Introduction to Analysis — MA 511 — Fall 2011 — R.. Pollack
HW +#7 Solutions

Questions from Rudin: Chapter 3: 6(a,b), 9, 10, 23, 24(a,b)
Solution: #6(a) — We have
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Since s,, is unbounded, this sequence must be divergent, and thus > a,, is divergent.
Solution: #6(b) — We have
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Thus
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Since E —3/5 converges, we have that " a,, converges by the comparison test.
n
n

Solution: #10 — Assume that limsup |a,|# < 1. Then by Rudin 3.17(b) (lemma proven in class), for all but
finitely many n, we have that |a, % < 1. Thus |an| < 1 for all but finitely many n. Since a,, € Z, this mean
that a,, = 0 for all but finitely many n. But in the question it is assumed that a,, is non-zero for infinitely
many n. Thus limsup |a,|* > 1 and hence the radius of convergence R = (limsup |a,|# )" is less than or
equal to 1.

Solution: For all n, we have

d(pru qTL) < d(pnapm) + d(pvm Qm) + d(Qma Qn)

and thus
d(pna q'n) - d(Pm, qm) < d(pnapm) + d(va Qn)~

Reversing the roles of m and n gives

Ad(Pm, qm) — A(Pn, an) < AP, Pr) + d(Gn, Gm)

and thus
|d(Pr, 4n) — APy @m)| < APy Pm) + d(@m, @n)-

To prove {d(pn, gn)} is a convergent sequence in R, it suffices to see that {d(pn, ¢»)} is a Cauchy sequence
(since Cauchy implies convergent in R¥). To this end, fix € > 0. Since {p,} is Cauchy, there is some Ny
such that m,n > Ny implies d(p,,pm) < £/2. Similarly, since {g¢,} is Cauchy, there is some Ny such that
m,n > Ny implies d(gy, ¢m) < /2. Set N = max{Ny, No}. Then

|d(Pns @n) — A(Pms Gm)| < APy Pm) + d(Gms gn) < /2 +€/2 =¢.

Hence, {d(pn,qn)} is a Cauchy sequence and thus a convergent sequence.

Solution: #24(a) —Let {p,} be a Cauchy sequence. Since d(p,,p,) = 0 for all n, we have that lim,, d(p,,p,) =
0 and thus the relation is reflexive.
Now let {p,,} and {g,} be two Cauchy sequence such that lim,, d(p,,g,) = 0. Since d(py, ¢n) = d(Gn,Dn),
we have
1171;11 d(Qn,pn) = 1171;11 d(Qn»pn) =0



and thus the relation is symmetric.
Now let {p,}, {¢n} and {r,} be three Cauchy sequence such that lim,, d(p,, ¢,) = 0 and lim,, d(g, r,) = 0.
By the triangle inequality, we have 0 < d(pn, 7)) < d(pn, ¢n) + d(gn, 7o) and thus

0< li7rlnd(pn,rn) < liénd(pn, qn) + d(Gn,Tn) = li7rbn d(Pnsqn) + li7rln d(qn,m) =04+0=0.
Hence lim,, d(pn,7) = 0, and the relation is transitive.
Solution: #24(b) — We must check that if {p,}, {p},}, {¢.}, {¢,} are Cauchy sequences such that
li7rlnd(pn,p%) =0 and liTILnd(qn,q;) =0

then
lim d(py, qn) = limd(p.,, ¢,,)

or equivalently that
limd(pn, qn) — d(pl,, q,,) = 0.
n

We have

APy qn) < d(pn,p},) + d(pr: 4,) + d(an: 4n)
and thus

d(Pns qn) — d(Pys 4n) < d(Pnspy) + d(dr, Gn)-
Also,

APy @) < d(prsPn) + d(Pns an) + d(gn 47,)
and thus

APy 47) — d(Pns qn) < d(prysPn) + d(dn, 45)-
Hence,

|d(Pns Gn) = (P 4)] < d(pn, p) + d(gn, a5)-
Now fix € > 0. Then there is some N; such n > N; implies d(pn, p},) < £/2. Also, there is some N3 such
n > Ny implies d(¢n, q,,) < £/2. Set N = max{Ni, No}. Then for n > N, we have

|d(prs gn) — AP} ap)| < d(prspy,) + dgn,q,) <e/24+¢e/2=¢

and thus lim,, d(pn, g,) — d(p),, q),) = 0 as desired. Thus, A(P, Q) is well-defined.

We must also check that A satisfies the axioms of a metric space.

