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Abstract

The work of Greither and Pareigis details the enumeration of the
Hopf-Galois structures (if any) on a given separable field extension.
We consider the cases where L /K is already classically Galois with I' =
Gal(L/K), where || = 4p for p > 3 a prime. The goal is to determine
those regular (transitive and fixed point free) subgroups N of Perm(I")
that are normalized by the left regular representation of I'. A key
fact that aids in this search is the observation that any such regular
subgroup, necessarily of order 4p, has a unique subgroup of order p.
This allows us to show that all such N are contained in a 'twisted’
wreath product, a subgroup of high index in Perm(I") which has a very
computationally convenient description that allows us to perform the
aforementioned enumeration.
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1 Preliminaries

The general theory of Hopf algebras and Hopf-Galois extensions can be
found in references such as [4] and [24] which applies for general exten-
sions of commutative rings. Our focus will be on the case of separable
extensions of fields as elucidated in [11]. We give some of the background
below.

Given a separable extension of fields L /K, and a K-Hopf algebra H, we say
that L /K is H-Galois if there exists a K-algebra homomorphism

p:H — Endk(L)

such that

u(h)(ab) = %U(h(l))(a)U(h(Z))(b)
h
where A(h) = 3 () h(1) ® h(2) and where the fixed ring

L = {x e L|u(h)(x) = £(h)x Yh € H}

is precisely K and the induced map 1®u:L®H — Endk(L) is an isomor-
phism of K-algebras. It is easy to check, for example, that a classical Galois
extension L/K with G = Gal(L/K) is Hopf-Galois for the K-Hopf algebra
K[G]. For a general separable extension L/K one proceeds as follows. Let
E be the Galois closure of L/K and consider

where I' and A are the relevant Galois groups. If we let S=T/A then
S has a natural IN-action and there is, correspondingly, an induced map
I — B =Perm(S). A regular subgroup N of B is one that acts transitively
and fixed-point freely, a consequence of this is that [N| = |S| = [L : K]. The
following shows how one enumerates and describes what Hopf algebras (if
any) act on L/K to make it Hopf-Galois.
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Theorem 1.1: [11, Theorem 2.1] Let L/K be a separable field extension with
E, S and B as above, then there is a bijection between

(a) K-Hopf algebras H making L/K H-Galois

(b) regular subgroups N < B normalized by ' <B.

If L/K is H-Galois then E ®« H =2 E[N] for N a regular subgroup B normal-
ized by I'. Conversely, if N is a regular subgroup of B normalized by I' then
H = (E[N])" (the fixed ring under the diagonal action of I') is a Hopf al-
gebra which acts to make L/K an H-Galois extension. Although structural
questions are interesting in their own right, our focus in this discussion is
on determining the number and type of those N that arise for a given I'.

The enumerative question requires the determination of the regular sub-
groups N normalized by the image of I' under the induced map mentioned
above. It may happen that some extensions may not afford any Hopf Ga-
lois structures. The condition 'T normalizes N’ translates into the condi-
tion A(I') < Normg(N) which gives some initial restrictions on what N may
arise. For example, if [L : K] = p > 3 (prime) and I 2 S, then, by necessity,
N = Cp and so [Normg(N)| = p(p—1). But since || = p! the aforemen-
tioned containment is impossible and there is no Hopf-Galois structure on
L/K. Conversely, for a given extension, there may be more than one Hopf-
Galois structure. Much recent work in this area has been on the case where
L/K is already classically Galois, whence E =L, A= {1} and, S=T. For
an extension L/K with ' = Gal(L/K), the classical action (i.e. H =KJI])
corresponds to N = p(I") where p is the right regular representation of I' in
B = Perm(I"). The reason for this is that A(I") centralizes p(I') so the diago-
nal action reduces to I' acting on L. However, it is possible for other Hopf
Galois structures to arise. Indeed, if I' is non-abelian then A(I") certainly
normalizes itself so N = A(I") will yield a different Hopf Galois structure on

L/K since A(I") # p(I).

The search for N that satisfy the Greither-Pareigis criteria involves, osten-
sibly, searching in all of B. However, as || increases, B obviously becomes
very large. This motivated the approach developed in [2] by Byott. Specif-
ically, if N < B = Perm(I") is regular and normalized by A(I") then, by regu-
larity, the map b: N — I" given by b(n) = ner induces an isomorphism

B = Perm(I") — Perm(N)
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where A(') — " (isomorphic to ') and N — A(N). Considering " as a
subgroup of Hol(N) = Normpermn) (A(N)), Byott’s technique is to enumerate
the embeddings of I' (regarded as ") into Hol(N), modulo conjugation by
Aut(N). This requires, of course, considering the isomorphism classes of
those N which can arise and then determining these 'regular embeddings’
up to conjugation by Aut(N).

The Galois extensions we shall be considering are those L/K for which
[L:K]=4p for p> 3 aprime. The idea of exploring these is, in some sense,
the next step up in complexity from the pq (for primes p # q) case studied
recently in [3]. However, instead of the two possible classes of groups
of order pg, there are five classes of groups of order 4p if p=1 (mod 4),
and four if p = 3. As such we have either 16 or 25 possible ’pairings’ of
isomorphism classes of I' and N to explore.

We also seek to avoid the problem of the growing size of B, while still
working within the original Greither-Pareigis framework. We shall con-
sider the N as distinct subgroups of B = Perm(I") 2 S4p, and not use Byott’s
technique. Our approach is based on the fact that groups of order 4p for
p > 3 have a unique p-Sylow subgroup. As such, we will show that all the
N normalized by A(I") lie within a solvable, high index subgroup of B, and
that the structure of this subgroup makes the determination of the given N
rather straightforward, and allow us to examine the relationships between
the various N. In addition, we shall examine when, for distinct N and N’,
one has Normg(N) = Normg(N’) since if A(I') < Normg(N) then obviously
A(T) < Normg(N’) as well. This symmetry exists, for example, between
N =A(T") and N’ = p(I") for I non-abelian. We shall see that there are many
N related in this way, some for which the underlying N are not isomorphic
as abstract groups!

Definition 1.2:

e B=Perm(l") =S,
e R(IN) = {N < BJN regular, A(I') < Normg(N)}
e R(M[M])={NeR(IN)|N=M}

e Hol(I") = Normg(A(I"))



Note that we shall, in general, use the term Hol(N) to mean Normpemn)(N)
for any given N.

