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0 Introduction

Let E be an elliptic curve over Q. We assume that E has good supersingular
reduction at a prime p, and for simplicity, assume p is odd and ap = p+ 1−
#E(Fp) is zero. Then, as the second author showed, the p-adic L-function
Lp,α(E) of E corresponding to α = ±

√
−p (by Amice-Vélu and Vishik) can

be written as
Lp,α(E) = f log+

p +g log−p α

by using two Iwasawa functions f and g ∈ Zp[[Gal(Q∞/Q)]] ([20] Theo-
rem 5.1). Here log±p is the ±-log function and Q∞/Q is the cyclotomic
Zp-extension (precisely, see §1.3).

In Iwasawa theory for elliptic curves, the case when p is a supersingular
prime is usually regarded to be more complicated than the ordinary case,
but the fact that we have two nice Iwasawa functions f and g gives us some
advantage in several cases. The aim of this paper is to give such examples.

0.1. Our first application is related to the weak Birch and Swinnerton-Dyer
conjecture. Let L(E, s) be the L-function of E. The so called weak Birch
and Swinnerton-Dyer conjecture is the statement

Conjecture (Weak BSD)

L(E, 1) = 0 ⇐⇒ rankE(Q) > 0. (1)

We know by Kolyvagin that the right hand side implies the left hand side,
but the converse is still a very difficult conjecture. For a prime number p, let
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Sel(E/Q)p∞ be the Selmer group of E over Q with respect to the p-power
torsion points E[p∞]. Hence Sel(E/Q)p∞ sits in an exact sequence

0 −→ E(Q)⊗Qp/Zp −→ Sel(E/Q)p∞ −→ X(E/Q)[p∞] −→ 0

where X(E/Q)[p∞] is the p-primary component of the Tate-Shafarevich
group of E over Q. In this paper, we are interested in the following con-
jecture.

Conjecture 0.1

L(E, 1) = 0 ⇐⇒ # Sel(E/Q)p∞ = ∞

This is equivalent to the weak Birch and Swinnerton-Dyer conjecture if
we assume #X(E/Q)[p∞] <∞. (Of course, the problem is the implication
from the left hand side to the right hand side.)

We note that Conjecture 0.1 is obtained as a corollary of the main con-
jecture in Iwasawa theory for E over the cyclotomic Zp-extension Q∞/Q.
We also remark that if the sign of the functional equation is −1, Conjecture
0.1 was proved by Skinner-Urban [24] and Nekovář [16] in the case when p
is ordinary, and by Byoung-du Kim [10] in the case when p is supersingular.

In this paper, we will give a simple condition which can be checked nu-
merically and which implies Conjecture 0.1.

Suppose that p is an odd supersingular prime with ap = 0. We identify
Zp[[Gal(Q∞/Q)]] with Zp[[T ]] by the usual correspondence between a gen-
erator γ of Gal(Q∞/Q) and 1 + T . When we regard the above two Iwasawa
functions f , g as elements in Zp[[T ]], we denote them by f(T ), g(T ). The in-
terpolation property of f(T ) and g(T ) tells us that f(0) = (p−1)L(E, 1)/ΩE

and g(0) = 2L(E, 1)/ΩE where ΩE is the Néron period. Hence, if L(E, 1) 6= 0,
we have

f(T )

g(T )

∣∣∣
T=0

=
p− 1

2
.

We conjecture that the converse is also true, namely

Conjecture 0.2

L(E, 1) = 0 ⇐⇒ f(T )

g(T )

∣∣∣
T=0

6= p− 1

2

(Again, the problem is the implication from the left hand side to the right
hand side.) Our first theorem says that Conjecture 0.2 implies Conjecture
0.1, namely
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Theorem 0.3 Assume that (f/g)(0)
(
= f(T )

g(T )

∣∣∣
T=0

)
does not equal (p− 1)/2.

Then, Sel(E/Q)p∞ is infinite.

This result in a different terminology was essentially obtained by Perrin-
Riou (cf. [19] Proposition 4.10, see also §1.6 in this paper), but we will prove
this theorem in §1.4 by a different and simple method, using a recent formu-
lation of Iwasawa theory of an elliptic curve with supersingular reduction.
In §1, we also review the recent formulation of such supersingular Iwasawa
theory.

Conversely, assuming condition (∗)0 which will be introduced in §1.4 and
which should always be true, we will show in §1.4 that the weak BSD con-
jecture (1) implies Conjecture 0.2, namely

Theorem 0.4 Assume condition (∗)0 in §1.4, and rankE(Q) > 0. Then,
(f/g)(0) 6= (p− 1)/2 holds.

Combining Theorems 0.3 and 0.4, we get

Corollary 0.5 Assume (∗)0 in §1.4 and #X(E/Q)[p∞] < ∞. Then, we
have

rankE(Q) > 0 ⇐⇒ f(T )

g(T )

∣∣∣
T=0

6= p− 1

2
.

Note that the left hand side is algebraic information and the right hand
side is p-adic analytic information. The weak BSD conjecture (1) is usually
regarded to be a typical relation between algebraic and analytic information.
The above Corollary 0.5 also gives such a relation, but in a different form.
(Concerning the meaning of (f/g)(0) 6= p−1

2
, see also §1.6.)

We note that f(T ) and g(T ) can be computed numerically and the condi-
tion (f/g)(0) 6= (p− 1)/2 can be checked numerically. For example, for N =
17 and 32, we considered the quadratic twist E = X0(N)d of the elliptic curve
X0(N) by the Dirichlet character χd of conductor d > 0. For p = 3 (which is
a supersingular prime in both cases with ap = 0), we checked the condition
(f/g)(0) 6= (p− 1)/2 for all Ed such that L(Ed, 1) = 0 with 0 < d < 500 and
d prime to 3N . We did this by computing (f/g)(0)− (p− 1)/2 mod 3n; the
biggest n we needed was 7 for E = X0(32)d with d = 485. For N = 17 and
d = 76, 104, 145, 157, 185, ... (resp. N = 32 and d = 41, 65, 137, 145, 161, ...)
ordT (f(T )) = ordT (g(T )) = 2, so the corank of Sel(E/Q)p∞ should be 2.
Our computation together with Theorem 0.3 implies that this corank is ≥ 1.
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We give here one simple condition which implies (f/g)(0) 6= (p − 1)/2.
Put r = min{ordT f(T ), ordT g(T )}, and set f ∗(T ) = T−rf(T ) and g∗(T ) =
T−rg(T ). If ordp(f

∗(0)) 6= ordp(g
∗(0)), then (f ∗/g∗)(0) is not in Z×p and

hence cannot be (p− 1)/2. Therefore, by Theorem 0.3 we have

Corollary 0.6 If ordp(f
∗(0)) 6= ordp(g

∗(0)), Sel(E/Q)p∞ is infinite. In par-
ticular, if one of f ∗(T ) or g∗(T ) has λ-invariant zero and the other has non-
zero λ-invariant, then Sel(E/Q)p∞ is infinite.

For example, we again consider E = X0(17)d with d > 0 and p = 3.
Then, the condition on the λ-invariants in Corollary 0.6 is satisfied by many
examples, namely for d = 29, 37, 40, 41, 44, 56, 65, ... with r = 1, and for
d = 145, 157, 185, 293, 409, ... with r = 2.

Corollary 0.6 implies a small result on the Main Conjecture (Proposition
1.5, see §1.5). The case r = 1 will be treated in detail in §2.

0.2. In 0.1, we explained that the computation of the value (f/g)(0) −
(p − 1)/2, or f (r)(0) − p−1

2
g(r)(0), yields information on the Selmer group

Sel(E/Q)p∞ where r = min{ordT f(T ), ordT g(T )}. It is natural to ask what
this value means. In the case r = 1, we can interpret this value very explicitly
by using the p-adic Birch and Swinnerton-Dyer conjecture (cf. Bernardi and
Perrin-Riou [1] and Colmez [4]).

In this case, for a generator P of E(Q)/E(Q)tors, the p-adic Birch and
Swinnerton-Dyer conjecture predicts that logÊ(P ) is related to f ′(0)−p−1

2
g′(0)

where logÊ is the logarithm of the formal group Ê (see §2.6 (11)). Using this
formula for logÊ(P ), we can find P numerically. More precisely, we compute

expÊ

√
−

(
f ′(0)− p−1

2
g′(0)

)
2p log(κ(γ))[ϕ(ωE), ωE]

Tam(E)
· #E(Q)tors

p+ 1

 (2)

which is a point on E(Qp), and which would produce a point on E(Q) with
a slight modification (see §2.7). Namely, we can construct a rational point
of infinite order p-adically in the case r = 1 as Rubin did in his paper [22] §3
for a CM elliptic curve.

Note here that we have an advantage in the supersingular case in that
the two p-adic L-functions together encode logÊ(P ) (and not just the p-adic
height of a point).

We did the above computation for quadratic twists of the curve X0(17)
with p = 3. We found a rational point on X0(17)d by this method for all d

4



such that 0 < d < 250 except for d = 197, gcd(d, 3 · 17) = 1, and the rank of
X0(17)d is 1. For example, for the curve

X0(17)193 : y2 + xy + y = x3 − x2 − 25609x− 99966422

we found the rational point(
915394662845247271

25061097283236
,
−878088421712236204458830141

125458509476191439016

)
by this method, namely 3-adically. To get this rational point, we had to
compute the value (2) modulo 380 (to 80 3-adic digits) to recognize that the
modified point constructed from the value (2) is a point on E(Q). For the
curve X0(32) and p = 3 we did a similar computation and found rational
points on X0(32)d for all d with 0 < d < 150, gcd(d, 6), and the rank of
X0(32)d is 1. In §4, there are tables listing points for both of these curves.

To compute f ′(0) and g′(0) to high accuracy, the usual definition of the
p-adic L-function (namely, the computation of the Riemann sums to approx-
imate f ′(0) and g′(0)) is not at all suitable. We use the theory of overcon-
vergent modular symbols as in [21] and [6]. We will explain in detail in §2
this theory and the method to compute a rational point in practice.

