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Question 1

Classify the following ODEs as separable or linear, and find the solution, z, as a function of :
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Question 2

Consider the ODE
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(i). Show that z = t?Int — ¢ is a solution of (1).
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(ii). Consider (1) with the initial condition z(1) = 0. Does a unique solution of this initial value
problem exist? Explain why or why not. [2 marks]
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(iii). The dlaéram belovv shows solutlon curves of (1) correspondmff to different initial conditions.

[2 marks]
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(iv). Explain why the diagram and your answer in (i) do not contradict each other. [2 marks]
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Question 3
The diagram below shows the slope field of the ODE

% = i), :

for a specific continuous function f, along the grid-line {¢t = 0}.
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(i) On the diagram above, sketch the slope field at the given grid pomts [2 marks]
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(ii) In the region of the (z,t) plane shown above, how many eqthilbrla does this equation have?

Explain your reasoning: [2 marks]
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(iii) Sketch thg solution with initial condition z(0) = z¢ € (0, 1), for —10 < ¢ < 10. 1

mark]

(iv) Sketch the solution with initial condition z(0) = zg € (—1,0), for —10 <t <10. [1 mark]




Question 4

Consider the general linear ODE
— tyx = 2
— +p(t)z = q(t), 2)

where p(t) and ¢(t) are continuous functions. Suppose zg(t) is a solution of the homogeneous
problem and z,(t) is a solution of the inhomogeneous problem.

(i) Carefully prove the linearity principle for (2). That is, show that z,(t) + Czg(t) is a solution
of (2) for any constant C.

[3 marks]
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(i) Explain why z,(t) + Czg(t) is the general solution of (2). [1 mark]
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(iii) Bonus: Derive formulas for zg(t) and zp(t). Show all work. [2 marks]
5 : P N { M
led Fethng fader; L) e x|
w\‘u) . ] N
o s ST _ o
Rt QUC . TP %jf::\) K (%} oy ja T
; |
O
3
1
~ 7.
‘ {
e e AT -
=) et piatbaninel ~ - i : P
S ¥ s
- & ~
JU———— A -
o) s L e ) = T a .
,{:} eaf (‘\j“ ‘\) P TW\MVW i\ 2» < ‘/;U:/ e
T ) Y
o £
5 e = - 0w and o= | Taqdb = SO
e ., 1B = o2 e w1 et e ol U SIS S = |
Y J B R “r: Q—’i%‘ { ) %)x istv / A v = o




Question 5

Counsider the harvesting model

dP P

where the population, P, is harvested at constant effort E at a rate EP. The parameters k, N and
E are non-negative. The population is measured in kilograms and time is measured in seconds.
The rescaling, P = Nz and t = %7’, yields the dimensionless harvesting model

dx
— =z(1 - x) — uzx, ®
a1 - 2) - (©)
where x and 7 are the dimensionless population and time, respectively.

(i). What is p in terms of k, N and E? Explain why u is dimensionless. [2 marks]
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of (®) and determine their stability. [3 marks]

i ~, J—

me— ) Tren = L L AT
¥ N i d - At i
J y
Ld
H = D

R G T e l&é e /UU
o,

Stadodat s D J DU S o
N1ve B 1R - =D OA AR ST R Y
. i}i\fii{i - ?.f\ e bA ﬁ/‘\ i ot 4 ‘J T T FA%,:L_
J /
[ e e O " o -
RO = GO R Ry =i
o r > D "
§ <O towr <\ =2 SThelE
,'1 o I

v ML = Usraeye
/ [3 marks]

“
i S
] "
i S
H .
== e - ;
5 - X»L»
N
P
™~

"\

™~

(iv). Give a biological interpretation of your bifurcation diagram in (iii) with respect to the original
variables and parameters in (3t). [2 marks]
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Question 6

Comnsider the autonomous ODE 4
T

i e px + 1,
where 4 € R is a parameter.
(1) Find all bifurcation points. [2 marks]
= S { oy }i \ = /j oA e "“;g“ e

g’ - Q o WL,“ g ,Y dyo . 1 Al
oy NS ES B RN O ,f:(:gvu; Lren . ji‘" —
{ -

Y DU ¥ oV VUL NN
"X j LR SR [

}

N ; o {

V0 Yy = (o0, 2N e v N
ey ”% ’)\}m = O “ \ ?g‘ S ) . 3 {).”&{ i g /Ml\} e {\ | ) QW\} {\ E

(ii) By computing higher order derivatives, classify the bifurcation points in (i). [2 marks]
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(iii) Hence, or otherwise, carefully sketch the bifurcation diagram. The reverse side of this page
has been left blank for you to do additional calculations if you need. [4 marks]
.

(iv) On your diagram above, sketch the phase lines for u = —4, n =0, and = 4. [2 marks]




