecke polynomial of f at p could not be the pair {1,p*~1}.

The assertion concerning the comparison of two p-adic heights follows from
[Benl4, Theorem 11] together with Proposition [3.4.5] (We find it instructive to
compare Benois’ result to [Nek06, Theorem 11.4.6] in the ordinary case.) O

The following commutative diagram summarizes the discussion in this subsec-

tion:
be K
(4) Hl(Vf/K,D ) Qu Hl(Vf/K,D )—>M
o o l
Hl(Vg/K’Db) QF Hl(Vg/K’ WE
ZTPrZ :TPrb lbx\w(go ) E(9)E™(9)

H}(K,Vg) RF Hf (K,Vy) ———F

hNek

3.5. Universal Heegner points. In this subsection, we shall introduce elements
in the Selmer groups on which we shall calculate the .27-adic height b k.

3.5.1. Heegner cycles. We recall the definition of Heegner cycles on Kuga-Sato va-
rieties, following the discussion in [Nek95]. Recall that we have fixed an imaginary
quadratic field K such that all primes dividing the tame level Np splits completely
in K/Q. Let g € Sx(T'o(N)) be a cuspidal eigenform of weight x > 2.

Let Y(N) denote the modular curve over Q which is the moduli of elliptic curves
with full level N structure and we let j : Y(N) — X(N) denote its non-singular
compactification. Since we assume N > 3, there is a universal generalized elliptic
curve E — X (N) that restricts to the universal elliptic curve f: E — Y (N). The
(k — 2)-fold fibre product of E with itself over Y (V) has a canonical non-singular
compactification W described in detail in [Del71l, [Sch90]. We have natural maps

(5) HG ' (W xqQ,Qp)(r/2) = Hi(X(N) xq Q,juSym" (R £.Qp))(k/2) — V.

Scholl defines a projector € (where his w corresponds to our x — 2) and proves that
there is a canonical isomorphism

HE(X(N) xqQ,ixSym"™ (R £.Qp)) — eH ' (W xqQ,Qp).
We finally define

B = {( - }/{ﬂ} C GLy(Z/NZ)/{+1}

and the idempotent eg = é >_gez 9 (which acts on the modular curves Y (V)

and X(N)).

Definition 3.5.1. We let M be an ideal of O such that O/MN = Z/NZ. For an
arbitrarily chosen ideal A C O, consider the isogeny C/A — C/AN™L. It represents
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the Heegner point y = ya4 on Yo(N)(C). It is defined over the Hilbert class field H
of K.

Choose any point § € Y(NN) xq H over the Heegner point y (viewed as a closed
point of Y5(N) xq H). The fiber Ey is a CM elliptic curve defined over H whose
endomorphism ring is isomorphic to O. We let

Fm C Eg X Eg
denote the graph of VD € O (fix any one of the two square-roots)
Definition 3.5.2. We let
Y= pcxxT p-CEpx- - xEz=(WxqH)y

k/2—1 times k—2 times

and call the cycle (with rational coefficients) that is represented by ezeY inside of

£zeCHY 2(W xq H)o ® Q (which we also denote by the same symbol ezeY ) the
Heegner cycle.

The cohomology class of €Y in HE (W xq Q,Q,)(k/2) vanishes, so that one may
apply the Abel-Jacobi map

AJ: CHY*(W xq H)o ® Q — H'(H, HE (W xqQ,Q,)(k/2))
on the Heegner cycle e <Y .

Definition 3.5.3. We let AJ, : CH*?(W xq H)o ® Q — H'(H,V,) denote the
compositum of the map with the Abel-Jacobi map and define the Heegner cycle

zg 1= corg i (AJg(ecY)) € HY(K, V).

Since p t N, all X(N), Xo(N) and W have good reduction at p and it follows
from [Nek00, Theorem 3.1(i)] that

zy € HY (K, V,).

3.5.2. Heegner cycles in Coleman families. For a classical weight x € I and v, as
in Section we let f(k)° € S, (To(N)) denote the newform whose p-stabilization
(with respect to (k)) is the eigenform f(x).

The following result (construction of a big Heegner point along the Coleman
family f) is [BL19, Proposition 4.15(iii)] and [JLZ19L Theorem 5.4.1].

Theorem 3.5.4 (Biiyiikkboduk—Lei, Jetchev—Loeffler—Zerbes). There exists a unique
class 2t € Hl(Vf/K, D ) that is characterized by the requirement that for any k € T
we have

0o (2 =zt 2D (12

where ug = |0%]/2 and —Dk is the discriminant of K.