Observe that for a given I' we determine R(I") by determining R(I",[M]) for
all isomorphism classes of groups [M] where |I'| = |[M|. As such, one first
needs to determine which classes are possible.

2 Groups of Order 4p

Proposition 2.1: The groups I' of order 4p, for p > 3 a prime are
Cap={xx** =1}
CpxV = {X,t1,to]xP = 1,tf = 1,tZ = 1, abelian}

Dap = {x,t| x?P = 1,t? = 1, xt = tx~1}

Qp={xt/x?P=1t?=xP xt =tx~1}
and for p = 1(mod4)

Ep={xtxP=1t"=1txt"1=x%}

where {,{ = L' = — are the elements of order 4 in Up=(Z/pZ)*

Observe that Dyp may also be presented as a split extension of Cp by V
(the Klein four group) that is (x?,xP,t), and that Qp may be presented as
{y,tlyP=1,t*=1,yt =ty~'} (where y = x?) so that both it and Ep are split
extensions of Cp by C4. Note, for p =3 we have C1p, C3 x C x C5,Dg, Q3
and A4, where A4 is, of course, not a split extension. The reason we use
the presentations for Dop and Qp in the statement of the proposition is to
emphasize that both are extensions of Cyp, a fact which will be important
in 3.10.

Since we will be considering regular subgroups normalized by the left reg-
ular representation of I', for each of the five possibilities above, we need to
compute the cycle structure of the generators of the left regular represen-
tations.



Proposition 2.2: We give the left regular representations of the generators
of each group I' of order 4p and include, for reference, the representations of
elements of order p in Cap, D2p and Qy.

(@) For I = Cygp, we have I = {1,x,--- ,x*~1} and

AX)=(1 x - x*
)\(x4) =(Q1 x4.. -x4(p‘1))(x2 .. .X4(p—1)+2)(x. . .X4(p—1)+1)(x3. .. x4(p—1)+3)

(b) For T =CpxV, we have
M= {xtlk=0,...,p—1;i=0,1;j=0,1}
and
AX) = (1 x---xP7H (g toxe - txP Y (o tox- - xP ) (tatn tatox- - - ttoxP1)
At) = (1 t)(x t) - (P71 txP ) (t tato) (tox tatox)--- (txP T tatoxP )
At2) = (1 t2)(x tox) -+ (xP~H taxPh)(ty tata) (X tatox) - (taxP T tytoxP )

(c) For T =Epwe have I = {t'x}|i=0,...,3;j=0,...,p— 1} and
AX)=(1 x xz...prl)(tZ tzxfl,..tzxf(pfl))(t tXZ,,,tX(pfl)Z)(tS tSXZ---tSX(pfl)Z)
A =1t t2 3)(x tx t2 t3%)---(xP71 txP~1 2P 3P Y

(d) For I =Dypwe have I' = {txl[i=0,1;j=0,...,2p—1} and
AX) = (1 x---x2P1y(t tx2PL...1x)
At) = (1 t)(x tx)---(x®P~1 tx2P1
AX®) = (1 X% x2P72)(x 33 Pt P20 (tx PP L)

(e)ForI':prehaveF:{tixj\i:O,l;j:0,...,2p—1} and
AX) = (1 x---x2P 1yt tx®PL. o tx)
A =(1t xP txP)(x tx xPHL txPHL) .. (xP~1 txP~1 x2P1 1x2P 1
AX®) = (1 x%---x2P72)(x x3-- 2Pt P20 (tx tx2P L)



Proof. These calculations are based on the group laws in each of the five
groups in question, based on the presentations in 2.1. O

As we will need this information later on when calculating normalizers, we
include the following.

Proposition 2.3:

Aut(Cap) = Ugp = (Z/4pZ)*
Aut(Cpx V) =Upx GL2(Z/2Z) = Up x S3
Aut(D2p) = {@,jli € Z2p; j € U2p}
where (n,i(taxb) = t*+1P and @2jo 0 By ja = Potjois,izin
Aut(Qp) = {@,j[i € Zzp; j € Uzp}
where (n,i(taxb) = %1 and @2jo 0Py ja = Pt jainizjn
Aut(Ep) = {@,jli € Zp; j € Up}
where (ﬂ,j(taxb) = 21" and Gi2,j2 0 By js = Pt jaisizin

Proposition 2.4: For p > 3 prime, each group of order 4p has a unique (hence
characteristic) subgroup of order p.

Proof. If nis the number of p-Sylow subgroups, then, of course, n=1(mod p)
and n|4 imply n = 1. For p = 3 we observe that A4 has three subgroups of
order 3. O

Proposition 2.5: If N is a regular subgroup of B and K < N is characteristic,
then K<aNormg(N).



Proof. This is essentially the definition of characteristic subgroup, as in [12,
p.31] for example. We note that if N =TI then Normg(I") = Hol(I") and we
have exactly [23, 9.2.3]. O

With this in mind, we note also that if A(I") < Normg(N) with K < N char-
acteristic, then A(I") < Normg(K).

Definition 2.6: Given I', let P be the unique p-Sylow subgroup of A(I")

Our ultimate goal is to show:
Theorem 4.4 If N € R(I") then N < Normg(?P).
With this we shall be able to construct and enumerate all the N € R(I').

As a first step, we need to understand the relationships between P and the
p-Sylow subgroup of any N € R(I").

Proposition 2.7: If P is the unique order p subgroup of A(I') < B then P =
(TyTLTRTY) Where the T are disjoint p-cycles. Also, if P is any order p subgroup
of a regular subgroup N then P normalizes P if and only if it centralizes P and,
moreover, P = (TE'TG?TE ") where aj € {1...p—1}.