0.3. Next, we study a certain important subgroup of the Selmer group over
Q∞. This is related to studying common divisors of f(T ) and g(T ). For any
algebraic extension F of Q, we define the fine Selmer group Sel0(E/F ) by

Sel0(E/F ) = Ker(Sel(E/F )p∞ −→
∏
v|p

H1(Fv, E[p∞]))

where Sel(E/F )p∞ is the Selmer group of E over F with respect to E[p∞],
and v ranges over primes of F lying over p. (The name “fine Selmer group”
is due to J. Coates.) Our interest in this subsection is in Sel0(E/Q∞).

Let Qn be the intermediate field of Q∞/Q with degree pn. We put e0 =
rankE(Q) and Φ0(T ) = T . For n ≥ 1, we define

en =
rankE(Qn)− rankE(Qn−1)

pn−1(p− 1)

which is a non-negative integer, ωn(T ) = (1 + T )pn − 1, and Φn(T ) =
ωn(T )/ωn−1(T ).

The Pontryagin dual Sel0(E/Q∞)∨ of the fine Selmer group over Q∞ is a
finitely generated torsion Zp[[Gal(Q∞/Q)]]-module by Kato [9]. Concerning
the characteristic ideal, Greenberg raised the following problem (conjecture)
(see §3.1)
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Problem 0.7
char(Sel0(E/Q∞)∨) = (

∏
en≥1
n≥0

Φen−1
n ).

We remark that this “conjecture” has the same flavor as his famous con-
jecture on the vanishing of the λ-invariants for class groups of totally real
fields.

Let Sel±(E/Q∞) be Kobayashi’s ±-Selmer groups ([12], or see 1.5). By
definition we have Sel0(E/Q∞) ⊂ Sel±(E/Q∞). In this subsection, we
assume the µ-invariant of Sel±(E/Q∞) vanishes. Using Kato’s result [9]
we know g(T ) ∈ char Sel+(E/Q∞)∨, and f(T ) ∈ char Sel−(E/Q∞)∨ (cf.
Kobayashi [12] Theorem 1.3, see also 1.5). Hence, a generator of char Sel0(E/Q∞)∨

divides both f(T ) and g(T ). Thus, in the supersingular case, we can check
this conjecture (Problem 0.7) numerically in many cases, by computing f(T )
and g(T ).

For example, suppose that rankE(Q) = e0 and min{λ(f(T )), λ(g(T ))} =
e0. Then, we can show that the above “conjecture” is true and, moreover,
char Sel0(E/Q∞)∨ = (T e′0) where e′0 = max{0, e0 − 1} (see Proposition 3.1).
For E = X0(17)d and p = 3, the condition of Proposition 3.1 is satisfied
for all d such that 0 < d < 250 except for d = 104, 193, 233. For these
exceptional values, we also checked Problem 0.7 holds (see §3.3).

In §3.2 we raise a question on the greatest common divisor of f(T ) and
g(T ) (Problem 3.2), and study a relation with the above Greenberg “conjec-
ture” (see Propositions 3.3 and 3.4).

We would like to heartily thank R. Greenberg for fruitful discussions on
all subjects in this paper, and for his hospitality when both of us were invited
to the University of Washington in May 2004. Furthermore, we learned to
use Wingberg’s result from him when we studied the problem in Proposition
3.4 (1). We would also like to express our hearty thanks to G. Stevens for his
helpful suggestion when we studied the example (the case d = 193) in §3.3.
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1 Iwasawa theory of an elliptic curve with su-

persingular reduction

1.1. ±-Coleman homomorphisms. Kobayashi defined in [12] §8 ±-
Coleman homomorphisms. We will give here a slightly different construction
of these homomorphisms using the results of the first author in [13].

Suppose that E has good supersingular reduction at an odd prime p with
ap = p + 1 − #E(Fp) = 0. We denote by T = Tp(E) the Tate module,
and set V = T ⊗ Qp. For n ≥ 0, let Qp,n denote the intermediate field
of the cyclotomic Zp-extension Qp,∞/Qp of the p-adic field Qp such that
[Qp,n : Qp] = pn. We set Λ = Zp[[Gal(Q∞/Q)]] = Zp[[Gal(Qp,∞/Qp)]], and
identify Λ with Zp[[T ]] by identifying γ with 1 + T . We put

H1
loc = lim

←
H1(Qp,n, T )

where the limit is taken with respect to the corestriction maps. We will
define two Λ-homomorphisms

Col± : H1
loc −→ Λ.

Let D = DdR(V ) be the Dieudonné module which is a two dimen-
sional Qp-vector space. Let ωE be the Néron differential which we regard
as an element of D. Since D is isomorphic to the crystalline cohomol-
ogy H1

cris(E mod p/Qp), the Frobenius operator ϕ acts on D and satisfies
ϕ−2 − apϕ

−1 + p = ϕ−2 + p = 0.
We take a generator (ζpn) of Zp(1); namely, ζpn is a primitive pn-th root

of unity, and ζp
pn+1 = ζpn for any n ≥ 1. For n ≥ 1 and x ∈ D, put

γn(x) =
n−1∑
i=0

ϕi−n(x)⊗ ζpn−i + (1− ϕ)−1(x) ∈ D ⊗Qp(µpn).

Putting Gn+1 = Gal(Qp(µpn+1)/Qp), we define

Pn : H1(Qp(µpn+1), T ) −→ Qp[Gn+1]

by

Pn(z) =
1

[ϕ(ωE), ωE]

∑
σ∈Gn+1

TrQp(µpn+1 )/Qp([γn+1(ϕ
n+2(ωE))σ, exp∗(z)])σ.

Here
exp∗ : H1(Qp(µpn+1), T ) −→ D ⊗Qp(µpn+1)
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is the dual exponential map of Bloch and Kato (which is the dual of the
exponential map: D ⊗ Qp(µpn+1) −→ H1(Qp(µpn+1), T )), and [x, y] ∈ D ⊗
Qp(µpn+1) is the cup product of the de Rham cohomology for x, y ∈ D ⊗
Qp(µpn+1). In this, [ϕ(ωE), ωE] ∈ Zp plays the role of a p-adic period. By
Proposition 3.6 in [13], we have

Pn(z) ∈ Zp[Gn+1]

(note that we slightly changed the notation γn, Pn from [13]).
Put Gn = Gal(Qp,n/Qp), and let i : H1(Qp,n, T ) −→ H1(Qp(µpn+1), T )

and π : Zp[Gn+1] −→ Zp[Gn] be the natural maps. We define

Pn : H1(Qp,n, T ) −→ Zp[Gn]

by

Pn(z) =
1

p− 1
π ◦ Pn(i(z)).

These elements satisfy a distribution property; namely, we have

πn,n−1Pn(z) = −νn−2,n−1Pn−2(Nn,n−2(z))

where πn,n−1 : Zp[Gn] −→ Zp[Gn−1] is the natural projection, νn−2,n−1 :
Zp[Gn−2] −→ Zp[Gn−1] is the norm map such that σ 7→ Στ (for σ ∈ Gn−2,
τ ranges over elements in Gn−1 such that πn−1,n−2(τ) = σ), and Nn,n−2 :
H1(Qp,n, T ) −→ H1(Qp,n−2, T ) is the corestriction map. This relation can
be proved by showing ψ(πn,n−1Pn(z)) = ψ(−νn−2,n−1Pn−2(Nn,n−2(z))) for
any character ψ of Gn−1 (cf. the proof of Lemma 7.2 in [13]).

Our identification of γ with 1 + T , gives an identification of Zp[Gn] with
Zp[T ]/((1 +T )pn − 1). Set ωm = (1 +T )pm − 1, and Φm = ωm/ωm−1 which is
the pm-th cyclotomic polynomial evaluated at 1 +T . The above distribution
relation implies that Φn−1 divides Pn(z). By induction on n, we can show
that Φn−1Φn−3 · ... ·Φ1 divides Pn(z) if n is even, and Φn−1Φn−3 · ... ·Φ2 divides
Pn(z) if n is odd. Put

ω+
n =

∏
2≤m≤n,2|m

Φm, ω−n =
∏

1≤m≤n,2-m

Φm.

Suppose that z is an element in H1
loc, and zn ∈ H1(Qp,n, T ) is its im-

age. Suppose at first n is odd, and write Pn(zn) = ω+
n hn(T ) with hn(T ) ∈

Zp[T ]/(ωn). Then, hn(T ) is uniquely determined in Zp[T ]/(Tω−n ) because
ω+

n ω
−
n T = ωn; so we regard hn(T ) as an element in this ring. By the above

distribution property, we know that ((−1)(n+1)/2hn(T ))n:odd≥1 is a projective
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system with respect to the natural maps Zp[T ]/(Tω−n+2) −→ Zp[T ]/(Tω−n ).
Hence, it defines an element h(T ) ∈ lim

←
Zp[T ]/(Tω−n ) = Zp[[T ]] = Λ. We

define Col+(z) = h(T ).
Next, suppose n is even. We write Pn(zn) = ω−n kn(T ) with kn(T ) ∈

Zp[T ]/(Tω+
n ). By the same method as above, the distribution property

implies that ((−1)(n+2)/2kn(T ))n:even≥1 is a projective system, so it defines
k(T ) ∈ lim

←
Zp[T ]/(Tω+

n ) = Zp[[T ]] = Λ. We define Col−(z) = k(T ). Thus,

we have obtained two power series from z ∈ H1
loc. We define Col : H1

loc −→
Λ⊕ Λ by Col(z) = (Col+(z),Col−(z)) = (h(T ), k(T )).

The next lemma will be useful in what follows.

Lemma 1.1 Suppose z ∈ H1
loc, Col+(z) = h(T ), and Col−(z) = k(T ).

Then,

h(0) =
p(p− 1)

p+ 1

exp∗(z0)

ωE

and k(0) =
2p

p+ 1

exp∗(z0)

ωE

where z0 is the image of z in H1(Qp, T ), and exp∗(z0)/ωE is the element
a ∈ Qp such that exp∗(z0) = aωE.