51

2
) 2i(w)e € Hy (K, Vi),

Remark 3.5.5. Jetchev—Loeffler—Zerbes in [JLZI9| rely on the overconvergent étale
cohomology of Andreatta—lovita—Stevens. The construction of “universal” Heeg-
ner cycles in [BLI9] exploits the p-adic construction of rational points, a theme
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first observed by Rubin [Rub92], and dwells on the formula of Bertolini-Darmon—
Prasanna which relates the Bloch—Kato logarithms of these cycles to appropriate
Rankin—Selberg p-adic L-values. In [BPS19], we will give another construction of
“universal” Heegner cycles in the context of Emerton’s completed cohomology (on
realizing the family f on Emerton’s eigensurface).

4. p-ADIC L-FUNCTIONS OVER THE IMAGINARY QUADRATIC FIELD K

We introduce the needed p-adic L-functions for the arguments in this paper.
We first discuss a Rankin-Selberg p-adic L-function defined over our imaginary
quadratic field K. We then compare this p-adic L-function to a naive product of
p-adic L-functions defined over Q.

4.1. Ranking-Selberg p-adic L-functions. Loeffler and Zerbes in [LZ16] have

constructed p-adic L-functions (in 3-variables) associated to families of semi-ordinary
Rankin-Selberg products f; ® fo of eigenforms, where f; runs through a Coleman

family and f through a p-ordinary family. (See also [Loel7] where the correct

interpolation property is extended from all crystalline points to all critical points.)

We shall let fo vary in a (suitable branch of the) universal CM family associated to

K (which we shall recall below), and thus we may reinterpret this p-adic L-function

as a p-adic L-function associated to the base change of f to K.

4.1.1. CM Hida families. For a general modulus n of K, let K(n) denote the
maximal p-extension contained in the ray class field modulo n. We set H,(lp ) =
Gal(K (n)/K). In particular, K(p>) := UK (p") is the unique Z,-extension of K
which is unramified outside p. We let I'y := I&Hn H;Zn’,) denote its Galois group
over K. We fix an arbitrary Hecke character 1y of oo-type (—1,0), conductor
p and whose associated p-adic Galois character factors through I'y. Notice then
that ¢o = 1, mod mp, where we have let 1, : (O/p)* — Of denote the trivial
character modulo p.

Remark 4.1.1. If the class number of K is prime to p, then the Hecke character v
is unique, as the ratio of two such characters would have finite p-power order and
conductor dividing p.

The theta-series
Oo) == > to(a)g"® € Sa(T'1(|Dklp), exw™)

(a,p)=1
is a newform and it is the weight two specialization (with trivial wild character)
of the CM Hida family g with tame level |Dg| and character exw. The weight
one specialization of this CM Hida family with trivial wild character equals the
p-ordinary theta-series ©°4(1,) := 2 (ap)=1 N € S1(T1(|Dklp), €x) of 1.

Remark 4.1.2. One may construct the Hida family g as follows. We let T|p, |,
denote the Hecke algebra given as in [LLZ15] §4.1] and we define the maximal ideal
T, C T|py|p as in [LLZ15], Definition 5.1.1]. Note that in order to determine the
map ¢, that appears in this definition, we use the algebraic Hecke character 1y we
have chosen above.
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It follows by [LLZI5, Prop. 5.1.2] that Z, is non-Eisenstein, p-ordinary and p-
distinguished. By [LLZI15, Theorem 4.3.4], the ideal Z, corresponds uniquely to a
p-distinguished maximal ideal Z of the universal ordinary Hecke algebra T|p,|pe
acting on H! ;(Y1(|Dk|p™)) (definitions of these objects may be found in [LLZI5]
Definition 4.3.1]). The said correspondence is induced from Ohta’s control theo-
rem [Oht99, Theorem 1.5.7(iii)], which also attaches to Z, a unique non-Eisenstein,
p-ordinary and p-distinguished maximal ideal Z» of T|p, |- for each r > 1 (it is
easy to see that it is the kernel of the compositum of the arrows

¢ T
T\DK\pT L) OL[HPT] — OE — OE/ZUE,

and therefore with its original form given in |[LLZI15 Definition 5.1.1]). The ideal
7 determines the CM Hida family g alluded to above.

We shall henceforth identify the rigid analytic ball Sp Z,[[T'p]] with the weight
space for the Hida family g. We let & € Sp Z,[[I',]] denote the point corresponding

to the weight one specialization ©°T(1,,).