Proof. In a regular permutation group, all non-identity elements act with-
out fixed points. As such, if Ttis an element of order p in a regular permu-
tation group of order 4p, then it must be a product of the form MRy
where the 1 are disjoint p-cycles. If P is generated by € = €1€2€3€4, a
product of disjoint p-cycles then, since T TLTTY has order p, if it normal-
izes (€1€2€3€4) then it must centralize since the automorphism group of a
cyclic group of order p has no p-torsion. Therefore TE1€26364TT 1 = £1€2€3¢4.
As such, gt L = gj, i.e. T permutes the g themselves, but as |1 = p
this must be a trivial permutation, therefore Tt ! = & for each i. As
a consequence, we must have Ti(Supp(&j)) = Supp(gi) for each i, where
Supp(ei) is the support of €;. What we wish to show is that T4(Supp(g;)) =
Supp(g;) for each i and j. The point being that, after renumbering if
necessary, Supp(t;) = Supp(gj). For example, if x € Supp(my) N Supp(€q)
and y € Supp(my) NSupp(e2) then as a p-cycle, T = (...X...y...). Now
if Tt centralizes then so does T for any e and so we may assume that
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M = (...XY...), that is m(x) =y. As such TI(X) = MTRTRIG(X) = T(X) =Y
since the 1 are disjoint cycles. However x € Supp(€1) but y € Supp(ez)

which contradicts the fact that (Supp(e1)) = Supp(€1). Therefore, we may

assume that, indeed, Supp(&) = Supp(Ts) and therefore that &t ! = g. If

gi=(z&(2) €(z)...€" 1(z)) for some z € Supp(gj) then

et L = (T(2) Ti(&i(2)) TW(2(2)) ... (P 1(2)))
= (z&(2) 4(z) ... & 1(z))

which means that z = 15(£l(z)) for some non-zero k and so, as ordered sets,

{2,€(2),--.&" (@)} = {M(ek @), (E @), .., T (ETPH(2))

to wit Tl'i%:!‘ = id that is 1§ is a power of gj, but since k is non-zero (hence
a unit mod p) and €& and 15 have order p, then similarly €& is a non-zero
power of Tg. O

Definition 2.8: Given Ty, T, T3, Ty as above, and (i1, iz, i3,i4) € ]F‘F‘, we define
li1, 02, i3,14] = TG and set 0= [0,0,0,0].

Definition 2.9: Given P = (TyThTTY) as in 2.6 and 2.7 above, let

pr=[1, 1, 1, 1] and let P; = (p)

P =[1,1,—1,—1] and let P, = (fi,)
p3=[1,—1,1,—1] and let P3 = (p3)
psa=[1,—1,—1,1] and let P4 = (p4)

and for p =1 (mod 4) with {,{ the two elements of order 4 in Up, that arise
in the presentation of Ep in 2.1, let

Z] and let Ps = <ﬁ5>
(] and let Ps = (Pe)

'D)
|I

[1,-1,¢,
1,-1¢,

'O>
II



Observe that P =P; for all .

Proposition 2.10: If N € R(I") then |[N| = 4p and, as such, N has a unique
p-Sylow subgroup P(N) of order p. With respect to P associated to A(I"), P(N)
must be one of the following (if necessary by renumbering the T for a given

r):

(@) If T = Cap then P(N) € {P1, P2, Ps, Pg} if p=1(mod 4),
otherwise P(N) € {P1,P»}.

(b) IfT =Cp xV then P(N) € {P1, Py, Ps,P4}.

(© IfT =E, then P(N) € {Py, Py, Ps,Ps} if p = 1(mod 4).

(d) If T = Dy then P(N) € {Py,P,P3,Py}.

(e) If T = Qp then P(N) € {P1,P2,Ps,Pe} if p=1(mod 4),
otherwise P(N) € {P1,P»}.

Proof. (a) For I' = C4p we observe that

pr = )\(X“r) - (1x4- .. x4(p—1))(x2 .. .X4(p—1)+2)(x. .. x4(p—1)+1)(x3. . .x4(p—1)+3)

= TQTRTRTY

and

)\(Xp) — (1 xP sz X3p) (X Xp+l X2p+l X3p+l) e (prl szfl Xspfl X4P*1)

and that A(xP) centralizes P; which means that conjugating by A(xP) shuffles
the 15 in some fashion. Consider A(xP)TyA(xP)~1, this yields a p-cycle which
contains xP. The question is which 1§ contains xP in its support? Observe
that Ty = (x¥), T = (x¥**2), 15 = (x**+1) and Ty = (x**3) fork =0...p—1,
and therefore xP = x**! for some i. If p= 1(mod 4) then xP is in the support
of 3 and if p = 3(mod 4) then xP lies in the support of Ty. In a similar
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fashion, we find that A(xP)TRA(XP) 1 =1y if p=1 or TR if p = 3. In summary
we have

p=1
MTHTRTY — TRTYTDLTY

p=3
MTRTRTY — TYTRILHTD

As observed in 2.7, with respect to the 1§ that generate P, we must have
that P(N) is generated by TE 2T TG* = [a1,ap,a3,84] and so we observe
that P(N) must be normalized by the generators of A(I"). We therefore
determine what restrictions this places on the a;. For p = 1(mod 4) we have

A(xP)[a1,a2, a3, a4]A (xP) ! = [a4, a3, a1, 8]

but we must have [a4,as, a1, as| = [uay, uay, uaz, uas] for some u € Up which
means that

dq = uaz
az = uap
a; = uas
d2 = Uay

and based on this, we have that u* = 1 which means that u belongs to
{1,-1,¢,(}. By direct calculation we have the following:

u=1 P<N) = <[1717171]>:Pl
u=-1 P(N):<[1a1a_1a_1]>:P2
u :Z P(N) = <[17 1727 Z]) = PG
u :Z P(N) = <[1’ 1aZaZ]) = P5
For example, if u= —1 then ay = —aj, a3 = —ap, a1 = —as, and ap = —a4

which means that [aj,ap,a3,a4] = [a1,a1, —a1,—a1] = a1[1,1,—1,—1]. Now,
for p=3(mod 4) we have A(t)[a1,a,a3,a4]A(t) 1 =[a3, a4, ap,a1] = [uay, uap, uaz, uay]
which again implies that u* = 1 which means that u € {1} since these are
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the only units in Up with this property. As such, we have

u=1-P(N)=(1,1,1,1) =P
u=-1-P(N)=(1,1,-1,-1]) =P,

(b) For ' =Cp xV we have

Pr = (1 x---xP7Y)(tg tox- - toxP~ ) (2 tox- - - toxP 1) (tato tytox - - - tytoxP~1)
= TLTRTRTY

and it is readily shown that

A(ty) (TeTRTBTY)A () ™ = TRTuTuTS

and
A(t2) (TuTRTBT)A (t2) ™ = TTUTY T,

As to the possible choices of P(N) we argue as in (a) but here we consider
the action of two generators t; and t; and find that A(t1)[a1, az, as, a4])\(t1)_1 =
[ag,a1,a4,a3] = [uaz,uay, uaz,uas] and A(tp)[a1, az, as, a4])\(t2)—1 = [ag,a4,a1,82] =
[vaj,Vvay,vas,vay| for units u,v. Analyzing the resulting relations shows that
u?=1and v?> =1 and as such, u= 41 and v = +1. We now see what P(N)
arise due to the four choices for (u,v), to wit

