Curve Expanding Problem

Let v(s) : [a,b] — R? be a simple closed planar curve travelled counterclockwise.
Fix r > 0 and set ((s) = y(s) — r7i(s), where 7 is the unit normal to . Show that

(i) (8) = () + 27

(ii) A(B) = A(y) +rl + mr? where A(f3), A(7) is the area enclosed by (3,7, respec-
tively;

(i) o5 =

(i) First, to compute the length, we can assume that + is a unit speed curve, and
so {(y) =b—a.. Then

Bls) = 4(s) = rils) = 4(s) + rrgi(s) = A(s)[L + rry).

Therefore,

() = / 1B(s)]ds = / A()](1 + rrg)ds
b

b
= /G(l—i—?"%ds:(b—a)%—r/a %ds
= l(v)+r-27

by the Turning Tangent Theorem.
(ii) If y(s) = (x(s),y(s)), then by Green’s Theorem,

I I
A(fy)zé/ —ydx+:1:dy:§/ —y + xyds.

We have %(s) = (2(s), y(s)) (with (2)?+ ()* = 1), and so n(s) = (—y(s), (s)), since
this last vector has length one, is perpendicular to ¥, and points in the right direction.
Thus

Bls) = (x(s) +ry(s),y(s) — ri(s)),

and the area enclosed by [ is

1 [° N e
A®) = 5 [ =) i) + (@t i) - ri)ds
1 ’ b b b b
= 3 V (zy — yd)ds + r/ (2)* + (9)* + 7~2/ (ij& — yi)ds — 7"/ (ijy + m)ds]
1 7,2 b r b
= AO)+ 5t + Y [ = gids = [ Gy + da)as. (0.1)
Now 1 = —kl = —k,%, S0 -y = —kg, and by the formulas above, we get kg = @{j— 7.

Thus by the Turning Tangent Theorem, the third integral on the last line of (?7)
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becomes ,

1

57‘2/ (& — yi)ds ——7‘ / Ksds ——r / —ds = 7r?
By integration by parts, the last 1ntegra1 in (?7?) is

T T

b . . b .. .. ro.. . b rof? r
—§/a (ijy + Ea)ds = §/a (99 + dd)ds + 5 [b2 + gy, = §/a lds = S((7),
since z(a) = x(b),y(a) = y(b). Thus
A(B) = A(y) + rl(y) + mr®.
(iii) We've computed B(s) = #(s)[1 + 7ks(7)]. Dropping the s’s and writing # for
Ks(7y), this implies
B = Aric 4+ 4[1 + re] = Ari + K[1 4 r&n.
It follows easily that |3 x 3| = k[l + k]2, and that
k(1 +rk)? K

w(B) = (1+rk)3 T