We note that exp∗(z0)/ωE is known to be in p−1Zp (cf. [23] Proposition
5.2), hence the right hand side of the above formula is in Zp.

Proof. This follows from the construction of Col±(z) and Lemma 3.5 in [13]
(cf. the proof of Lemma 7.2 in [13], pg. 220).

1.2. An exact sequence. We have defined

Col = Col+⊕Col− : H1
loc −→ Λ⊕ Λ.

This homomorphism induces

Proposition 1.2 We have an exact sequence

0 −→ H1
loc

Col−→ Λ⊕ Λ
ρ−→ Zp −→ 0

where ρ is the map defined by ρ(h(T ), k(T )) = h(0)− p−1
2
k(0).

Proof. First of all, we note that H1
loc is a free Λ-module of rank 2. In fact,

sinceH0(Qp,∞, E[p]) = 0, it follows thatH1(Qp, E[p∞])
'−→ H1(Qp,∞, E[p∞])Gal(Qp,∞/Qp)

is bijective. Taking the dual, we get an isomorphism (H1
loc)Gal(Qp,∞/Qp) '

H1(Qp, T ). Since H0(Qp, E[p]) = H2(Qp, E[p]) = 0, H1(Qp, T ) is a free
Zp-module of rank 2, and so H1

loc is a free Λ-module of rank 2.
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By Lemma 1.1, we know ρ ◦ Col = 0. Hence, to prove Proposition 1.2, it
suffices to show that the cokernel of Col is isomorphic to Zp.

Kobayashi defined two subgroups E±(Qp,n) of E(Qp,n) ⊗ Zp ([12] Def-
inition 8.16). We will explain these subgroups in a slightly different way
(this idea is due to R. Greenberg). Since E(Qp,n) ⊗ Qp is the regular rep-
resentation of Gn, it decomposes into

⊕n
i=0 Vi where the Vi’s are irreducible

representations such that dimQp V0 = 1, and dimQp Vi = pi−1(p−1) for i > 0.
Then E+(Qp,n) (resp. E−(Qp,n)) is defined to be the subgroup consisting of
all points P ∈ E(Qp,n)⊗ Zp such that the image of P in Vi is zero for every
odd i (resp. for every positive even i). We define E±(Qp,∞) as the direct
limit of E±(Qp,n). By definition, the sequence

0 −→ E(Qp)⊗Qp/Zp −→ E+(Qp,∞)⊗Qp/Zp ⊕ E−(Qp,∞)⊗Qp/Zp

−→ E(Qp,∞)⊗Qp/Zp −→ 0

is exact. Since p is supersingular, E(Qp,∞) ⊗ Qp/Zp = H1(Qp,∞, E[p∞]).
We also know that E±(Qp,∞)⊗Qp/Zp is the exact annihilator of the kernel
of Col± with respect to the cup product ([12] Proposition 8.18). Hence,
taking the dual of the above exact sequence, we get Coker(Col) ' (E(Qp)⊗
Qp/Zp)

∨ ' Zp, which completes the proof.

1.3. p-adic L-functions and Kato’s zeta elements. We now consider
global cohomology groups. For n ≥ 0, let Qn denote the intermediate field
of Q∞/Q with degree pn. We define

H1
glob = lim

←
H1(Qn, T ) = lim

←
H1

et(OQn [1/S], T )

where the limit is taken with respect to the corestriction maps, and S is the
product of the primes of bad reduction and p. The image of z ∈ H1

glob in H1
loc

we continue to denote by z. In our situation, H1
glob was proved to be a free

Λ-module of rank 1 (Kato [9] Theorem 12.4). Kato constructed an element
zK = ((zK)n)n≥0 ∈ H1

glob with the following properties [9]. For a faithful
character ψ of Gn = Gal(Qn/Q) with n > 0,∑

σ∈Gn

ψ(σ) exp∗(σ(zK)n) = ωE
L(E,ψ, 1)

ΩE

,

and

exp∗((zK)0) = ωE(1− app
−1 + p−1)

L(E, 1)

ΩE

where exp∗ : H1(Qp,n, T ) −→ D ⊗Qp,n is the dual exponential map.
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Suppose that θQn ∈ Zp[Gn] is the modular element of Mazur and Tate
[15], which satisfies the distribution property πn,n−1θQn = −νn−2,n−1θQn−2 ,
and the property that for a faithful character ψ of Gn = Gal(Qn/Q) with
n > 0,

ψ(θQn) = τ(ψ)
L(E,ψ−1, 1)

ΩE

where τ(ψ) is the Gauss sum, and ψ : Zp[Gn] −→ Zp[Imageψ] is the ring
homomorphism induced by ψ.

Let α and β be two roots of t2 + p = 0. We have two p-adic L-functions
Lp,α and Lp,β by Amice-Vélu and Vishik, which are in H∞⊗Qp(

√
−p) where

H∞ =

{
∞∑

n=0

anT
n ∈ Qp[[T ]]; lim

n→∞
|an|pn−h = 0 for some h ∈ Z>0

}
.

As the second author proved in [20], there are two Iwasawa functions f(T )
and g(T ) in Zp[[T ]] such that

Lp,α(T ) = f(T ) log+(T ) + αg(T ) log−(T ) (3)

and
Lp,β(T ) = f(T ) log+(T ) + βg(T ) log−(T ) (4)

where log+(T ) = p−1Πn>0
1
p
Φ2n(T ) and log−(T ) = p−1Πn>0

1
p
Φ2n−1(T ).

Let Pn be as in §1.1, and zK = ((zK)n) be the zeta element of Kato. By
Lemma 7.2 in [13] by the first author, we have

Pn((zK)n) = θQn (5)

(we note that we need no assumption (for example on L(E, 1)) to get (5)).
Since we know that Lp,α is also obtained as the limit of

α−n−1(θQn − α−1νn−1,nθQn−1),

using (5), we obtain

Lp,α(T ) = Col+(zK) log+(T ) + αCol−(zK) log−(T ).

Comparing this formula with (3), we have proved

Theorem 1.3 (Kobayashi [12] Theorem 6.3) Let zK be Kato’s zeta ele-
ment, and f , g be the Iwasawa functions as in (3). Then, we have Col+(zK) =
f(T ) and Col−(zK) = g(T ).
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1.4. Proofs of Theorems 0.3 and 0.4. We begin by proving Theorem
0.3. For a non-zero element z in H1

glob, we write Col(z) = (hz(T ), kz(T )).
Since H1

glob is free of rank 1 over Λ ([9] Theorem 12.4), hz(T )/kz(T ) does not
depend on the choice of z ∈ H1

glob. So choosing z = zK , we have by Theorem
1.3, that hz(T )/kz(T ) = f(T )/g(T ) for all non-zero z ∈ H1

glob.
Let ξ be a generator of H1

glob. Suppose that hξ(0) 6= 0. By Proposition 1.2,
ρ(Col(ξ)) = 0, so we get kξ(0) 6= 0 and hξ(0)/kξ(0) = (f/g)(0) = (p − 1)/2.
This contradicts our assumption. Hence, hξ(0) = 0. This implies that the
image ξQp of ξ in H1(Qp, T ) satisfies exp∗(ξQp) = 0 by Lemma 1.1, so ξQp is
in E(Qp)⊗Zp. Hence, the image ξQ of ξ in H1(Q, T ) is in Sel(E/Q, T ) which
is the Selmer group of E/Q with respect to T . Since H1

glob = H1(Q,Λ ⊗
T ), from an exact sequence 0 −→ Λ ⊗ T −→ Λ ⊗ T −→ T −→ 0, the
natural map (H1

glob)Gal(Q∞/Q) −→ H1(Q, T ) is injective ((H1
glob)Gal(Q∞/Q) is

the Gal(Q∞/Q)-coinvariants of H1
glob). Thus, ξQ ∈ Sel(E/Q, T ) is of infinite

order. Therefore, # Sel(E/Q, T ) = ∞, which implies # Sel(E/Q)p∞ = ∞
and establishes Theorem 0.3.

Next, we introduce condition (∗)0. We consider the composite H1
glob −→

H1(Q, T ) −→ H1(Qp, T ) of natural maps, and the property

(∗)0 H1
glob −→ H1(Qp, T ) is not the zero map.

This property (∗)0 should always be true. In fact, it is a consequence of
the p-adic Birch and Swinnerton-Dyer conjecture. More precisely, it follows
from a conjecture that a certain p-adic height pairing is non-degenerate (see
Perrin-Riou [17] pg. 979 Conjecture 3.3.7 B and Remarque iii)).

We now prove Theorem 0.4. As we saw in the proof of Proposition 1.2,
H1

loc is a free Λ-module of rank 2. The p-adic rational points E(Qp)⊗Zp is a
direct summand of H1(Qp, T ); hence, we can take a basis e1, e2 of H1

loc such
that the image e01 of e1 in H1(Qp, T ) is not in E(Qp) ⊗ Zp, and the image
e02 of e2 in H1(Qp, T ) generates E(Qp)⊗ Zp. Since e01 is not in E(Qp)⊗ Zp,
exp∗(e01) 6= 0, and, by Lemma 1.1, Col+(e1)(0) 6= 0, and Col−(e1)(0) 6= 0.
Since e02 is in E(Qp) ⊗ Zp, by Lemma 1.1, Col+(e2)(0) = Col−(e2)(0) = 0.
We also have that Col+(e2)

′(0) 6= 0 and Col−(e2)
′(0) 6= 0. This follows from

the fact that the determinant of the Λ-homomorphism Col : H1
loc −→ Λ⊕ Λ

is T modulo units by Proposition 1.2. We also note that Col+(e2)
′(0) −

p−1
2

Col−(e2)
′(0) 6= 0. Indeed, since (Col+(e1)/Col−(e1))(0) = (p − 1)/2, if

we had (Col+(e2)/Col−(e2))(0) = (p− 1)/2, we would have

Image(Col) ∩ T (Λ⊕ Λ) ⊂ ((p− 1)/2, 1)TΛ + T 2(Λ⊕ Λ),
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which contradicts Proposition 1.2.
Now we assume (∗)0 and rankE(Q) > 0. Let ξ, hξ(T ), kξ(T ), ... be

as in the proof of Theorem 0.3. We write ξ = a(T )e1 + b(T )e2 with a(T ),
b(T ) ∈ Λ. Since rankE(Q) > 0, E(Q) ⊗Qp −→ E(Qp) ⊗Qp is surjective.
So the image of H1(Q, T ) −→ H1(Qp, T ) is in E(Qp) ⊗ Zp by Lemma 1.4
below which we will prove later. Therefore, a(0) = 0. Hence, (∗)0 implies
that b(0) 6= 0. Thus, we get

h′ξ(0)− p− 1

2
k′ξ(0) = b(0)

(
Col+(e2)

′(0)− p− 1

2
Col−(e2)

′(0)

)
6= 0.