(u,v) =(1,1) P(N)=([1,1,1,1]) =P,
(u,v) =(1,-1) P(N)=([1,1,-1,-1)) =P,
(u,v) =(-1,1) P(N)=([1,-1,1,-1]) =P3
(u,v) =(-1,-1) P(N)=([1,-1,-1,1)) =P4

(c) For ' = Ep we have

Pr = (Lx X -xP (2t Lt (PD) (¢t - - - tx (P D (3 3. .t3X(P—1)Z)
= TuTRTRTY
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and consequently that A(t) Ty TeTBTUA (1)~ = ngningni. Keeping in mind that

p = 1(mod 4) we again have elements of order 4 in U, and by the same
method used in (a) and (b) we conclude that the only possibilities for P(N)
are {Py, P, Ps, P}

(d) For I' = D2y we have

Pr=A03) = (1 X% x2P2) (3 x2P ) (e tx2P 2. .tx?) (tx txPP L 1)

=TQTRTRTY

and we observe that

A(XP) (TuTeTTu) A (XP) ! = e Ty

and
A() (uTereru)A ()~ = g g g gt

Here, the possible choices for P(N) are {P1, P2, P3, P4} regardless of whether
p=lorp=3.

(e) For ' = Qp we have

Pr=(1x%---x2P ) (xx3-- P Lt tx®P 2. ) (tx PP L 03)
= TQTRTRTY

and calculate that A(t) (TuTergT)A(t) ~* = 15 g b, 1 . Here, we find that
for p=1(mod 4), P(N) € {P1,P2,Ps,Ps} and for p=3(mod 4), P(N) € {P1,P2}.

O

3 Regular Subgroups with Identical Normaliz-
ers

As alluded to in the introduction, there are certain symmetries amongst the
R(I") which arise due to having Normg(N) = Normg(N’) for distinct N,N’.
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The first of these parallels the relationship between A(I) and p(I'), culmi-
nating in 3.9. The second, 3.11, is due to a classical relationship between
the holomorphs of dihedral and quaternionic groups of the same order.
Along the way, we shall make a number of general observations about the
structure of Normg(N) which will be crucial in the next section. We remind
the reader that R(I") is the set of those regular subgroups N < B = Perm(I")
normalized by A(I").

For a given regular subgroup N embedded in B, there is a related group
which is presented in different ways, e.g. in [19] or [11], but which is
essentially the following.

Definition 3.1: If N < B is a regular subgroup, then let N°PP = Centg(N),
the centralizer of N in B.

One key fact about the opposite group is this.

Proposition 3.2: For N < B a regular subgroup, N°PP is also a regular sub-
group.

Proof. One can construct N°PP directly as in [11, Lemma 2.4.2]. Forye I
let ny be the element of N such that ny(1) =y. Then for any n € N, let ¢,
be given by gn(y) = nyn(1) whereby Centg(N) = {gn/n € N}. The regularity
of N°PP is readily verified. Note also that, for N = A(I'), one has N°PP =

p(r). O

Various other facts about a regular subgroup and its opposite must also be
noted.

Proposition 3.3: NNN°PP =Z(N)

Proof. If n € NNNC°PP then for all n’ € N, we have nn’ =n’n, as such n € Z(N),
the reverse containment is trivial as Z(N) < N°PP. O

Corollary 3.4: If N is regular and abelian, then N = N°PP.
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In 4.1 we will see a subtle but important consequence of this property. We
should also mention this relatively obvious fact about the ( )°PP operation.

Lemma 3.5: For N a regular subgroup of B, (N°PP)%PP = N,

Proof. The elements of (N°PP)°PP are those which commute with all ele-
ments of N°PP, hence N < (N°PP)°PP However, since the opposite of a
regular subgroup is regular, then (N°PP)°PP is regular and so || = |N| =
|(NOPP)OPP| and the result follows. O

One of our goals is to show that if N € R(I") then N°PP € R(I") as well. To do
this, we examine the structure of Normg(N).

Proposition 3.6: If N is a regular subgroup of B and z € T is chosen arbi-
trarily then Normg(N) = MA; where M is any normal transitive subgroup of
Normg(N) and A; = {a € Normg(N)|a(z) = z}.

Proof. First observe that if M<aNormg(N) then A; normalizes M and so MA;
is defined, and clearly MA; < Normg(N). Now, if € Normg(N) then &(z) =7
and by transitivity, we may choose j € M such that u=(z') = z and therefore
u~13(z) = z and therefore p=18 € A,, and so Normg(N) < MA,. Note, if M is
regular then MNA; = {e} and therefore Normg(N) & M x A,. O

One should observe how this parallels the classical construction of the holo-
morph of a group G as a subgroup of Perm(G), as presented in [12], for
example. One has that Hol(G) = Normpgmg)(A(G)) = p(G)Aut(G) where
P(G) = A(G)°PP and Aut(G), the automorphisms of G viewed as an abstract
group and as permutations, consists of those elements in Hol(G) that fix
the identity element of G, i.e. Aut(G) = Ag;. As A(G) is obviously a tran-
sitive normal subgroup of Hol(G), one sees that Hol(G) = A(G)Aut(G) as
well.

Proposition 3.7: If N is a regular subgroup of B then all A; are conjugate,
and moreover, A; = Aut(N) and Normg(N) = Hol(N) as abstract groups.
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Proof. If N is a regular subgroup of Perm(I") then, as in [2] and [5], we may
consider the isomorphism @: Perm(I") — Perm(N) given by (1) = b~1mb
induced by the bijection b : N — I' where b(n) = ner. Under this mapping N
corresponds to A(N) and therefore Normg(N) corresponds to Hol(N). One
can show that @(A;) = Ay-1,) < Perm(N) and @ *(Aut(N)) = @ (Ae,) = Ae--
We conclude by observing that nA,n~1 = An(z for any n € N and so Az &
Ag = Aut(N). O

As a consequence, we can, for a given N € R(I"), find other N’ € R(") by
looking amongst the subgroups of Normg(N) and determining which have
the same normalizer.