4.1.2. The p-adic L-function and interpolation property. We fix an affinoid neigh-
borhood # C SpZ,[[T',]] and let

LES(f.glo) € O()® Hy

denote the 3-variable Rankin-Selberg p-adic L-function of Loeffler and Zerbes [LZ16,
Loel7]. Since g is a p-ordinary family, we may choose % as large as we like and
obtain a p-adic L-function

LIS(5,8) € #(Ty) B Aoy

As explained in detail in [BL17a], the p-adic L-function may be thought as a relative
p-adic L-function for f over K, interpolating the algebraic parts of the L-values
L(f(k)/k,¥,1) where ¥ runs through the algebraic Hecke characters of K with
infinity type (a,b) with 0 <a <b<k—2.

Definition 4.1.3. We let @gi € S,y denote the p-adic distribution obtained
by specializing L,}:”S (f,g) to the point K € SpZ,[[I'y]] in the weight space for g,
corresponding to the weight one specialization 9°rd(]lp).

The following interpolation property characterizes the distribution @ff/{i.

Theorem 4.1.4 (Loeffler). For every k € I, any j € ZN[1,k— 1] and all Dirichlet
characters n of conductor p” (we allow r = 0) we have

V(£(k)°,n, 5)? p*rU= 2 W (10 Nk /q)

(Ve @ mxlye ) (Zhrs) = (1) x

(r)?rE(E(r))E* (£(x))
r=INZ=R ()2 L(E(R) 9k, ™! o Nkyq. )
X 22j+m71ﬂ_2j <f<l€)o,f(/€)o>N

where V(£(x)°,n,7) is as in Theorem W (n @ Ng/q) is the root number for
the complete Hecke L-series A(noNg q,s) (c.f. [Nek95, Page 626]) and finally,

e = (1- ) = (1-25)
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Remark 4.1.5. The p-adic L-function (and its interpolation property) recorded in
Theorem is a slight alteration of Loeffler’s original formulation in [Loel7]. It
can be obtained following the calculations carried out in [BLI8|] based on Loeffler’s
work in op. cit.

4.2. Naive p-adic L-functions over K. We now consider a naive version of a
p-adic L-function over K by taking the product of two p-adic L-functions over Q.
We begin by recalling two-variable p-adic L-functions over the eigencurve. This
construction is due to Glenn Stevens, but first appeared in the literature in [Bel12].

Suppose that h is a Coleman family over a sufficiently small affinoid disc Sp(&)
about a non-f-critical point g of weight kg on the eigencurve (in the sense of Defini-
tion 2.12 in [Bell2]) with U,-eigenvalue . Let I denote the set of classical weights
of forms occurring in 7.

Theorem 4.2.1. There exists a unique p-adic distribution %, € Iy which is
characterized by the following interpolation property: For every k € I, any j €
ZN|[l,k — 1] and all Dirichlet characters n of conductor p" > 1,

pYU=r L(h(k)°,n', )

(k)" (2mi)I Q.

(e @ X2y )(Zy) = (—1YT(j)V(h(k)°,n, 5)(n) Chin)

where,

e 7(n) is the Gauss sum (normalized to have norm p"/?),

V(h(x)°,n,j) = (1—p'np)/ (k) (1=p""Tn " p)/ (r),

Qﬁ(ﬁ) and Q;(K) are canonical periods in the sense of [Vat99, §1.3],

+ - +
Ch(ﬁ) and Ch(n) are mon-zero constants that only depend on k and Ch(ko) =

C;_(ko) =1 ,
the sign + is determined so as to ensure that (—1)U~Yn(—-1) = +1.

Proof. See [Bell2 Theorem 3 and (4)]. O

Remark 4.2.2. If the slope of h is smaller than h, then ‘@b/x € M4 .

Definition 4.2.3. For the Coleman family f we have fized above, mimicking Kobayashi
[Kob13| Kob12], we set

naive ,__ 3
DN = Ty, Ty € Hin.

Here, % is the family obtained by twisting the Coleman family £ by the quadratic
character exx. We call @f/x the naive base change p-adic L-function.

Remark tells us that we in fact have 91"/,{ € Moo @ o .