Hence,
f(T )

g(T )

∣∣∣
T=0

=
h′ξ(0)

k′ξ(0)
6= p− 1

2
,

which completes the proof.

Our last task in this subsection is to prove the following well-known prop-
erty.

Lemma 1.4 . Let V = T ⊗Q. The image of H1(Q, V ) −→ H1(Qp, V ) is a
one dimensional Qp-vector space.

Proof of Lemma 1.4. We first note that H1(Q, V ) = H1(Z[1/S], V ) where S
is the product of the primes of bad reduction and p. Since V is self-dual, by
the Tate-Poitou duality we have an exact sequence

H1(Q, V )
i−→ H1(Qp, V )

i∨−→ H1(Q, V )∨

where i∨ : H1(Qp, V ) = H1(Qp, V )∨ −→ H1(Q, V )∨ is obtained as the
dual of i : H1(Q, V ) −→ H1(Qp, V ). This shows that dim Image(i) =
dim Image(i∨) = dim Coker(i). Thus, we obtain dim Image(i) = 1 from
dimH1(Qp, V ) = 2.

1.5. Main Conjecture. We review the main conjectures in our case. We
define Sel±(E/Q∞) to be the Selmer group which is defined by replacing the
local condition at p with E±(Qp,∞) ⊗ Qp/Zp (see the proof of Proposition
1.2). Then, the main conjecture is formulated as

char Sel+(E/Q∞)∨ = (g(T ))

and
char Sel−(E/Q∞)∨ = (f(T ))

13



where (∗)∨ is the Pontryagin dual (Kobayashi [12]). These two conjectures
are equivalent to each other ([12] Theorem 7.4) and, furthermore, each of
them is equivalent to

char Sel0(E/Q∞)∨ = char(H1
glob/ < zK >)

where Sel0(E/Q∞) is defined as in 0.3. The inclusion ⊃ is proved by using
Kato’s result [9] up to µ-invariants (Kobayashi [12] Theorem 1.3).

We give here a corollary of Corollary 0.6 in §0.1.

Proposition 1.5 Assume that L(E, 1) = 0, µ(f(T )) = µ(g(T )) = 0, and

1 = min{λ(f(T )), λ(g(T ))} < max{λ(f(T )), λ(g(T ))}.

Then, the Iwasawa main conjecture for E is true; namely, char Sel+(E/Q∞)∨ =
(g(T )) and char Sel−(E/Q∞)∨ = (f(T )).

Proof. Corollary 0.6 implies that Sel(E/Q)p∞ is infinite. Hence, by the con-
trol theorem for Sel±(E/Q∞) ([12] Theorem 9.3), T divides the characteristic
power series of Sel±(E/Q∞)∨, and thus, T divides f(T ) and g(T ). Then, by
our assumption, one of (f(T )) or (g(T )) equals (T ). Hence, the main conjec-
ture for one of Sel+(E/Q∞) or Sel−(E/Q∞) holds. This implies that both
statements are true ([12] Theorem 7.4).

As an example, we consider the quadratic twist E = X0(17)d as in
§0.1. Then, the condition in Proposition 1.5 is satisfied by X0(17)d for
d = 29, 37, 40, 41, 44, 56, 65, ... . For example, when d = 37, we have

char Sel+(E/Q∞)∨ = (T ) and char Sel−(E/Q∞)∨ = ((1 + T )3 − 1).

Hence, if we assume the finiteness of X(E/Q(cos 2π/9))[3∞], we know that
rankE(Q) = 1 and rankE(Q(cos 2π/9)) = 3. Note that we get this conclu-
sion just from analytic information (the computation of modular symbols).

1.6. Remark. We consider in this subsection a more general case. We
assume that E has good reduction at an odd prime p. If p is ordinary,
we assume that E does not have complex multiplication. Let α, β be the
two roots of x2 − apx + p = 0 in an algebraic closure of Qp where ap =
p + 1 −#E(Fp). If p is ordinary, we take α to be a unit in Zp as usual. If
p is a supersingular prime, we have two p-adic L-functions Lp,α and Lp,β by
Amice-Vélu and Vishik.

14



If p is ordinary, Lp,α is the p-adic L-function by Mazur and Swinnerton-
Dyer. The other function Lp,β is defined in the following way. Since E does
not have complex multiplication, if p is ordinary, we can write ωE = eα+eβ in
D⊗Qp(α) where eα (resp. eβ) is an eigenvector of the Frobenius operator ϕ
corresponding to the eigenvalue α−1 (resp. β−1). Perrin-Riou constructed a
map which interpolates the dual exponential map (cf. [18] Theorem 3.2.3, [9]
Theorem 16.4 ) H1

loc⊗ΛH∞ −→ D⊗QpH∞. The image of Kato’s element zK

can be written as Lp,αeα +Lp,βeβ if p is supersingular, and the eα component
of the image of zK is Lp,α in the ordinary case. We simply define Lp,β by
zK 7→ Lp,αeα + Lp,βeβ in the ordinary case.

Set
r = min{ordT=0 Lp,α, ordT=0 Lp,β}.

We conjecture that if r > 0,

L(r)
p,α(0)

(1− 1
α
)2
6=

L(r)
p,β(0)

(1− 1
β
)2

(6)

which is equivalent to Conjecture 0.2 in the case ap = 0. Note that if r = 0,
we have

Lp,α(0)

(1− 1
α
)2

=
Lp,β(0)

(1− 1
β
)2

=
L(E, 1)

ΩE

.

So the above conjecture (6) asserts that L(r)
p,α(0)/(1 − α−1)2 = L(r)

p,β(0)/(1 −
β−1)2 if and only if r = 0.

We remark that the p-adic Birch and Swinnerton-Dyer conjecture would
imply r = ordT=0 Lp,α = ordT=0 Lp,β, but if we had ordT=0 Lp,α 6= ordT=0 Lp,β,
Conjecture (6) would follow automatically. The p-adic Birch and Swinnerton-
Dyer conjecture predicts(

d

ds

)r

Lp,α(κ(γ)s−1 − 1)
∣∣
s=1

=

(
1− 1

α

)2
#X(E/Q) Tam(E/Q)

(#E(Q)tors)2
Rp,α

(cf. Colmez [4]) where κ : Gal(Q∞/Q) −→ Z×p is the cyclotomic character,
and Rp,α (resp. Rp,β) is the p-adic α-regulator (β-regulator) of E. Hence, if
we admit this conjecture, Conjecture (6) means that Rp,α 6= Rp,β.

We now establish that L(r)
p,α(0)/(1 − α−1)2 6= L(r)

p,β(0)/(1 − β−1)2 implies
that # Sel(E/Q)p∞ = ∞. Namely, Conjecture (6) implies Conjecture 0.1.
We know (H1

glob)Q = H1
glob ⊗ Q is a free ΛQ = Λ ⊗ Q-module of rank 1

(Kato [9] Theorem 12.4). Suppose that T s divides Kato’s element zK and
T s+1 does not divide zK in (H1

glob)Q. We denote by ξi the image of zK/T
i in

H1(Q, V ) for i = 1, ..., s. Clearly, ξ1 = ... = ξs−1 = 0, and ξs 6= 0 because the
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natural map (H1
glob)Gal(Q∞/Q)⊗Q −→ H1(Q, V ) is injective ((H1

glob)Gal(Q∞/Q)

is the Gal(Q∞/Q)-coinvariants of H1
glob). We assume L(r)

p,α(0)/(1 − α−1)2 6=
L(r)

p,β(0)/(1 − β−1)2, which implies that L(E, 1) = 0. We will show that the
image of ξs in H1(Qp, V ) is in H1

f (Qp, V ) = E(Qp) ⊗Qp. Put D0 = QpωE

and
L(i) = (1− α−1)−2L(i)

p,α(0)eα + (1− β−1)−2L(i)
p,β(0)eβ ∈ D.

We know that the image of ξi by exp∗ is L(i) times a non-zero element,
and if ξi is in H1

f (Qp, V ), the image of ξi by log : H1
f (Qp, V ) −→ D/D0

is L(i + 1) times a non-zero element modulo D0 by Perrin-Riou’s formulas
[17] Propositions 2.1.4 and 2.2.2. (Note that Conjecture Réc(V) in [17] was
proved by Colmez [3].)

Suppose that r ≤ s. By our assumption, L(r) is not inD0, hence log(ξr−1)
is not in D0. Thus, ξr−1 is a non-zero element in H1(Qp, V ). But this is a
contradiction because ξr−1 = 0 in H1(Q, V ) by the definition of s. Thus, we
have r > s. This implies that L(s) = 0, and hence, exp∗(ξs) = 0. So ξs is in
H1

f (Qp, V ). Therefore, ξs is in the Selmer group Sel(E/Q, V ) with respect
to V , and # Sel(E/Q)p∞ = ∞. This can be also obtained from Proposition
4.10 in Perrin-Riou [19].