Proposition 3.8: Given a regular subgroup N of B and its normalizer Normg(N).
If M is a normal regular subgroup of Normg(N) then Normg(N) < Normg(M).

If Aut(M) and Aut(N) have the same order, (in particular if they are isomor-
phic), then Normg(N) = Normg(M).

Proof. If we define
A;n = {a € Normg(N)|a(z) =z}

and
A;m = {a € Normg(M)|a(z) =z}

then we have that Normg(N) = NA,ny and if M is normal in Normg(N)
then M is certainly normalized by A,n and therefore A,y < Azm. By 3.6,
Normg(N) = NAzn and also Normg(N) = MA,n and so Normg(N) = NA,n <
MA,n < MAzm = Normg(M). If |[Aut(N)| = |Aut(M)| then by 3.7 we have
|Azn| = |Azm| and so, by regularity, INormg(N)| = [N |- [Azn| = M| [Azm| =
INormg(M)| and therefore M and N have the same normalizer. O

Corollary 3.9: N € R(I") if and only if N°PP € R(T").

Proof. As N =2 N°PP then obviously |Aut(N)| = |Aut(N°PP)| and therefore
Normg(N) = Normg(N°PP). Thus, A(I") < Normg(N) if and only if A(I") <
Normg(N°PP). O
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There is another possible ’pairing’ of two N in a given R(I). In 2.3, we
gave the automorphism groups of the various groups of order 4p. We
observe, and this is well known [9, pp.169-170], [25] and others, that
D2, and Qn have isomorphic automorphism groups for n > 3, specifically
Aut(D2n) = Aut(Qp) = Hol(Con). In fact, not only are the automorphism
groups of Doy and Qp, isomorphic, but surprisingly, so are their holomorphs.
This fact is quoted in [16] and is a consequence of this isomorphism of the
automorphism groups. If Dy, is presented as {t®x°[t?> = 1,x°" = 1,xt = tx~1}
and Qp as {t&P|t? = x",x2" = 1,xt = tx~1} then, as sets, both have the same
elements {t®P|ja=0,1;b=0,...,2n—1}. If we call this set Z then the left
(and right) regular representations of Dy, and Qy (and their resulting nor-
malizers) can all be viewed as subgroups of Perm(Z). We have then the
following.

Proposition 3.10: For n > 3, Hol(D2n) = Hol(Qn) as subgroups of Perm(Z).

Proof. If t3%P is in Z then we can define pg(t?®)(z) to be z(t??)~! where
the product is viewed with respect to the group law in D, and pq(t3P)(z) =
2(t2P) ~1 viewed with respect to the group law in Qy. If we define 4= {@ j}
to be the subgroup of Perm(Z) given by @ j(tY) = t¢*1d, then, in the
notation of 3.8, 4 = Ayp,, and 4 = Ay q,, that is 4 is the automorphism
group of both Doy and Qp simultaneously. One can then verify that:

(@) pg(x®)@,j = Pa(x®)@
(B) Pg(tx®)@j = Pa(tx® )@ sn,j

as permutations of Z, keeping in mind that in the dihedral groups t~! =1
while in the quaternionic groups t? = x" and t~1 =t3 = tx", and that n =
—n (mod 2n). The point is that Hol(D2n) = {pa(t®*®)@ j} = {pq(t*X°) @ j} =
Hol(Qn) and that the image of the right regular representation of Doy, (resp.
Qn) is a normal subgroup of Hol(Qp) (resp. Hol(D2,)) and the result follows
by 3.8. O

In light of 3.9 and 3.10 above, we have that Hol(D2n) = Hol(Qy) and that
this single holomorph (normalizer) contains four regular subgroups whose
normalizer is this one holomorph.
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Proposition 3.11: If D is regular subgroup of B, isomorphic to Dyp, then
there exists a regular subgroup Q, isomorphic to Qp, such that

Normg(Q) = Normg(D) = Normg(D°PP) = Normg(Q°PP)

where D, Q are, of course, distinct from D°PP and Q°PP.

We then have the following neat fact about dihedral and quaternionic N in
R(M).

Corollary 3.12: For each I' of order 4p, |R(I",[D2p])| = |R(I",[Qp])|, and both
are divisible by 4.

4 Containing N inside Normg(?P)

As before, || = 4p, B=Perm(I") and we are looking for regular subgroups
N of B normalized by A('). In this section we show that any such N is
contained in Normg(P) for P the p-Sylow subgroup of A(I").

Proposition 4.1: If N = C4p or N = Cp x V then the p-Sylow subgroup of
Normg(N) is P(N), the p-Sylow subgroup of N.

~J

Proof. First, as observed above, for N a regular subgroup of B, Normg(N)
Hol(N) = N x Aut(N). For N = Cyp, Aut(N) = Uyp and so a typical element
of the holomorph is of the form (x',u) and this has order p if and only if
u=1 and x' has order p in N, i.e. the unique subgroup of N of order p.
For N 2 Cp xV, Aut(N) = Up x GL»(IF2), as such a typical element of the
holomorph has the form (X, t],t5,u,M) for M € GL»(F>) and one can show
that this only has order p if it has the form (x',1,1,1,1) for i # 0, i.e. Cp
itself. O

Corollary 4.2: If N =2 Cspor N =CyxV and N € R(I") then P(N) = P.
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Proof. Since the p-Sylow subgroup of Normg(N) is P(N) (which has order
p) then ? < A(I') < Normg(N) implies P(N) =  since P has order p as
well. O

Note that this is a slight refinement of 2.10 (a) and (b) since the above
shows that for N abelian we must have P(N) = ? = P;.