The naive base change p-adic L-function is then characterized by the following
interpolation property:
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For every k € I, any j € ZN[l,x—1] with j = k/2 mod 2, and all even Dirichlet
characters n of conductor p” (we allow r = 0),
U ()0 )
(r)?" (2mi)
) U

) ey

(6) (n @ty )(ZE) = () V(ER)®,m, )2 7(m)2 2

where ¢ € {+} is the sign of (—1)*/271,

4.3. A factorization formula. We will be working with the following locally
analytic functions on U x (1 + pZ,):

Definition 4.3.1. Given a locally analytic distribution 9 on I'cyc, we set
Lp(Z,5) := (Xeye) "' WH*71(2)
where w is the Teichmiiller character. We define L?S(f,/i,s) and L;ai"e(f/K, K,S)

on U x (1+pZ,) by setting

RS _ -1 —1r-1 —1/2/_q\k/2-1 RS
L2 (£ k,8) == T An(£) 71" N[Dkl| (-1) Lp(@f/K,s) o (Lp)r—bot’

[ paive g K, = L @naive) .
P (f/K K, 8) a £ K 2 w=(1+p)r—F—1

We also set
Lot (E(8)5c,8) == () An(£(r)°) E(E(K)) E*(E(r)) Ly (£, Ky )

for each choice of k € I. In the particular case when k = k, we shall write
Lﬁ%b(f/K,s) in place of LEOI(’k) (£(k)7 x> 5)-

See Remark below for a comparison of LEOIEH) (£(r) 9, s) to Nekovai’s p-adic
L-function in the p-ordinary set up.

Remark 4.3.2. Observe that the p-adic multipliers £(f(x)) £*(f(x)) do not vary
continuously, the p-adic L-functions L?’O?l{) (f(m)? x> 5) do not interpolate as x € I
varies.

Let us consider the meromorphic function
Rf/K = Lzlis(f/Ka R, S)/L;aive(f/Ka K,y 5)'
Notice that for any g € I, the specialization L, (f/K, Ko, 8) is non-zero, so Rg/ g (Ko, 5)

is a meromorphic function in s.

Lemma 4.3.3. The meromorphic function r(k) := Reg/x (K, k/2) (in the variable
k) specializes to
(VYR (2) RV R )MEID VR S Qi
(R)AN (£(r))E(E(r)) E*(£(x)) (B(r)° £(R)°) N Cfo) O
o _ ANEEDMRDE|YE P S
@)k 2= U (E(k), £(k))vp Oy Oy

whenever k € I. Here, (, )np is the Petersson inner product at level T'o(Np).
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Proof. This is immediate on comparing the interpolation formulae for LS (£, &, 5)

and Lp*“e(f ., k,5) at s = k/2 and x € I. The equality in follows from the
following well-known comparison of Petersson inner products:

(£(r) f(r))nvp = (R)An (E(R))E(E(R)) E7(E(x)) (E(%)°, £(r)%) N -

Lemma 4.3.4. R/ = (N)* Fr(x).

Proof. The interpolation formulae for LII}S £/, 5, 8) and Lrave(f 1, k, ) (given by
taking n = 1 and j = k/2 mod (p — 1) in Theorems [£.2.1] and [£.1.4] so that the
character 1(Xeye)? w271 is crystalline at p) together with Lemma 4.3.3| show
that

L;{S(f/Kvnaj) = <N>2j7KT(K)L;aive(f/K7Haj)
for every kK € I and j € ZN[l,k — 1] with j = k/2 mod (p — 1). The asserted

equality follows from the density of these specializations. ([
Corollary 4.3.5. Re/x(k,s) = <N>252_’<“](cg71}2/;\|,f;(|1/2 Q% 5k . In particular,
Ryyscle, k/2) = (~1)1/2 W
Corollary 4.3.6.
LD (g e, s) = >28';(a¥>/;1’f<” 05 0 Ly VL5 5).

Proof. This is an immediate consequence of Lemma @ and [£.34] on recalling
that our choices enforce the requirement that C’jfﬁ =C thK = 1. g

Remark 4.3.7. Only in this remark, h denotes a primitive Hida family of tame level
N and Up-eigenvalue . We let h denote its specialization to weight 2r; suppose h
is old at p and let us write a for the U,-eigenvalue on h. In this situation, Nekovai
in [Nek95l 1.5.10] constructed a two-variable p-adic L-function associated to h. We
let LI**(h, s) denote its restriction to cyclotomic characters.

In this particular case, the distribution @ES was constructed by Hida and it
enjoys an interpolation property that is identical to one recorded in Theorem 4.1.4
One may specialize L?S (h /K R s) to the p-stabilized form h and obtain a p-adic
L-function L??Xb(ho /K, 5) as above. One may compare the interpolation formulae
for the respective distributions giving rise to LY*(h/k,s) and L5’ (h°/k, s) to
deduce that

L?Zb(ho/K, s+r—1)= LEEk(h/K, s).