Next, we will show that rankE(Q) > 0 and (∗)0 imply (6). These con-
ditions imply that ξs is in H1

f (Qp, V ) (by Lemma 1.4), and also is non-zero.
Therefore, L(s+ 1) is not in D0. This shows that r = s+ 1 and (6) holds.

2 Constructing a rational point in E(Q)

We saw in the previous section that the value (f/g)(0)−(p−1)/2 is important
to understand the Selmer group. In this section, we consider the case r =
ordT=0 f(T ) = ordT=0 g(T ) = 1. We will see that the computation of the
value f ′(0)− p−1

2
g′(0) helps to produce a rational point in E(Q) numerically.

To do this, we have to compute the value f ′(0)− p−1
2
g′(0) to high accuracy,

which we do using the theory of overconvergent modular symbols.

2.1. Overconvergent modular symbols. Let ∆0 denote the space of de-
gree zero divisors on P1(Q) which naturally are a left GL2(Q)-module under
linear fractional transformations. Let Σ0(p) be the semigroup of matrices(

a b
c d

)
∈M2(Zp) such that p divides c, gcd(a, p) = 1 and ad− bc 6= 0. If V is

some right Zp[Σ0(p)]-module, then the space Hom(∆0, V ) is naturally a right
Σ0(p)-module by

(ϕ
∣∣γ)(D) = ϕ(γD)

∣∣γ.
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For a congruence subgroup Γ ⊂ Γ0(p) ⊂ SL2(Z), we set

SymbΓ(V ) =
{
ϕ ∈ Hom(∆0, V ) : ϕ

∣∣γ = ϕ
}
,

the subspace of Γ-invariant maps which we refer to as the space of V -valued
modular symbols of level Γ.

We note that this space is naturally a Hecke module. For instance, Up

is defined by
∑p−1

a=1

(
1 a
0 p

)
. Also, the action of the matrix ( −1 0

0 1 ) decomposes
SymbΓ(V ) into plus/minus subspaces SymbΓ(V )±.

If we take V = Qp, SymbΓ(Qp) is the classical space of modular symbols
of level Γ over Qp. By Eichler-Shimura theory, each eigenform f over Qp

of level Γ gives rise to an eigensymbol ϕ±f in SymbΓ(Qp)
± with the same

Hecke-eigenvalues as f .
Let D(Zp) denote the space of (locally analytic) distributions on Zp. Then

D(Zp) inherits a right Σ0(p)-action defined by:

(µ|γ)(f(x)) = µ

(
f

(
b+ dx

a+ cx

))
.

Then SymbΓ(D(Zp)) is Steven’s space of overconvergent modular symbols.
This space admits a Hecke-equivariant map to the space of classical modular
symbols

ρ : SymbΓ(D(Zp)) −→ SymbΓ(Qp)

by taking total measure. That is, ρ(Φ)(D) = Φ(D)(1Zp). We refer to this
map as the specialization map.

Theorem 2.1 (Stevens) The operator Up is completely continuous on SymbΓ(D(Zp)).
Moreover, the Hecke-equivariant map

ρ : SymbΓ(D(Zp))
(<1) ∼−→ SymbΓ(Qp)

(<1)

is an isomorphism. Here the superscript (< 1) refers to the subspace where
Up acts with slope less than 1.

See [26] Theorem 7.1 for a proof of this theorem.

2.2. Connection to p-adic L-functions. Now consider an elliptic curve
E/Q of level N with good supersingular reduction at p. By the Modularity
theorem, there is some modular form f = fE on Γ0(N) corresponding to E.
If α is a root of x2 − apx + p = 0, let fα(τ) = f(τ) + αf(pτ) denote the
p-stabilization of f to level Γ0(Np). By Eichler-Shimura theory, there exists
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a Hecke-eigensymbol ϕf, α = ϕ+
f, α ∈ SymbΓ(Qp)

+ ⊗ Qp(α) with the same
Hecke-eigenvalues as fα. Explicitly, we have

ϕ+
f, α ({r} − {s}) = πi

(∫ r

s

fα +

∫ −r

−s

fα

)
Ω−1

E

where ΩE is the Néron period of E/Q.
By Stevens’ comparison theorem (Theorem 2.1), there exists a unique

overconvergent Hecke-eigensymbol Φα = Φ+
α ∈ SymbΓ(D(Zp))

+⊗Qp(α) such
that ρ(Φα) = ϕf, α. (Note that since ϕf, α

∣∣Up = α · ϕf, α, the symbol ϕf, α has
slope 1/2 and the theorem applies.)

The overconvergent symbol Φα is intimately connected to the p-adic L-
function of E. Indeed,

Φα({0} − {∞}) = Lp,α(E), (7)

the p-adic L-function of E viewed as a (locally analytic) distribution on Z×p .

To verify this, one uses the fact that Φα lifts ϕf, α, that Φα

∣∣Up = α · Φα and
that, by definition,

Lp,α(E)(1a+pnZp) = 1
αn · ϕf, α

({
a
pn

}
− {∞}

)
.

See [26] Theorem 8.3.

2.3. Computing p-adic L-functions. As in [21] and [6], one can use the
theory of overconvergent modular symbols to very efficiently compute the p-
adic L-function of an elliptic curve. Indeed, by (7), it suffices to compute the
corresponding overconvergent modular symbol Φα.

To do this, we first lift ϕf, α to any overconvergent symbol Φ (not neces-
sarily a Hecke-eigensymbol). Then, using Theorem 2.1, one can verify that
the sequence {α−nΦ

∣∣Un
p } converges to Φα. Thus, as long as we can effi-

ciently compute Up on spaces of overconvergent modular symbols, we can
form approximations to the symbol Φα.

To actually perform such a computation, one must work modulo various
powers of p and thus we must make a careful look at the denominators
that are present. If O denotes the ring of integers of Qp(α), then ϕf, α ∈
1
α
SymbΓ(Zp). (The factor of 1

α
comes about from the p-stabilization of f

from level N to level Np.) Let D0(Zp) denote the set of distributions whose
moments are all integral; that is,

D0(Zp) = {µ ∈ D(Zp) : µ(xj) ∈ Zp}.
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It is then possible to lift ϕf, α to a symbol Φ in 1
α2 SymbΓ(D0(Zp))⊗O.

As mentioned above, {α−nΦ
∣∣Un

p } converges to Φα. However, the space
SymbΓ(D0(Zp)) ⊗ O is not preserved by the operator 1

α
Up. However, the

subspace

X :=
{
Φ ∈ SymbΓ(D0(Zp))⊗O : ρ(Φ)

∣∣Up = αρ(Φ) and ρ(Φ) ∈ αSymbΓ(O)
}

is preserved by 1
α
Up. (Note that the two conditions defining this set are

clearly preserved by this operator. The key point here is that overconvergent
symbols with integral moments satisfying these two conditions will still have
integral moments after applying 1

α
Up.)

Thus, to form our desired overconvergent symbol using only symbols with
integral moments, we begin with α2ϕf, α ∈ αSymbΓ(O) and lift this symbol
to an overconvergent symbol Φ′ in X. Then 1

αn Φ′
∣∣Un

p is in X for all n and
converges to α2Φα.

To perform this computation on a computer, we need a method of ap-
proximating an overconvergent modular symbol with a finite amount of data.
Furthermore, we must ensure that our approximations are stable under the
action of Σ0(p) so that Hecke operators can be computed. A method of ap-
proximating distributions using “finite approximation modules” is given in
[21] and [6] Section 2.4 which we will now describe.

Consider the set

F(M) = O/pM ×O/pM−1 × · · · × O/p.

We then have a map

D0(Zp)⊗O −→ F(M) given by µ 7→ {µ(xj) mod pM−j}M−1
j=0 .

Moreover, one can check that the kernel of this map is stable under the action
of Σ0(p). This allows us to give F(M) the structure of a Σ0(p)-module.

As F(M) is a finite set, the space SymbΓ(F(M)) can be represented on
a computer. Indeed, there is a finite set of divisors such that any modular
symbol of level Γ is uniquely determined by its values on these divisors. Thus,
any element of SymbΓ(F(M)) can be represented by a finite list of elements
in F(M).

Moreover, since

SymbΓ(D0(Zp))⊗O ∼= lim
←

SymbΓ(F(M)),

these spaces provide a natural setting to perform computations with over-
convergent modular symbols.
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To compute the p-adic L-function of E, we fix some large integer M and
consider the image of α2ϕf, α in SymbΓ(O/pM). One can explicitly lift this

symbol to a symbol Φ
′

in SymbΓ(F(M)). (See [21] for explicit formulas
related to such liftings.)

In the ordinary case, one then proceeds by simply computing the se-
quence {α−nΦ

′∣∣Un
p } which will eventually stabilize to the image of α2Φα in

SymbΓ(F(M)).
However, in the supersingular case, α is not a unit and thus division by

α causes a loss of accuracy. The symbol α−2nΦ
′∣∣U2n

p is naturally a symbol
in F(M − n) and is congruent to α2Φα modulo pn. By choosing M and n
appropriately, one can then produce a Up-eigensymbol to any given desired
accuracy.

2.4. Twists. Let χd denote the quadratic character of conductor d and let
Ed be the quadratic twist of E by χd. Let α∗ = χd(p)α and let Φα be the
overconvergent eigensymbol whose special value at {0}−{∞} equals Lp,α(E).
If gcd(d,Np) = 1, then

Φα∗,d :=

|d|∑
a=1

χd(a) · Φα

∣∣∣ (
1 a

d

0 1

)
is a Up-eigensymbol of level Γ0(d

2Np) with eigenvalue α∗. Moreover, if d > 0,
then

Φα∗,d ({0} − {∞}) = Lp,α∗(Ed).

In particular, once we have constructed an eigensymbol that computes Lp,α(E),
we can use this symbol to compute the p-adic L-function of all real quadratic
twists of E. (To compute imaginary quadratic twists one needs to instead
use the overconvergent symbol that corresponds to ϕ−f,α.)