Proposition 4.3: If N € R(I") is non-abelian then the p-Sylow subgroup of
Normg(N) is P(N) - P(N°PP) = PP for i # j. Moreover, either P(N) = Py or
P(NO°PP) = Py,

Proof. For N equal to Dyp, Qp and Ep, we have the automorphism groups as
given in 2.3 and therefore can calculate the holomorph of each, and show
that each has a unique p-Sylow subgroup isomorphic to Cp x Cp. Now for N
non-abelian, 3.3 shows that N and N°PP are distinct subgroups, and, in each
case, their intersection Z(N) is not of order p. As such, P(N) # P(N°PP) but
since the Sylow subgroup of Normg(N) is isomorphic to Cp x Cp and both
N and N°PP are contained in Normg(N) it must be that it is the product
P(N)-P(N°PP). Now, by 2.10 this must be of the form P; - P; for the allowable
P, Pj for the given I'. The point is that Py = 2 <P(N)-P(N°PP) and given the
way the P; are defined, one must be P;. For example, P; cannot be contained
in P, - P53 since this would imply (viewing [i1, iy, i3,i4] as an element of lF‘?,)
that [1,1,1,1] = [r,r,—r,—r] +[s,—S,S,—S]. O

As a consequence, we have:

Theorem 4.4: Given I, with associated P, and N € R(I"), then N < Normg(?P).

Proof. If N is abelian, then P(N) = ? and so N obviously normalizes ?. If
N is non-abelian then either = P(N) and the result again follows imme-
diately, or P is the (unique) p-Sylow subgroup of N°PP, in which case it is
characteristic and so, since N centralizes N°PP, it normalizes P. O
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5 Wreath Products and Structure of Normg(?)

As any N € R(I") must be contained in Normg(?), our approach then will
require an elucidation of the structure of this normalizer. The following, in
its original form is due to Burnside [1, Section 171]. We will subsequently
recast it in terms of the definitions and notation we have developed.

Proposition 5.1: Centg(?) = Cp2Sy, the wreath product of the cyclic group
Cp of order p, and S4 the symmetric group on 4 letters.

Wreath products arise in a variety of contexts, in particular when one con-
siders permutations which have blocks associated to them.

Definition 5.2: If G is a permutation group acting transitively on a set Z,
then a block is a subset X C Z such that for all g € G one has g(X) =X or
g(X)NX=4a.

For example, if G=((12 3 45 6)) <Se then X = {1,3,5} is a block for
G. When G acts transitively on Z (for example if G is a regular subgroup
of Perm(Z)) and X is a block for G then the distinct {g(X)|g € G} give a
partition of Z and moreover, each g(X) is itself a block for G and all the
blocks have the same size.

The following is presented as [8, Exercise 2.6.2] and we paraphrase it here.

Proposition 5.3: If G acts transitively on Z and X is a block for G, then if
01(X),92(X),...,0k(X) partition Z then G may be embedded as a subgroup of
Perm(X) Sk < Perm(Z).

Given a group H, one has HSx = (H x H--- x H) x Sx with k factors of
H acted on by Sk via coordinate permutation. For Perm(X):Sk above, the
structure is (Perm(gs1(X)) x Perm(gz2(X))--- x Perm(gk(X))) % Sk where the
coordinate shift is obtained by ordering each g;j(X) and letting o € Sk move
the r-th element of gi(X) to the r-th element of g4(j)(X). In each Perm(gi(X))
any permutation of the elements of gj(X) is allowed. This object can there-
fore be embedded in Perm(Z) since, for a given z € Z (which lies in exactly
one g;(X)) one first has the option of moving z to a corresponding element
(at the same position) in some other g;j(X) and then acting on this by an
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element of Perm(g;j(X)). As such, this is the maximal subgroup of Perm(Z)
which has g1(X),...,0«(X) as a system of blocks. The point is, if we replace
any of the Perm(g;(X)) by some smaller subgroup then we still have a group
which preserves this system of blocks.

So what does this have to do with Centg(®?) and Normg(?)? We have P
generated by the product of disjoint p-cycles Ty TLTBTY and if M = Supp(T),
the support of 15, then the INM; are a partition of I' into blocks. As we saw
in the discussion in 2.7, an order p element centralizes if and only if it is
the product of powers of the 15 which, of course, map each I; to itself.
However, if € is in the centralizer, then it is possible for (I;) = M for i # j,
provided the ordering provided by the cycle structure of the underlying T
is preserved, for then eme~1 = m;.

Specifically, we may impose an ordering on the I1; as follows. Pick arbitrary
zi € M and write M = {Zi,Tﬁ(Zi),qu(Zi),...,Tl'ipfl(zi)} where, of course, T =
(zy (7)) Trl-z(zi)...Tripfl(zi)) Now, let gjj : Mj — M}, for i # j be defined by
0ij(18(z)) = T['J‘(z j) and extend these bijections to permutations of I', by
regarding them to be the identity outside the given (sub) sets 1; where
they are defined. With this, one can see that ~ = (012,023,034) = S4.

For example, if p=5and m=(12345), = (678910), 3= (1112 13 14 15)
and Ty = (16 17 18 19 20) then we can choose

My={1,2,3,4,5}

N, ={6,7,8,9,10}
M= {11,12,13,14,15}
M, = {16,17,18,19,20}

and thus
012 =(16)(27)(38)(49)(510)
023 = (6 11)(7 12)(8 13)(9 14)(10 15)
03 = (11 16)(12 17)(13 18)(14 19)(15 20)

and find that (012, 023,034) & Sa.
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However, if we chose My = {7,8,9,10,6} (i.e. let z =7) then we could
define

015,=(17)(28)(39)(4 10)(5 6)
Ohs = (7 11)(8 12)(9 13)(10 14)(6 15)
0"34 =034

and here too (07,,0%;,0%,) = S4. Note that each copy of S4 preserves the
blocks IM;.

Proposition 5.4: Centg(?) = (Tu,Tp, T, Tu)Z where, for y € I we define
rEmEE e a (y) = 16 (a(y)) where a(y) € I

Proof. If € € Centg(P) then by the argument in 2.7, we have that €T si’l =T
for all i if and only if € € (T, T, T, T4) and, as P <Centg(P), we may write
£ = TETE?TE TG o where either a = id or amga—! = 1 for some i # j. The
claim is that we may choose the a; such that o € X as defined above. For
example, if ammo—! = 1, then we have

(a(z2) o (T (21)) o (T8(2))... a(T(20))) = (22 TR(22) TB(22) ... T *(22))

and as such, a(lM1) =My so that for some r, O((Tl'i(zl)) = Tl’2+k(22) for each
k=0,...,p—1. If we let a’ = 1, "a then not only does a'ma’ "t = 1 still
hold, and of course /(1) = My, but o/ (T(z1)) = T8(22), that is a’ preserves
the ordering given above. So depending on how a acts on all the blocks we
can always rewrite it as T TG0’ where a’ € 5. The point being that
any deviation from the ordering of a ; given above arises from the action
of some power of T;. If ye I then y is in some [IM; and therefore a(y) €
for some j, as such TR TGl (y) = 10 (V). O

The key fact is that Centg(?) acts transitively on I' and partitions it into
blocks M1, M2, M3, M4, so with 5.3 in mind, we are not allowing all permu-
tations in Perm(IM;) but rather those generated by the 5. As such, we can
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make the following association:

{permutations which centralize TyTLTRTY}

!

