
Curve Expanding Problem

Let γ(s) : [a, b] −→ R2 be a simple closed planar curve travelled counterclockwise.
Fix r > 0 and set β(s) = γ(s)− r~n(s), where ~n is the unit normal to γ. Show that

(i) `(β) = `(γ) + 2πr;
(ii) A(β) = A(γ) + r`+ πr2, where A(β), A(γ) is the area enclosed by β, γ, respec-

tively;
(iii) κβ = κγ

1+rκγ
.

(i) First, to compute the length, we can assume that γ is a unit speed curve, and
so `(γ) = b− a. . Then

β̇(s) = γ̇(s)− rṅ(s) = γ̇(s) + rκsγ̇(s) = γ̇(s)[1 + rκs].

Therefore,

`(β) =

∫ b

a

|β̇(s)|ds =

∫ b

a

|γ̇(s)|(1 + rκs)ds

=

∫ b

a

(1 + r
dφ

ds
ds = (b− a) + r

∫ b

a

dφ

ds
ds

= `(γ) + r · 2π

by the Turning Tangent Theorem.

(ii) If γ(s) = (x(s), y(s)), then by Green’s Theorem,

A(γ) =
1

2

∫ b

a

−ydx+ xdy =
1

2

∫ b

a

−yẋ+ xẏds.

We have γ̇(s) = (ẋ(s), ẏ(s)) (with (ẋ)2 + (ẏ)2 = 1), and so n(s) = (−ẏ(s), ẋ(s)), since
this last vector has length one, is perpendicular to γ̇, and points in the right direction.
Thus

β(s) = (x(s) + rẏ(s), y(s)− rẋ(s)),
and the area enclosed by β is

A(β) =
1

2

∫ b

a

−(y − rẋ)(ẋ+ rÿ) + (x+ rẏ)(ẏ − rẍ)ds

=
1

2

[∫ b

a

(xẏ − yẋ)ds+ r

∫ b

a

(ẋ)2 + (ẏ)2 + r2

∫ b

a

(ÿẋ− ẏẍ)ds− r
∫ b

a

(ÿy + ẍx)ds

]
= A(γ) +

1

2
r`(γ) +

r2

2

∫ b

a

(ÿẋ− ẏẍ)ds− r

2

∫ b

a

(ÿy + ẍx)ds. (0.1)

Now ṅ = −κs~t = −κsγ̇, so ṅ·γ̇ = −κs, and by the formulas above, we get κs = ẋÿ−ẍẏ.
Thus by the Turning Tangent Theorem, the third integral on the last line of (??)

1



2

becomes
1

2
r2

∫ b

a

(ÿẋ− ẏẍ)ds =
1

2
r2

∫ b

a

κsds =
1

2
r2

∫ b

a

dφ

ds
ds = πr2.

By integration by parts, the last integral in (??) is

−r
2

∫ b

a

(ÿy + ẍx)ds =
r

2

∫ b

a

(ẏẏ + ẋẋ)ds+
r

2
[ẋx+ ẏy]ba =

r

2

∫ b

a

1ds =
r

2
`(γ),

since x(a) = x(b), y(a) = y(b). Thus

A(β) = A(γ) + r`(γ) + πr2.

(iii) We’ve computed β̇(s) = γ̇(s)[1 + rκs(γ)]. Dropping the s’s and writing κ for
κs(γ), this implies

β̈ = γ̇rκ̇+ γ̈[1 + rκ] = γ̇rκ̇+ κ[1 + rκ]n.

It follows easily that |β̈ × β̇| = κ[1 + rκ]2, and that

κ(β) =
κ(1 + rκ)2

(1 + rκ)3
=

κ

1 + rκ
.