5. ProoFs oF THEOREM [[.1.1] AND COROLLARY [[.1.2]

We shall assume until the end of this article that K # Q(i),Q(+v/—3). Notice in
particular that ug = 1.
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5.1. p-adic Gross—Zagier formula for non-ordinary eigenforms at non-
critical slope. Suppose g = Y., an(9)q"™ € S2,(I'g(IN)) is a normalized eigen-
form. We let a,b € Q denote the roots of its Hecke polynomial X2 —a,(g)X +p? !
at p. Suppose that v,(¢p(ap(g))) > 0 and assume that

0 < h:=vp(1p(b)) < vp(1p(a))

so that we have 2h < 2r — 1. Let g® € S5,.(I'o(Np)) denote the p-stabilization
corresponding to the Hecke root b and let g be a Coleman family which admits

¢® as its specialization in weight 2r. Theorem applies and equips us with a
two-variable p-adic L-function LE“S (g 0 o s). Let us set

Lys(9/5,5) = bAn(9) E(9) €°(9) L™ (8 1 21 5)

as in Definition [£.3.1] The following p-adic Gross—Zagier formula is Kobayashi’s
work [Kob19] in progress.

Theorem 5.1.1 (Kobayashi).

w 4
i Kob _ _Iﬁ*l th,(;?(Zg,Zg)

L b (g/KaS)| _.=11 w_q -
ds P s=r b (4|Dk)z

The corollary below is a restatement of Theorem taking the diagram (4)
and Theorem into account. Recall that we have to assume K # Q(i), Q(v/—3)
since we rely on Kobayashi’s results here, so that ug = 1.

Corollary 5.1.2. For each k € I as in Section[3.4) with k > 2k,

5-1\*
d rs (1 — 5
%Lp (f/K7H7S)|S:ﬁ = (4|DK|)%_1 . hf(n)o, (n),K(Zf(m)",Zf(H)O)

2

= o he i (2 Z) .

Remark 5.1.3. Note that the assumption that x > 2k guarantees that we have
2v,( (k)) < Kk — 1, as required to apply Kobayashi’s Theorem m

The reason why we record this trivial alteration of Theorem here is because
both sides of the asserted equality interpolate well as k varies (unlike its predecessor

Theorem [5.1.1]). See Remark

5.2. o/-adic Gross—Zagier formula. Recall the Coleman family f over the affi-

noid algebra o/ = &/ (U) from Section Recall also the o7-valued cyclotomic

height pairing bhg x we have introduced in Section and the universal Heegner

point Zf € (V¢ o D ) given as in Theoremg Recall finally also the two-variable
4]

p-adic L-function L?S (f/k, K, s) from Section }

Definition 5.2.1. Let us write He ¢ for the Amice transform of the height pairing
be . In explicit terms,

HE,K(xay) = bf,K(xﬂy)LU (14p)s—Fk—1"
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Theorem 5.2.2 (&/-adic Gross—Zagier formula). With the notation as above, the
following identity is valid in < :

0435 (g5

o Hy i (2, Z5) -
S=3
Proof. Consider the difference

0 k

D(k) = %Lgs (f/Km 5+ 2)

It follows from the interpolative properties of LiS(f,,,x,5), the o/-adic height
pairing bg  outlined in (4] and that of the universal Heegner cycle (Theorem (3.5.4))
together with Corollary show that

@(FL):O, VHGIHZZQk.

.~ Hix (25, 2%).

s=5

By the density of I N Z>g;, in the affinoid U, we conclude that © is identically
zero, as required. (Il

5.3. Proof of Theorem On specializing the statement of Theorem [5.2.2
(o/-adic Gross—Zagier formula) to k = k and relying once again on the interpolative
properties of the «7-adic height pairing b x and that of the universal Heegner cycle
Z%, the proof of Theorem follows at once. O

5.4. Proof of Corollary Recall that we are assuming that the weight & = 2.
Recall also that A/Q stands for the abelian variety of GLo-type that the Eichler-
Shimura congruences associate to f and that we assume that L(f/Q, s) has a simple
zero at s = 1.

It follows from the classical (complex) Gross—Zagier formula and Theorem [T.1.1]
that

d Kob _ 1\* L/(Af/K71)|DK|1/2
(8) s L,y (f/rys )’5—1_<1_5> (Pf, Pf)oo,k 872 (f, )N

where we recall that Py € Ay (K) is the Heegner point and (, )0, i is the Néron-Tate
height pairing over K. Since we know in our set up that Trx o Py is non-torsion, it
is a non-zero multiple of P within the one-dimensional Q-vector space A¢(Q) ® Q.
We may therefore replace in the height pairings of P; over K with those of P
over Q to deduce that

hNCk(Pf’Pf)

d [ Kob L/(Af/K 1)\DK|1/2 Nek
(9) s pB(f/K’ )| <15) (P, P)oc 872 (f, )N ha (P P)
On the other hand we have
(10) L'(Af/K,1) = L'(A;/Q1)L(AF/Q,1)
and
d wo —4m* QT QT D [V? g
(11) ds Ly b(f/K’ )|S:1 87r2<]{, n X %Lp,ﬂ(f/Q’sﬂs:l