2.5. Computing derivatives of p-adic L-functions. Once the image
of Φα has been computed in SymbΓ(F(M)) for some M , by evaluating at
D = {0}−{∞} we can recover the first M moments of the p-adic L-function
modulo certain powers of p. As in [6] pg. 17, we can also recover∫

a+pZp

(x− {a})j dLp,α(E) mod pM

for 0 ≤ j ≤M − 1 where {a} denotes the Teichmüller lift of a.
Using these values one can compute the derivative of this p-adic L-

function. Indeed, if we let Lp,α(E, s) be the function of Lp,α(E) in the s-
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variable, then

L′p,α(E, s)
∣∣∣
s=1

=

∫
Z×p

logp(x) dLp,α(E)

=

p−1∑
a=1

∫
a+pZp

logp(x/{a}) dLp,α(E)

=

p−1∑
a=1

∫
a+pZp

∞∑
j=1

(−1)j+1

j
(x/{a} − 1)j dLp,α(E)

=

p−1∑
a=1

∞∑
j=1

(−1)j+1

j
{a}−j

∫
a+pZp

(x− {a})j dLp,α(E).

Since
∫

a+pZp
(x − {a})j dLp,α(E) is divisible by pj, by calculating the above

expression for j between 0 and M − 1, one obtains an approximation to
L′p,α(E, 1) which is correct modulo pM−r where pr ≤M < pr+1.

Let Lp,α(T ) be the p-adic L-function in the T -variable as in §1. Then
Lp,α(κ(γ)s−1−1) = Lp,α(E, s), and Lp,α(T ) = f(T ) log+(T )+g(T ) log−(T )α.
Hence,

L′p,α(E, s)
∣∣∣
s=1

= L′p,α(T )
∣∣∣
T=0

· log(κ(γ))

=
(
f ′(0) log+(0) + g′(0) log−(0)α

)
· log(κ(γ))

=
1

p
· (f ′(0) + g′(0)α) · log(κ(γ)). (8)

So from the computation of the derivative of Lp,α(E, s), we can easily com-
pute the values of f ′(0) and g′(0).

2.6. p-adic Birch and Swinnerton-Dyer conjecture. We now give a
precise statement of the p-adic Birch and Swinnerton-Dyer conjecture as in
Bernardi and Perrin-Riou [1]. As before, E/Q is an elliptic curve for which
p is a good supersingular prime with ap = 0. If r is the order of Lp,α(E/Q, s)
at s = 1, then this conjecture asserts that r = rankE(Q) and

1

r!
L(r)

p,α(E/Q, s)
∣∣
s=1

=

(
1− 1

α

)2

Cp(E/Q) ·Rp,α(E/Q) (9)

where Rp,α(E/Q) is the p-adic α-regulator of E/Q, and

Cp(E/Q) =
#X(E/Q) · Tam(E/Q)

(#E(Q)tors)2

21



(cf. also [4], [19]). In the case r = 1, we have

Rp,α(E/Q) = − 1

[ϕ(ωE), ωE]
·
(
hϕ(ωE)(P ) +

hωE
(P )

p
α

)
(10)

where P is some generator of E(Q)/E(Q)tors, and ωE, ϕ, [ϕ(ωE), ωE] are as
in §1. Here, for each ν ∈ D = DdR(Vp(E)), there is a p-adic height function
hν : E(Q) −→ Qp attached to ν. If ν = ωE and if P is in the kernel of

reduction modulo p, then hωE
(P ) = − logÊ(P )2 where logÊ : Ê(Qp) −→ Qp

is the logarithm of the formal group Ê/Qp attached to E.
Assuming the p-adic Birch and Swinnerton-Dyer conjecture (with r = 1),

equations (8), (9) and (10) yield(
1− 1

α

)−2

(f ′(0) + g′(0)α) log(κ(γ))

=
p(p− 1)− 2pα

(p+ 1)2
(f ′(0) + g′(0)α) log(κ(γ))

= − p

[ϕ(ωE), ωE]
·
(
hϕ(ωE)(P ) +

hωE
(P )

p
α

)
Cp(E/Q).

Equating α-coefficients of both sides gives

2p log(κ(γ))

(p+ 1)2
·
(
f ′(0)− p− 1

2
g′(0)

)
=
hωE

(P ) · Cp(E/Q)

[ϕ(ωE), ωE]
.

Since Ê(Qp) = E1(Qp) is the kernel of the reduction map E(Qp) −→ E(Fp),

(E(Qp) : Ê(Qp)) = #E(Fp) = p + 1, and (p + 1)P is in Ê(Qp). The above
formula can be written as

logÊ ((p+ 1)P )2 = −
f ′(0)− p−1

2
g′(0)

Cp(E/Q)
2p log(κ(γ))[ϕ(ωE), ωE]. (11)

Note that the fact that we have two p-adic L-functions which are com-
putable, gives us the advantage that logÊ ((p+ 1)P ) is expressed by com-
putable terms.

We apply this formula to a quadratic twist of E, and have a twisted
version of this equation. Let Lp,α∗(Ed, T ) be the function in the T -variable
corresponding to Lp,α∗(Ed) defined in 2.4. We assume that the rank of Ed(Q)
equals 1 and Pd is a generator of the Mordell-Weil group modulo torsion.
Also, we define fd(T ) and gd(T ) by

Lp,α∗(Ed, T ) = fd(T ) log+(T ) + gd(T ) log−(T )α∗.
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Then, we have a twisted equation

logÊd
((p+ 1)Pd)

2 = −
η2

d

(
f ′d(0)−

p−1
2
g′d(0)

)
d · Cp(Ed/Q)

2p log(κ(γ))[ϕ(ωE), ωE]. (12)

Here, ηd is defined by ωEd
= ηd√

d
ωE. (Note that ηd is written down explicitly

in [1] pg. 230. In most cases, ηd = 1.)

2.7. Computing rational points. Using equation (11) we can attempt
to use the p-adic L-function to p-adically compute global points on E(Q).
Suppose that we do not know X(E/Q). We first compute

zp(E) = expÊ

√
−

(
f ′(0)− p−1

2
g′(0)

)
2p log(κ(γ))[ϕ(ωE), ωE]

Tam(E)
· #E(Q)tors

p+ 1


(13)

where expÊ is the inverse of logÊ (the formal exponential of Ê). The quan-
tity in the parentheses should be in pZp because of the p-adic Birch and
Swinnerton-Dyer conjecture (cf. (11)), so the right hand side should con-
verge. If x̂(t), ŷ(t) represent the formal x and y coordinate functions of
Ê/Qp, then

P̃ ′ := (x̂(zp(E)), ŷ(zp(E)))

is a point in Ê(Qp). The p-adic Birch and Swinnerton-Dyer conjecture (11)
predicts that there is a global point P ′ ∈ E(Q) such that

(p+ 1)P ′ = (p+ 1)P̃ ′ in E(Qp).

(The point P ′ should be
√

#X(E/Q)P in the terminology of (11)). Thus,

there is a point Q ∈ E(Qp) of order dividing p + 1 such that P ′ = P̃ ′ + Q.
So we can proceed in the following way. We first compute p-adically all Q
of order dividing p + 1 in E(Qp). Then, for each such Q, we check to see if
P̃ ′ +Q appears to be a global point.

2.8. Computing in practice. We explain our method in the case of
computing points on a quadratic twist of E. Considering (12), we define

zp(E, d) := (14)

expÊ

√
−

(
f ′d(0)− p−1

2
g′d(0)

)
· 2p log(κ(γ))[ϕ(ωE), ωE]

dTam(Ed)
· ηd#Ed(Q)tors

p+ 1

 ,
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and
P̃ ′d := (x̂(zp(E, d)), ŷ(zp(E, d))).

To carry out this computation, we need to first get a good p-adic ap-
proximation of zp(E, d) and thus a p-adic approximation of P̃ ′d. Then, we
compute p-adic approximations of the (p + 1)-torsion in Ed(Qp). To find a
global point, we translate P̃ ′d around by these torsion points with the hope
of finding some rational point that is very close p-adically to one of these
translates. Fortunately, if we find a candidate global point, we can simply
go back to the equation of Ed to see if the point actually sits on our curve.

The key terms that need to be computed in order to determine P̃ ′d are
f ′d(0), g′d(0), expÊ(t), x̂(t), ŷ(t), Tam(Ed/Q), #Ed(Q)tors, and [ϕ(ωE), ωE].
The most difficult of these terms to compute are f ′d(0) and g′d(0). We cannot
use Riemann sums to approximate f ′d(0) and g′d(0), since in practice we will
need a fairly high level of p-adic accuracy in order to recognize global points.
(To get n digits of p-adic accuracy, one needs to sum together approximately
pn modular symbols which becomes implausible for large n.) Instead, we use
the theory of overconvergent modular symbols explained above to compute
f ′d(0) and g′d(0) to high accuracy.

For the remaining terms, computing invariants of the formal group Ê/Qp

is standard. (We used the package [25].) The arithmetic invariants (Tam(Ed/Q)
and #Ed(Q)tors) of the elliptic curve Ed are easy to compute. (We used the
intrinsic functions of MAGMA [14].)

Lastly, an algorithm to compute [ϕ(ωE), ωE] is outlined in [1] pg. 232.
However, we sidestepped this issue in the following way. For one particular
twist Ed with X(Ed/Q) = 0, we found a generator Pd of Ed(Q)/Ed(Q)tors

directly using mwrank [5]. Then, using (11), we can determine what the value
of [ϕ(ωE), ωE] should be to high accuracy since every other expression in (11)
is computable to high accuracy. (We actually repeated this computation for
several different twists to make sure that the predicted value of [ϕ(ωE), ωE]
was always the same.)

Lastly, to recognize the coordinates of P̃ ′d as rational numbers, we used
the method of rational reconstruction as explained in [11] and, in practice,
we used the recognition function in [7].