{permutations which preserve the blocks IM; and the ordering of the IM;}

Recall the ’vector’ notation [aj,ap,as,a4] = T[i‘lTlng[ge’T[i“ as in 2.8. An ele-
ment of 2 = S, will not only act on points y € I' but also on the coordinates
of such a vector, yielding the following.

Proposition 5.5: Centg(?) 2 C}} x S4 where

([b1,b2, b3, ba], B)([a1,a2,83,84],0) =
([b1, b2, b3, ba] +[ag-1(1), A-1(2), g-1(3), Ap-1()], BXY)

Proof. If y € N then ([a1,az2,a3,a4],0)(y) = T[Z‘z?))(a(y)) where a(y) comes

from a € Z (which chooses which block to move y to) and a(i) is the index
of the block to which y was moved. We observe that:

e (a(y)) = ({0 (y)

so that if we let ([b1,b2,b3,b4],B) act on ([a1,az,as, a4, 0)(y) we have

B (B (a(v)))
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=B ()
= ) (Bay))

bp(a(i)) T2 afi
= ) RO (g (1))

The reason for the last line in the above computation is to show that the
semi-direct product multiplication corresponds to composition of the cor-
responding permutations (from right to left), to wit,

6+ B(é) = [b]_ + aB—l(l) y by + aB—l(z) y bz + aB—l(S) , ba+ aB—l(4)]

O

Now, as to the normalizer of P, this is not quite a wreath product, (as
the above centralizer is) but what Wells [27] (and others) term a ’twisted’
wreath product. As it contains Centg(‘P) it certainly acts transitively on I
and moreover, respects the blocks I1j so by 5.3 it is embedded in a certain
wreath product. Unlike the centralizer, however, the embedding is not of
one wreath product into another. We present an explicit construction here
in order to facilitate the computations we will need to do later in order
to determine the N € R(I"). First consider the case of the centralizer and
normalizer of a cyclic subgroup C = () of order p inside Sy. In this case,
the centralizer of C is merely C itself, and the normalizer is generated by
1 and an ’automorphism’, namely a cycle a of length p—1 (hence fixing
one point) such that ama—! = m where U, = (u). For the case of P, since
(T5) is a cyclic subgroup of Perm(1;), there is a cycle u; of length p — 1 with
UiTl'iUi_l = T¢' where Up = (u). We may choose each such u; so that it raises Tg
to the same power u, and, by abuse of notation, denote u = ujususus which
we view as an element of B = Perm(I' = M, UMaUM3UMN,). We observe
that u[iy, ip, i3,i4)u™! = [uiy, uip, Uiz, uis] and so we may view u as acting by
’scalar multiplication’ on elements of IF?,. With this in mind, we have the
following.
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Proposition 5.6: In the notation of 5.5 and the previous paragraph, we have
Normg(®) 22 (Cj; % Up) %S4

where A A
(b,u®,B) (& u", ) = (b+u°B(a),u*"", Bar)
with [ acting on & by coordinate shift, and where for y € I' we define

(a1, 82,83, 4], U", ) (v) = " (u"(a(V))) where a(y) € ;.

Proof. We again consider the collection of blocks M4, M5, M3,M4 which par-
tition ' and realize that if € € B normalizes (TyT,TiTY) then it must map
T TeTRTY (by conjugation) to TETETETE for some unit e and therefore has
M1,M5,M3,M4 as a system of blocks.

Therefore, in a similar fashion as with Centg(?), since P <Normg(?), the
action of € can be factored into a product, of the form T§* 62T TG*u" a where
a € X and u is the product of the four p— 1 cycles mentioned above.

Note, when we work with the semi-direct product on the left hand side, we
view 0 as an element of S, permuting the coordinates of [i1, i2,i3,i4] and, on
the right, as permutations in Z < B preserving the blocks M1, M5, I'I3, My and
their ordering, as per the discussion following 5.3. Note that uttu ! = =
and therefore that:

e (a(g)) = U (a ()

and, as in 5.5, the semi-direct product multiplication is compatible with the
permutation composition, that is

b u"ay
T uBU T, a(g))

b ali +uag_ afi
_ T[BIE(G((I;)) BB (45 (Ba(g)))

and we note that the exponent of Tig(¢(j)) is the B(a(i))!" entry of the vector
b+us(B(a)). O

25



As the permutations in S4 and units in Uy, commute with each other, we
could represent Normg(?) as Cg X (Up x Sa), which is consistent with the
group law given in 5.6 above. However, recalling 5.3, Normg(?) acts
transitively on My UM, UM3UIMN, and is therefore isomorphic to a sub-
group of Sp1S4. In particular, we view (Cé x Up) as a subgroup of Sé =
Perm(IM1) x Perm(M2) x Perm(M3) x Perm(M4). Note also that Centg(?) is
embedded in Normg(?) as those permutations (4,u’,a) where r =0, that is
w=1.

Even though Normg(?) contains all N in a given R(I,[M]), we have the
following amusing fact about R(I") and Centg(P).

Proposition 5.7: For N € R(I",[M]), we have:
(a) If N is abelian then N < Centg(P) for all T.
(b) If N is non-abelian then N < Centg(P) if and only if P(N) # P.

Proof. If N is abelian then, by 4.2, ? < N and since N centralizes itself, it
centralizes . If N is non-abelian and P(N) # P; then, by 4.3, P(N°PP) =
P1 =P and so N centralizes ©P. O

The above fact will be seen when we calculate the generators of all the
groups in a given R(I, [M]) in the next section. However, if one were strictly
concerned with determining |[R(I")| then the above is very useful. It shows
that all the abelian N in a given R(I") are contained in Centg(?), while for
N non-abelian (i.e. [M] non-abelian) R(I",[M]) has twice as many elements
as those which are contained in Centg(?). So if we were not looking for
explicit generators for all the N in a given R(I'), we could look strictly
within Centg(?) and apply the above proposition. Of course, when I is
non-abelian, A(I") will not be contained in Centg(?).