1\2 L(AK/Q, 1)
- <(1-5) S
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by the definition of LE%(f/k,s) and the interpolation property of L, s( f/lé,s).
Plugging the identities and in @, the desired equality follows. O

6. APPLICATIONS

We shall illustrate various applications of the p-adic Gross—Zagier formula at
critical slope (Theorem and Corollary [1.1.2). These were already recorded in
Section [I] as Theorems[1.1.5] [[.1.6]and [T.1.8] Before we give proofs of these results,

we set some notation and record a number of preliminary results.

6.1. Perrin-Riou’s big logarithm map and p-adic L-functions. Until the end
of this article, we assume that f € S3(T'o(N)) is a newform that does not admit
a 0-critical p-stabilization. Recall that Af/Q denotes the abelian variety of GLo-
type that the Eichler-Shimura congruences associate to f. Our assumption that
L(f/Q,s) has a simple zero at s = 1 is still in effect. We assume also that the
residual representation p, (associated to the 9B-adic representation attached to f)
is absolutely irreducible.

Let 3 denote the prime of K¢ above that is induced by the embedding ¢, and

set T := Qﬂl Af(Q)P"]) ®o,q O and V = T ®p E. Here, we recall that E is
a finite extension of Ky g that contains both « and § (where « is the root of
X? —a,(f)X + p which is a p-adic unit and B = p/a is the other root) and O is
its ring of integers. Since we assumed p > 2, the Fontaine-Laffaille condition holds
true for V. In particular, there is an integral Dieudonné module Deyis(T") C Deyis(V)
constructed as in [Ber04, §IV]. We fix a ¢-eigenbasis {wq,wp} of Deyis(T). Let

Logy : H'(Qy, VR A) ® H — Deyis(V) @ H
denote Perrin-Riou’s big dual exponential map. We let
Lpr = Logy ores, (BK;) € Deyis(V) @

denote Perrin-Riou’s vector valued p-adic L-function, where BK; € HY(Q,V ® A*)
is the Beilinson-Kato element. Set /% := J# ®q, F and define 2%012, 253’6 }% € Hg as

the coordinates of £pr with respect to the basis {wa,wg}, so that we have
£rr = L} wa + LU wp
Note that 2530{% and Eéﬂ F){ are well-defined only up to multiplication by an element
of O*.
Definition 6.1.1. Set @ffo = wg(@f/q) € Z%,—1(T') ® E. Associated to the other

(p-ordinary) stabilization f of f, we also have the Mazur—Swinnerton-Dyer mea-
sure Dyo € 2y(I') ® E. We remark that the measure Qf/aQ is characterized by an

interpolation formula identical to that for .@fa (which does not characterize .@fﬁ
/Q /Q

itself), exchanging every « in the formula with 8 and vice versa.

For A= a, B, we set Ly z(f,s) := Lp(@f/)\q, s).

The following result is due to Kato (when A = «) and has been announced by
Hansen (when A = ). See also related work by Ochiai [Ochl18].
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Theorem 6.1.2. Suppose that f° is non-critical. Then for each A € {a, B}, there
A)

- w o e\
exists cx € O with L5 = ¢y Qf/xo .
Remark 6.1.3. When Ky = Q and Ay is an elliptic curve, there is a choice for the
p-eigenbasis of Deyis (V') with which we can take ¢y = 1 for A = a, 8. In this remark,
we explain how to make this choice.

Let /)7 be a minimal Weierstrass model of the elliptic curve Ay. Let wy
denote a Néron differential that is normalized as in [PRI5, §3.4] and is such that
Q'Ef = fAf(R) wer > 0. Let weris € Deris(V) denote the element that corresponds to
wgy under the comparison isomorphism. The eigenbasis {wq,ws} is then given by
the requirement that

Wa + Wg = Weris -

6.1.1. Proof of Theorem (non-triviality of p-adic heights). Suppose on the
contrary that both hg%‘ and hg%‘ were trivial. It follows from Corollary
and Perrin-Riou’s p-adic Gross—Zagier formula for the slope-zero p-adic L-function
Lp(@fa/Q, s) that
L( %R) =0.