2.9. The computations. We performed the above described computations
for the curves X0(17) and X0(32) and the prime p = 3. (These computations
were done on William Stein’s meccah cluster.) For X0(17) (resp. X0(32)) we
computed the associated overconvergent symbol Φα modulo 3200 (resp. 3100).
Because of the presence of the square root in (14), we then were only able to
compute P̃d to 100 (resp. 50) 3-adic digits for X0(17) (resp. X0(32)).
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For X0(17) (resp. X0(32)), we could find a global point on all quadratic
twists 0 < d < 250 except for d = 197 (resp. 0 < d < 150) with gcd(d, 3N) =
1. (For X0(17)197 one could find a point via several different methods, but
our method would require a more accurate computation of overconvergent
modular symbols.) We made a table of these points in §4.

Another interesting example whose d is not in the above mentioned
range is Ed = X0(17)d with d = 328. We found a global point P ′ =
(28069/25, 3626247/125) on the curve

E328 : y2 = x3 − 73964x− 490717520

by the method which we described above. We also computed

“
1

2
”zp(E, d) :=

expÊ

1

2

√
−

(
f ′d(0)− p−1

2
g′d(0)

)
· 2p log(κ(γ))[ϕ(ωE), ωE]

dTam(Ed)
· ηd#Ed(Q)tors

p+ 1

 .

From this local point, we produced a global point P = (1398,−46240) on the
curve E328. This reflects well the fact that #X(E/Q) = 4 in this case. The
point P = (1398,−46240) should be a generator of E(Q) modulo torsion.

3 The structure of fine Selmer groups and the

gcd of f (T ) and g(T )

In this section, we will study the problem mentioned in §0.3, and the greatest
common divisor of f(T ) and g(T ).

3.1. Greenberg’s “conjecture” (problem). Suppose that Sel0(E/Q∞),
en, f(T ), g(T ), ... are as in §0.3. As we explained in §0.3, we are interested
in the following problem (conjecture) by Greenberg.

Problem 0.7
char(Sel0(E/Q∞)∨) = (

∏
en≥1
n≥0

Φen−1
n ).

First of all, since E(Qp,n)⊗Qp is a one dimensional regular representation
of Gn = Gal(Qn/Q), by the definition of en, Ker(E(Qn)⊗Qp −→ E(Qp,n)⊗
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Qp) contains (Qp[T ]/Φn(T ))en−1 if en ≥ 1. Hence, Sel0(E/Qn) contains
((Zp[T ]/Φn(T ))⊗Qp/Zp)

en−1, and we always have

char(Sel0(E/Q∞)∨) ⊂ (
∏
en≥1
n≥0

Φen−1
n ).

Coates and Sujatha conjectured in [2] that µ(Sel0(E/Q∞)∨) = 0. In fact,
they showed that µclass

Q(E[p]) = 0 implies µ(Sel0(E/Q∞)∨) = 0 ([2] Theorem

3.4) where µclass
Q(E[p]) is the classical Iwasawa µ-invariant for the class group of

cyclotomic Zp-extension of Q(E[p]) which is the field obtained by adjoining
all p-torsion points of E. The proof of this fact can be described simply and
slightly differently from [2], so we give here the proof. Put F = Q(E[p]),
and denote by F∞/F the cyclotomic Zp-extension. By Iwasawa [8] Theorem
2, µclass

F = 0 implies H2(OF∞ [1/S],Z/pZ) = H2
et(SpecOF∞ [1/S],Z/pZ) = 0

(S is the product of the primes of bad reduction and p). Hence, assuming
µclass

F = 0, we have H2(OF∞ [1/S], E[p]) = 0. Since the p-cohomological di-
mension of SpecOF∞ [1/S] is 2, the corestriction mapH2(OF∞ [1/S], E[p]) −→
H2(OQ∞ [1/S], E[p]) is surjective, so we get H2(OQ∞ [1/S], E[p]) = 0, which
implies µ(Sel0(E/Q∞)∨) = 0.

In the following, we assume p is supersingular and ap = 0. As we explained
in §0.3, a generator of char Sel0(E/Q∞)∨ divides both f(T ) and g(T ) (at least
up to µ-invariants). Using this fact, we will prove what we mentioned in §0.3.

Proposition 3.1 Assume that rankE(Q) = e0, min{λ(f(T )), λ(g(T ))} =
e0, and µ(Sel0(E/Q∞)∨) = 0. Then, char Sel0(E/Q∞)∨ = (T e′0) where e′0 =
max{0, e0 − 1}, and Problem 0.7 holds.

Proof. Suppose, for example, λ(f(T )) = e0. Since one divisibility of the main
conjecture was proved (cf. 1.5), this assumption implies (f(T )) = (T e0) as
ideals of Λ. If e0 = 0, then f(T ) is a unit. Thus, Sel0(E/Q∞) is finite and we
get the conclusion. Hence, we may assume e0 > 0. Then, Sel−(E/Q∞)∨ ∼
(Λ/(T ))e0 (pseudo-isomorphic), and by the control theorem for Sel−(E/Q∞)
([12] Theorem 9.3), Sel(E/Q)p∞ is of corank e0. Since E(Q) ⊗ Qp −→
E(Qp) ⊗ Qp is surjective (because e0 > 0), Sel0(E/Q) is of corank e0 −
1. By the control theorem for Sel0(E/Q∞) (cf. [13] Remark 4.4), we get
Sel0(E/Q∞)∨ ∼ (Λ/(T ))e0−1, which implies the conclusion.

3.2. The gcd of f(T ) and g(T ).
We use the convention that we always express the greatest common di-

visor of elements in Λ of the form pµh(T ) where h(T ) is a distinguished
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polynomial. Concerning the greatest common divisor of f(T ) and g(T ), we
propose

Problem 3.2
gcd(f(T ), g(T )) = T e0

∏
en≥1
n≥1

Φen−1
n .

Proposition 3.3 Assume µ(Sel0(E/Q∞)∨) = 0. Then, Problem 3.2 implies
Problem 0.7.

We note that if we assume Problem 3.2, we have min{µ(f(T )), µ(g(T ))} =
0, hence if the Galois representation on the p-torsion points of E is surjective,
µ(Sel0(E/Q∞)∨) = 0 holds by [9] Theorem 13.4.

Proof of Proposition 3.3. As we explained in §0.3, Sel0(E/Q∞) ⊂ Sel±(E/Q∞)
which implies gcd(f(T ), g(T )) ∈ char(Sel0(E/Q∞)∨). So if Problem 3.2 is
true, we have

(T e0

∏
en≥1
n≥1

Φen−1
n ) ⊂ char(Sel0(E/Q∞)∨) ⊂ (

∏
en≥1
n≥0

Φen−1
n ).

The rest of the proof is the same as that of Proposition 3.1. We may
assume e0 > 0. By the control theorem for Sel±(E/Q∞) ([12] Theorem
9.3) and our assumption that Problem 3.2 is true, Sel(E/Q)p∞ is of corank
e0. Hence, Sel0(E/Q) is of corank e0 − 1. Hence, if F is a generator of
char(Sel0(E/Q∞)∨), by the control theorem for Sel0(E/Q∞) (cf. [13] Re-
mark 4.4), we have ordT (F) = e0 − 1. This implies that Problem 0.7 is
true.

Next, we will assume Problem 0.7 and deduce Problem 3.2 under certain
assumptions. Let H1

glob, H1
loc be as in §1. We consider the natural map

H1
glob −→ H1(Qn, T ) −→ H1(Qp,n, T ) −→ H1(Qp,n, T )/(Φn), and assume

(∗)n H1
glob −→ H1(Qp,n, T )/(Φn) is not the zero map

for all n ≥ 0. In particular, condition (∗)0 coincides with the condition we
considered in §1.4.

Proposition 3.4 We assume (∗)n for all n ≥ 0 and Problem 0.7. Then,
(1) The cokernel of the natural map H1

glob −→ H1
loc is pseudo-isomorphic to

Λ.
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(2) If we also assume the Main Conjecture for E (cf. 1.6) and that the p-
primary component X(E/Q)[p∞] of the Tate-Shafarevich group of E/Q is
finite, then Problem 3.2 holds.

Proof. (1) First of all, H1
glob is isomorphic to Λ ([9] Theorem 12.4), and as we

saw in §1.4, H1
loc is isomorphic to Λ⊕Λ. If we denote by (a, b) the image of a

generator of H1
glob ' Λ in H1

loc ' Λ⊕Λ, Φn does not divide the gcd of a and b.
Indeed, if Φn divided the gcd of a and b, the map H1

glob −→ H1(Qp,n, T )/(Φn)
would be a zero map, which contradicts (∗)n.

On the other hand, we have an exact sequence

0 −→ H1
loc/H

1
glob −→ Sel(E/Q∞)∨p∞ −→ Sel0(E/Q∞)∨ −→ 0;

hence, taking the Λ-torsion parts, we get an exact sequence

0 −→ (H1
loc/H

1
glob)Λ−tors −→ (Sel(E/Q∞)∨p∞)Λ−tors −→ (Sel0(E/Q∞)∨)Λ−tors.

We write char((H1
loc/H

1
glob)Λ−tors) = (ε(T )). By Wingberg [27] Corollary 2.5,

we have

char((Sel(E/Q∞)∨p∞)Λ−tors) = char((Sel0(E/Q∞)∨)Λ−tors).

Hence, by Problem 0.7, any irreducible factor of ε(T ) is of the form Φn. But
Φn does not divide the gcd of a and b, so does not divide ε(T ). Therefore,
char((H1

loc/H
1
glob)Λ−tors) = (1), and (H1

loc/H
1
glob)Λ−tors is pseudo-null. This

implies H1
loc/H

1
glob ∼ Λ.

(2) Put h(T ) = Πn≥0,en≥1Φ
en−1
n . By the Main Conjecture and Problem 0.7,

we have

char(H1
glob/ < zK >) = char Sel0(E/Q∞)∨ = (h(T )).