Clearly A(P,P) = 0. Conversely, let P,Q € X* such that A(P,Q) = 0. Let {p,} be a representative
Cauchy sequence from P and {g,} a representative Cauchy sequence from . Then lim,, d(p,, ¢,) = 0. Thus
by definition {p,} is equivalent to {g¢,}, and again by definition this means that P = @ in X*.

Now we check A(P,Q) = A(Q, P). Let {p,} and {g,} be representatives of P and @ respectively. Then

A(Pa Q) = 1171;11 d(pn>Qn) = 11717:11 d(qnapn) = A(Qa P)
as desired.
Now we must check the triangle inequality. So let P,Q, R € X* with representatives {p,},{q,}, and
{rn}. Then
A(P,R) = imd(pn, ) < limd(pn, gn) + d(gn, rs) = limd(pn, ¢n) +limd(g,, ) = A(P,Q) + A(Q, R)
n n n n

as desired.

Additional questions:



1. Let f: X — Y be a function between two sets. For a subset A C X, we define
f(A) = {b € B such that b = f(a) for some a € A},
and for a subset B C Y, we define

f~1(B) = {a € A such that f(a) € B}.

In each of the following pairs of sets, the two sets are related by either =, C or D. Determine which is
the correct relation and prove your answer. If you answer C or D, give an explicit example where the
reverse inclusion does not hold.

(a) f(A1UAz) «— f(A1) U f(A2)
Solution: We have f(A; U As) = f(A1) U f(As). Indeed

z € f(AHUAy) — a) for some a € A; U Ay
)

f(

f(a) for some a € Ay or a € Ay
Al) or xr € f(AQ)

AU f(A2)

— x € f(
— z e f(
(b) f(A1NAs) «— f(A1) N f(A2)

Solution: We have f(A; N A2) C f(A1) U f(As). Indeed

for some a € A1 N As

x€ f(A1NAy) = z=f(a
= z = f(

~— —

a) for some a € A1 and a € A,
Al) and x € f(AQ)
A1) N f(A2).

= z € f(
= xz € f(
The inclusion D is not true in general. Consider f : R — R given by f(x) = 22. Then take
Ay = (-1,0), Ay = (0,1). Then A; N As is empty and so f(A; N As) is empty. However,

f(A1) =(0,1) = f(As2) and thus f(A;) N f(A2) = (0,1).

(¢) f7H(B1UBs) «— f~1(B1) U f™(By)
Solution: We have f~1(By U By) = f~1(B1) U f~1(By). Indeed
x € fY(BiUB,) <= f(x) € BiUB,
< f(x) € By or f(z) € By
— zefYB)orxe fH(B)
= ze fTN(B)US(B)

(d) f~H(B1NB2) «— f~H(B1)N f(B2)
Solution: We have f~1(By N By) = f~1(B1) N f~1(Bz). Indeed
r€ fY(BiNBy) < f(xr)€ BN By
< f(z) € By and f(z) € B
> zcfYBy) and z € f1(By)
= ze [TH(B)NfH(B)



(e) f(f7H(B) «— B
Solution: We have f(f~*(B)) C B. Indeed, z € f(f~1(B)) implies that = = f(a) for some
a € f~Y(B). But then by definition f(a) € B and thus = € B.

The reverse inclusion need not hold. Consider f : R — R given by f(r) = 22 and take B = R.
Then f~Y(B) = f~1(R) =R, and thus f(f~(B)) = f(R) = R as 22 is always non-negative.

() f7Hf(A) «— A
Solution: We have f=(f(A)) 2 A. Indeed, for x € A, we have f(x) € f(A) and thus z €
FHf(A).
The reverse inclusion need not hold. Consider f : R — R given by f(z) = 2% and take A = R=°.
Then f(A) = R2% and thus f~!(f(A)) = f~}(R2°) = R as f(z) = 22 is always non-negative.

2. Let {a,} be a convergent sequence in R. Prove that
limsup{a, } = liminf{a,} = lim{a,}.

Solution: We start with a lemma.

Lemma 0.1. Let {s,} denote a convergent sequence in R with {s,} — s. Then any subsequence of
{sn} also converges to s.

Proof. Let {s,,} denote a subsequence. Fix ¢ > 0. Then there exists N such that n > N implies
|s, — 8| < e. Then for j > N, we have n; > N as n; > j. Thus |s,, — s| < € and we deduce that
{sn;} = s. O

Returning to the question at hand. Let {a,} — a. Then if E denotes the subset of R consisting of
limits of subsequences of {a,}, by the lemma, F = {a}. Thus

limsup{a,} = sup E = a = lim{a, }

and
liminf{a,} = inf £ = a = lim{a, }.



