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Let E denote a modular elliptic curve over Q, corresponding to a holomorphic cusp form f of
weight 2, and let p denote a prime number. When E has good, ordinary reduction at p, then work
of B. Mazur and P. Swinnerton-Dyer [Invent. Math. 25 (1974), 1–61; MR0354674 (50 #7152)]
showed how to construct a p-adic L-function Lp (E, T ) = Lp (f, T ) for f and E. Here T denotes
a variable. It turns out that, in this ordinary case, Lp (E, T ) may be identified with a power series
in Zp [[T ]] ⊗ Qp . Furthermore, Mazur’s work on the behavior of the Selmer groups and MordellWeil groups of E in the cyclotomic Zp -extension Q∞ /Q gave a conjectural relationship between
Lp (E, T ) and the Selmer group S∞ (E) of E over the field Q∞ [Invent. Math. 18 (1972), 183–266;
MR0444670 (56 #3020)]. Roughly speaking, Mazur conjectured that the power series Lp (E, T )
generates the characteristic of the Selmer group S∞ (E). This conjecture has recently been proven
in unpublished work of Kato, Skinner, and Urban.
The construction of Mazur and Swinnerton-Dyer was generalized to higher weight forms and
supersingular primes by a number of authors. For ordinary primes p, the L-function is once again
a power series in R[[T ]] ⊗ Qp , where R is the ring of integers in a finite extension of Qp . In
particular, these L-functions all have only finitely many zeroes, by the Weierstrass preparation
theorem.
However, the supersingular case is quite different: the L-function has unbounded coefficients, and infinitely many zeroes. In fact, there are two different L-functions Lp (E, α, T ) and
Lp (E, β, T ) for each supersingular p, corresponding to the roots α and β of the Hecke polynomial X 2 − ap X + pk−1 . It is known (under various hypotheses) that at least one of these two
L-functions must have infinitely many zeroes. The arithmetic nature of these zeroes remains quite
mysterious. In particular, there is no plausible link between these p-adic L-functions and any
Selmer group.
In the present paper, the author investigates the p-adic L-functions in the extreme case of a
modular form fk for which the number ap is zero. This includes the case of an elliptic curve with
good supersingular reduction, at least if p > 3. In this review we restrict to the case of such elliptic
curves.
The key observation is that the assumption ap = 0 implies that roots of the Hecke polynomial
satisfy α = −β. Using this fact, together with the interpolation property of Lp (E, α, T ) and
Lp (E, β, T ), the author defines power series G± (T ) by the equation
Lp (E, α, T ) = G+ (T ) + αG− (T ),
and shows that the power series G± (T ) are forced to have zeroes at certain prescribed roots of
unity of p-power order. When p is odd, it turns out that G+ (T ) vanishes at all ζn with n even,
while G− (X) vanishes at the remaining ζn with n odd. Here ζn denotes any primitive pn -th root

of unity.
On the other hand, it is known that the p-adic logarithm vanishes at all ζn . Thus the author is led
to construct certain functions log± (X) which vanish precisely at the trivial zeroes of G± (X). He
then considers the ratios
L± (E, X) = G± (X)/ log± (X)
and shows that each function L± (E, X) has only finitely many zeroes and has integral coefficients.
That these are the correct L-functions to consider has been demonstrated in recent work of
S. Kobayashi [Invent. Math. 152 (2003), no. 1, 1–36; MR1965358 (2004b:11153)]. Indeed,
±
Kobayashi defines two restricted Selmer groups S∞
(E) inside S∞ (E), and proves, using Kato’s
±
Euler system, that these Selmer groups S∞ (E) are annihilated by L± (E, T ) respectively.
Reviewed by Vinayak Vatsal
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13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

26.
27.
28.
29.

Hautes Études Sci. Publ. Math. 14 (1962), 47–75. MR0152519 (27 #2497)
JU. I. Manin, Cyclotomic fields and modular curves (in Russian), Uspekhi Mat. Nauk 26, no.
6 (1971), 7–71. MR0401653 (53 #5480)
JU. I. Manin, Parabolic points and zeta functions of modular curves (in Russian), Izv. Akad.
Nauk SSSR Ser. Mat. 36 (1972), 19–66. MR0314846 (47 #3396)
JU. I. Manin, Periods of cusp forms, and p-adic Hecke series (in Russian), Mat. Sb. (N.S.) 92
(134) (1973), 378–401, 503. MR0345909 (49 #10638)
B. Mazur, Rational points of abelian varieties with values in towers of number fields, Invent.
Math. 18 (1972), 183–266. MR0444670 (56 #3020)
B. Mazur, Rational isogenies of prime degree, Invent. Math. 44 (1978), 129–162. MR0482230
(80h:14022)
B. Mazur and P. Swinnerton-dyer, Arithmetic of Weil curves, Invent. Math. 25 (1974), 1–61.
MR0354674 (50 #7152)
B. Mazur, J. Tate, and J. Teitelbaum, On p-adic analogues of the conjectures of Birch and
Swinnerton-Dyer, Invent. Math. 84 (1986), 1–48. MR0830037 (87e:11076)
A. G. Nasybullin, p-adic L-series of supersingular elliptic curves (in Russian), Funkcional.
Anal. i Priložen. 8, no. 1 (1974), 82–83. MR0379506 (52 #411)
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2001, http://www.math.uiuc.edu/Algebraic-Number-Theory/0306 cf. MR 2005h:11138
D. E. Rohrlich, On L-functions of elliptic curves and cyclotomic towers, Invent. Math. 75
(1984), 409–423. MR0735333 (86g:11038b)
K. Rubin, ”Euler systems and modular elliptic curves” in Galois Representations in Arithmetic
Algebraic Geometry (Durham, England, 1996), London Math. Soc. Lecture Note Ser. 254,
Cambridge Univ. Press, Cambridge, 1998, 351–367. MR1696493 (2001a:11106)
J. H. Silverman, The Arithmetic of Elliptic Curves, Grad. Texts in Math. 106, Springer, New
York, 1992. MR1329092 (95m:11054)
M. M. Višik, Nonarchimedean measures associated with Dirichlet series (in Russian), Mat. Sb.
(N.S.) 99 (141), no. 2 (1976), 248–260, 296. MR0412114 (54 #243)
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