Using [PR93|, Proposition 2.2.2], we conclude that log, (BK;) = 0, or equiva-
lently, that res,(BK;) = 0. Since ords=1L(f/Q,s) = 1, the theorem of Kolyvagin-
Logachev shows that the compositum of the arrows

A;Q) ®o,,., E > HHQ,V) =3 Hy(Q,, V) = Af(Qp) ®o,  E

is injective. It follows that BK; € H{(Q, V) is a torsion class, contradicting [Biiy17}
Theorem 1.2]ﬂ O

6.2. Birch and Swinnerton-Dyer formula for analytic rank one (Proof of
Theorem . Recall the set ¥ := {o : Ky < Q} of embeddings of K; into
Q. Each embedding o extends to ¢ : K #(a) — Q; fix one such extension. Recall
that 9 is the prime induced by the embedding ¢, : Q — Gp, which we extend to an
isomorphism ¢, : C = C,. To save ink, let us set A7 in place of ¢, o o(\), where

A € {a, 5}

For each o € 3, the field o(K¢) is the Hecke field K- of f7 and let B, C o(Ky)
denote its prime induced by ¢,. Let E = K¢ q(tp(cr)) denote the extension of Ky
generated by () and let O denote its ring of integers, m its maximal ideal. We
shall set E7 := Ko g () to ease notation and write O for its ring of integers,

m? for its maximal ideal. Let us write 77 := yLnA #(Q)[BL], where the action of
P, act on Ay is induced from o(Ky) i Ky, and we set V2 =T @ E°.
We retain the set up in the previous section, except that we write for each o € X
PR € Dais(V7) ® e
for Perrin-Riou’s vector valued p-adic L-function associated to f? and the prime

B, of K;.

9The proof of this result is provided in op. cit. only when K; = Q, but the argument carries
over to treat the general case.
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Proposition 6.2.1. Suppose the Iwasawa main conjecture holds true for each f7Q.
Then for each o € X, there exists \° € {a?, 37} such that p-adic height pairing

hlig(Q : Hfl(Q7 VU) ® Hfl(Qa VU) — B

18 non-trivial.

Proof. If 1, o 0 0 13} (a,) is a p-adic unit, then this assertion is already proved
in Theorem Otherwise, the assertion follows (still as in the proof of The-
orem from Kobayashi’s p-adic Gross-Zagier formulae [Kobl2l Theorem 3],
validity of main conjectures up to u-invariants in that set up (which we assume)
and [Biiy17, Theorem 1.2]. O

Proof of Theorem[I.1.8 Since we assume the validity of main conjectures for f7,

Perrin-Riou’s leading term formulaﬂ for her module of p-adic L—functionﬂ in
[PR93| §3] together with Theorem and Proposition show that the m?-
adic Birch and Swinnerton-Dyer conjecture (which corresponds to the statement
BSDp, (V) in [PR93|, Proposition 3.4.6]) for A is true up to m?-adic units:

(13)
oy-2 Loar (F7/Q 1N oo
ordmes ((1 —1/X%) Reg%(Af/Q)> = length. (III(Af/Q)[B])

+ ordye Tam(A;/Q)
for every o € X. Here,
W (Pyo, Pyo)
[A5(Q) ®o, O7 : O7 - Pyo]

and notice that the terms concerning the torsion groups A(Q)[J5°] and A (Q)[P5°
are omitted from this formula, as they are both trivial since we assume that p, =

Af(Q)Bs] is absolutely irreducible.

Applying either Corollary (if the p-adic valuation of A? is 1), or Perrin-
Riou’s p-adic Gross—Zagier formula at slope-zero (if A7 is a p-adic unit) or Kobayashi’s
p-adic Gross-Zagier formula at supersingular primes (if the p-adic valuation of \?
is positive but less than 1), we see that

I Vo8
Reg.. . (A/Q) 2ni Q.

(14) Reggp, (47/Q) =

Ly (f7,1)
Reggy, (A/Q)
where Reg,, ,(Af/Q) := (Pfo, Pro)oo/[Af(Q) ®0, O : O - Pyo]. We remark that
this equality takes place in the field E7 = o(Kf)q, (2”). Combining and ((15),
we infer that
/ o
Ordma _ L (f /Q7 1) - T
Rt (47/Q)2mi 0],

(15) —(1-1/3)7"

) — lengthen (III(A; /Q)[F))
+ ordye Tam(Ay/Q) .

10perrin-Riou’s Proposition 3.4.6 in [PR93| is written for the p-adic Tate module of an elliptic
curve, but it works verbatim for the Galois representation T (the PB,-adic Tate-module of Ay).

HNote that the element £Zr we have introduced above is a generator of this module since we
assume the truth of main conjectures.
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The proof of the first assertion in Theorem [[.1.§] follows.