Hence, we can write zK = h(T )ξ where ξ is a generator of H1
glob. By Theorem

1.3, we have f(T ) = Col+(ξ)h(T ) and g(T ) = Col−(ξ)h(T ). We take a =
a(T ), b = b(T ), e1, e2 as in the proof of Theorem 0.4 in §1.4, namely, ξ =
ae1 + be2 with a, b ∈ Λ. By the proof of Proposition 3.4 (1), a is prime to
b. Hence, by Proposition 1.2, the greatest common divisor of Col+(ξ) and
Col−(ξ) is T or 1.

Suppose at first that e0 = 0. Since X(E/Q)[p∞] is finite, Sel(E/Q)p∞ is
finite. Hence, by the control theorem for Sel±(E/Q∞), char Sel±(E/Q∞)∨ 6⊂
(T ). Hence, by the Main Conjecture, f(0) 6= 0 and g(0) 6= 0. Thus,
Col±(ξ)(0) 6= 0. Therefore, the gcd of Col+(ξ) and Col−(ξ) is 1, and the
gcd of f(T ) and g(T ) is h(T ).
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Next, suppose e0 > 0. Then, E(Q) ⊗Qp −→ E(Qp) ⊗Qp is surjective,
so the image of H1(Q, T ) −→ H1(Qp, T ) is in E(Qp)⊗Zp by Lemma 1.4. In
particular, the image of ξ is in E(Qp)⊗Zp. Recall that ξ = a(T )e1 + b(T )e2.
Since ξ ∈ E(Qp)⊗Zp, we get a(0) = 0. It follows from T | Col±(e2) (cf. 1.4)
that T divides Col±(ξ). Thus, the gcd of Col+(ξ) and Col−(ξ) is T , and the
gcd of f(T ) and g(T ) is Th(T ), which completes the proof.

3.3. Examples. Let E = X0(17) and consider the quadratic twist Ed. The
condition of Proposition 3.1 is satisfied for all d such that 0 < d < 250 except
for d = 104, 193, 233.

For d = 104, we have r = 2 and λ(fd(T )) = λ(gd(T )) = 4. We know
that T 2 divides both fd(T ) and gd(T ), and a computer computation shows
that fd(T ) has two addition zeroes of slope 1, and gd(T ) has two addition
zeroes of slope 1/2. Hence, the greatest common divisor of fd(T ) and gd(T )
is T 2 as predicted by Problem 3.2. The computer computations also show
that µ(fd(T )) = µ(gd(T )) = 0. Since the Galois representation on the 3-
torsion of Ed is surjective, [9] Theorem 13.4 yields that µ(Sel0(E/Q∞)∨) = 0.
Therefore, Proposition 3.3 applies and we have char Sel0(E/Q∞)∨ = (T ).

For d = 233, we have r = 1 and min{λ(fd(T )), λ(gd(T ))} = 3. In
this case, a similar computation can be done and, simply by computing
slopes of the zeroes, we can conclude that the gcd of fd(T ) and gd(T ) is T .
Again, the relevant µ-invariants are zero and thus Proposition 3.3 yields that
Sel0(E/Q∞) is finite.

Finally, we consider the case d = 193. We have that λ(fd(T )) = λ(gd(T )) =
7. However, in this case, both power series have 6 roots of valuation 1/6 and
a simple zero at 0. Thus, simply by looking at slopes of roots, we cannot
conclude that their greatest common divisor is T .

To analyze this situation more carefully, we set

A(T ) =
fd(T )

fd(0)T
· log+(T ) and B(T ) =

gd(T )

gd(0)T
· log−(T )

Φ1(T )

which are both convergent power series on the open unit disc. We divide
here by Φ1(T ) so that every root of both A(T ) and B(T ) has valuation at
most 1/6.

Let π be some 6-th root of p in Qp and set

A′(T ) = A(πT ) and B′(T ) = B(πT ).

Then both A′ and B′ are convergent power series on the closed unit disc and
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are thus in the Tate algebra

O〈T 〉 =

{
f(T ) =

∞∑
n=0

anT
n : |an|p → 0

}

where O = Zp[π].
We consider the image of A′ and B′ in

O〈T 〉/πm ∼= (O/πmO)[T ]

for various m with the hopes of noticing that the image of these power series
do not share a common root in this small polynomial ring.

For m = 1, by a computer computation, we have

A′(T ) ≡ 1 + 2T 6 and B′(T ) ≡ 1 + 2T 6,

from which we deduce nothing.
For m = 2, we have

A′(T ) ≡ 1 + 2T 6 and B′(T ) ≡ 1 + 2πT + 2T 6 + πT 7.

From this, we again deduce nothing as

A′(T ) · (1 + 2πT ) ≡ B′(T ).

For m = 3 though, we have

A′(T ) ≡ 1+π2T 2 +2T 6 and B′(T ) ≡ 1+2πT +π2T 2 +2T 6 +πT 7 +2π2T 8.

Now, one computes that

B′(T ) ≡ A′(T ) · (1 + 2πT + π2T 2) + 2π2T 2.

If gcd(fd, gd) 6= T , then there exists some common root α in OQp
with valu-

ation 1/6. If we write α = πu with u a p-adic unit, then A′(u) = B′(u) = 0.
But the above identity then forces that 2π2u2 is divisible by π3, which is
impossible! Thus, gcd(fd, gd) = T and Sel0(E/Q∞) is finite.

4 Tables

In this section, we present two tables listing the rational points we con-
structed 3-adically on quadratic twists of X0(17) and X0(32). For each curve
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X0(N), we considered d such that d > 0, gcd(d, 3N) = 1, and rankX0(N)d =
1. In each case, we used the curve’s globally minimal Weierstrass equation.
For the curve X0(17)d, we included this equation in the table (by listing the
coefficients of y2 +a1xy+a3y = x3 +a2x

2 +a4x+a6). For the curve X0(32)d,
the globally minimal Weierstrass equation is simply y2 = x3 + 4d2x.

These computations were done for the curve X0(17) (resp. X0(32)) using
an overconvergent modular symbol that was accurate mod 3200 (resp. mod
3100).
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Table of global points Pd found on X0(17)d

d Pd [a1, a2, a3, a4, a6]

5 (14,−32) [1,−1, 0,−17,−1734]

28
(

9895
81
, −878410

729

)
[0, 0, 0,−539,−305270]

29
(

139064
1225

, −46339707
42875

)
[1,-1,0,-578,-339015]

37
(

150455134
974169

, 1539419885296
961504803

)
[1,-1,0,-941,-704158]

40 (190,−2400) [0, 0, 0,−1100,−890000]

41 (1067
4
, −34691

8
) [1,−1, 1,−1156,−958144]

44 (49351
441

, −2413090
9261

) [0, 0, 0,−1331,−1184590]

56 (19244
121

, −1480800
1331

) [0, 0, 0,−2156,−2442160]

61 (3952
9
, 235937

27
) [1,−1, 0,−2558,−3155815]

65 (959, 29095) [1,−1, 1,−2905,−3818278]

73 (111991
36

, 37126789
216

) [1,−1, 1,−3664,−5408852]

88 (2140023710080
8942160969

, 1453764842693104220
845597567711547

) [0, 0, 0,−5324,−9476720]

92 (3242226594695
62457409

, −5838006309203270250
493600903327

) [0, 0, 0,−5819,−10828630]

97 (123907127
7396

, 1373877614721
636056

) [1,−1, 1,−6469,−12690242]

109 (117267845674060
1957797009

, −1272481700834989645855
86626644257223

) [1,−1, 0,−8168,−18006955]

113 (23663936531
729316

, 3630080811299531
622835864

) [1,−1, 1,−8779,−20063092]

124 (2195359
1089

, −3243299390
35937

) [0, 0, 0,−10571,−26513990]

133 (673327635832141
308624691600

, −17605988238521415099109
171453361171464000

) [1,−1, 0,−12161,−32713318]

173 (9693514595778788
18312896333449

, −653587463274626644218393
78367421114819312293

) [1,−1, 0,−20576,−71997483]

181 (56621266
50625

, 402821517014
11390625

) [1,−1, 0,−22523,−82454830]

184 (33961175037484
73808392329

, −5571288550874575360
20052042602765733

) [0, 0, 0,−23276,−86629040]

193 (915394662845247271
25061097283236

, −878088421712236204458830141
125458509476191439016

) [1,−1, 1,−25609,−99966422]

197 not found [1,−1, 0,−26681,−106311798]

209 (472269
400

, 303288257
8000

) [1,−1, 1,−30031,−126947224]

232 (1106304238
1117249

, −32569057816800
1180932193

) [0, 0, 0,−37004,−173649680]

233 (847800975918361973
716449376631184

, −738030759904517944421609807
19176893823953703981248

) [1,−1, 1,−37324,−175895512]

241 (1313533
1296

, −1347623317
46656

) [1,−1, 1,−39931,−194643044]

248 (3841589315420
407192041

, −7526764618576173000
8216728195339

) [0, 0, 0,−42284,−212111920]
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Table of global points Pd found on X0(32)d

d Pd

5 (5,25)

13 (13
9
, 845

27
)

29 (1421
25
, 76531

125
)

37 ( 37
441
, 198505

9261
)

53 (750533
20449

, 1987241095
2924207

)

61 (102541
1521

, 67889645
59319

)

77 (275625
719104

, 58139738475
609800192

)

85 (765, 21675)

101 (42672500
9409

, 279031013300
912673

)

109 (5341
9
, 415835

27
)

133 (314109807025
1937936484

, 338319926884539145
85311839898648

)

149 (43061
49

, 9435425
343

)
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Séminaire Bourbaki 919, Astérisque 294 (2004), 251-319.

[5] Cremona, J., mwrank,
http://www.maths.nott.ac.uk/personal/jec/ftp/progs/mwrank.info.

33



[6] Darmon, H. and Pollack, R., The efficient calculation of Stark-Heegner
points via overconvergent modular symbols, Israel Journal of Mathe-
matics 153 (2006), 319-354.

[7] Darmon, H. and Pollack, R., Stark-Heegner point computational pack-
age, http://www.math.mcgill.ca/darmon/programs/shp/shp.html.

[8] Iwasawa, K., Riemann-Hurwitz formula and p-adic Galois representa-
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