We now explain the proof of its second portion; that the Birch and Swinnerton-
Dyer formula for an elliptic curve A/Q (satisfying the conditions of the second
portion of our theorem) is valid up to p-adic units. Let f denote the newform
associated to A. Based on our results above in the general case, we only need
to prove that the rational number 27 Q}r / Qj{ is a p-adic unit. This amounts to
showing that the Manin constant c4 is a p-adic unit. In our setting, this follows
from [Maz78, Corollary 4.1], which states that if p | c4, then p? | 4N.

O

Remark 6.2.2. Recall the o-part Reg., ,(A;/Q) of the regulator Reg. (Af/Q)
which we defined as

<Pf"7pf">oo
[A£(Q) ®o, O : O7 - Pyo]’

Rego o (A7/Q) =

where the ring O7 is given as above. Note that the set {Pfo},ex C Af(Q) gives
rise to an orthogonal basis of A;(Q) ® Q (with respect to the archimedean height
pairing), so that we have the factorization

Reg..(4/Q) = [ Regu,(47/Q).

gED

6.3. Proof of Theorem (Perrin-Riou’s conjecture). We assume through-
out Section that f = f4 is an eigenform of weight 2, which is associated to
the elliptic curve A /g that has good ordinary reduction at p and that has analytic
rank one. We also assume throughout that p, is absolutely irreducible.

We shall follow the argument in the proof of Theorem 2.4(iv) of [Blyl7] very
closely, where the analogous assertion has been verified in the case when the prime
p is a prime of good supersingular reduction. Essentially, the argument in op. cit.
works verbatim, on replacing all references to Kobayashi’s work with references
to Corollary [I.1.2] Perrin-Riou’s p-adic Gross—Zagier formula at slope zero and
Theorem [[LT.60 We summarize it here for the convenience of the readers.

Let us write
Logy = Logy o - wa + Logy 5 - wps -

Recall that w?, € Dgis(V) /FilODcris(V) stands for the unique element such that
[wer,wk,] = 1. We define log 4 (res,(BK;)) according to the identity

logy (resp(BK1)) = log 4 (res, (BK1)) - wiy -

The dual basis of {wa,ws} with respect to the pairing [, | is {wj,wy,}, where wj

(respectively, w}) is the image of w*, under the inverse of the isomorphism

$py ¢ Dg =5 Deyis (V) /Fil’Deyis (V)
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(respectively, under the inverse of sp_). Let A € {«, 8} be such that the height
pairing hl;fer is non-trivial and let A* be given so that {\, \*} = {«a, §}. Then,
(L=1/0)?-e(f) - BXG (P, P) = Ly, x(f, 1)

=1 (Logy A (0xBK1))

= [exp*(O\BK1), (1 = p o™ )(1 =)' - i ]

= (1=p ' A) (1 = 1/X) 7" [exp* (OrBK1), wiy/]
exp*(OABK1), logy (res, (BK1))]

=1-1/M)(1 - 1//\*)71[ log 4 (res,(BK1))

NG (BKy, BK;)

=—(1-1/N(1—1/x)" log 4 (res, (BK;))

Here:

e The first equality follows from Perrin-Riou’s p-adic Gross—Zagier formula if
A = a, or else it is Corollary

e The second equality follows from the definition of Logy, , and the fact that
it maps to Beilinson-Kato class to '@ffq (Theorem ; as well as the

definition of the derived Beilinson-Kato class
O\BK, € H}, (D)

which is given within the proof of Theorem 2.4 in [BuyI7].
e The element

O\BK, € H);(Qp, V) := H'(Qp, V)/H{ (Qp, V)

is the projection of the derived Beilinson-Kato class 0xBK; under the nat-
ural map
pro : Hyy (Dx) — HJ¢(Qp, V)
and the third equality follows from the explicit reciprocity laws of Perrin-
Riou (as proved by Colmez) (c.f. the discussion in [BLI17b, Section 2.1]).
e Fourth and fifth equalities follow from definitions (and using the fact that
AN = p).
e The final equality follows from the Rubin-style formula proved in [BB17,

Theorem 4.13] and the comparison of various p-adic heights summarized in
the diagram .

‘We therefore infer that

h3% (BK1, BK;)

10 e mRy = Y= 1/8) () MEEP).

The fact that hl;f,%‘(*7 ) and (log 4 ores, (*))2 are both non-trivial quadratic forms
on the one dimensional Q,-vector space A(Q) ® Q, and combining with , we
conclude that

hNG (P, P) h % (BK1, BKy)
log 4 (res,(P))?  log 4 (res,(BKy))?

W% (P, P)
log 4 (res, (BK1))
O

= —(1-1/a)(1-1/8)-<(f)
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