However, we do, in fact, wish to explicitly calculate, for each I, the possible
regular subgroups N of Normg(®) that are normalized by A(I"). We shall
take the point of view that any such N consists of the identity plus 4p —
1 elements, each of which acts fixed point freely. As the groups we are
considering are generated by elements of order p, 2 and 4, we begin by
classifying the elements of Normg(?) of these orders.
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Proposition 5.8: Using the semi-direct product representation for Normg(P)
we have the following:

(a) The elements of order 2 are of the form ([b1,b2,b3,ba],v, ) where

{T1}v=1, B=(ij)and bj=—b;

{T2}v=1, PB=(ij)(kl)and bj = —bj,bx=—Db
{T3}v=—-1, B=(ij)and bj = b;j

{T4}v=—-1, B=(ij)(kl) and bj =bj,bx =Db

(b) The elements of order 4 are of the form ([b1,b2,b3,bal,v, ) where

(F1}v=1, PB=(ijkl), bi+bj+bc+b=0

{F2} v=—1, B={(ijkl), bi+bx=Dbj+Db
{F3}v=1.,7, B=¢, b+ib—b+2b=0
{Fa}v=7, B=(ij), b+ZB(b)—b+7B(b)=0
{F5} v=2,¢, B=(ij)(kl), b+B(b)—b+Tb=0

{F6} v=2,2, B=(ijkl), b-+p(b)—p?(b)+R%(b)=0

The only elements of order p in Normg(P) are of the form (B, 1,e).

Proof. This is based upon consideration of a general nt" power of (B,V, B),
specifically
n-1
(b,v,B)" = ( %V'B'(b),vn, B")

and so, for the order 2 elements we are constrained by the requirement that
B2 =e and v2 = 1 which, in turn, gives us the relations on the components
of b, the case for order 4 elements is similar, only that the relations on b
are somewhat more complicated. The order p elements are as indicated,
because neither S4 nor Up have elements of order p. O

Now we find conditions on elements of Normg(?) in order that they act
fixed-point freely on I'.
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Proposition 5.9: An element ([a1,a2,a3,a4],u",a) in Normg(?) has a fixed
point if either of the following hold:

(a) r =0 and a fixes any block I where a; =0
(b) r#0 and a fixes any I1;

Proof. Recalling the above discussion of the structure of Normg(?) we have,
for ye I', that y € N; for some i and therefore that a(y) € IMj for some j, as
such:

(la1, a2, 83,a4],U", @) (y) =15’ (U" (a(Y)))

If r=0, yis fixed if and only if n?j (a(y)) =Y. If i # j then this is impossible
since y and a(y) lie in different blocks and 1 preserves ;. If i = j then
a(y) = yand so T¢(y) =y if and only if a; = 0.

If r # 0 then vy is fixed if T[?1j (u"(a(y))) =vy. If i # j then this is impossible
since again, y and a(y) lie in different blocks and 1; and u" map elements
in given block to the same block. If i = j then a(y) =y and so y is fixed if
and only if T8 (u"(y)) =y, that is u"(y) = 1t %(y) which happens for at least
one y €I since (Tg) acts transitively on IMj and u' restricts to a permutation
of ;.

Note, a (viewed as an element of ¥) fixing 1 corresponds, in the semidirect
product, to it fixing the it" coordinate of [a1,a2,a3,a4], that is it fixes i €
{1,2,3,4} when viewed as an element of S4. O

With this in mind we can limit the possible elements to build N € R(I") by
restricting the elements in 5.8 to those which are fixed point free. More-
over, if n € N is fixed point free then, in order for N to be regular, nk must
be fixed point free for any k such that nk £ e.

Proposition 5.10: Of the elements in 5.8 only those of type T2,T4,F1,F2,
and F6 satisfy the property of being fixed point free, and of all non-trivial
powers being fixed point free. The order p element (b,1,e) acts fixed point
freely provided all b;j # 0.
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Proof. This is simply an application of 5.9 to 5.8. For the order 4 elements,
we omit F5 as the square of any such element has e = ((ij)(kl))? in the third
coordinate and therefore has fixed point points by 5.9. O

Now we need to check that the groups generated by these fixed point free
elements are regular subgroups of B.

Lemma 5.11: If 0, T € B act fixed point freely and (|0], |T|) = 1 then o'tl acts
fixed point freely provided o't # e.

Using this lemma we obtain all regular subgroups isomorphic to Csp, Ep
and Qp. As to the others, which are generated by an element of order
p and two elements of order 2 which commute, we have the following,
which is a consequence of 5.9.

Lemma 5.12: Of the elements of type T2 and T4, the product of two such ele-
ments will have fixed points if and only if they have the same third coordinate.

For regular subgroups isomorphic to Cp xV and Dyp we have the following.

Lemma 5.13: If 11 and 1, are elements of order 2 in the class T2 or T4 that
commute and have differing third coordinates, and 0 is fixed point free and
has order p then 0't11, acts fixed point freely.

Proof. If '1172(Y) =y then T1T2(y) = 0~ (y) and so 6~? (y) = y which implies
i = 0 but then 1112(Y) = Yy which is impossible by the previous result. O

6 The Regular Subgroups Normalized by A(I")

The goal of this section is to determine R(I",[M]) for all possible combi-
nations of ' and M. Keeping in mind that each N uniquely contains P;, we
present the size(s) of each R(I', [M]) and indicate how many contain a given
P.

29



Proposition 6.1: The distribution of the R(I',[M]) are as follows, subject to
the constraints imposed by the class of p mod 4, specifically that for p =3
R(Ep) =@ and R(I",[Ep]) =D for all T.

e [R(C4p)| =10if p=1(mod 4) or 6 if p=3(mod 4)

PL[ Py [Ps[Ps|Ps|Ps
R(Cap,[Cap)) |1 OO0 0] 0O
RCap,[CoxV) [T |0 |00 ]0]0
RCaEp) |[2]0]0J0]T1T1
RCap,D2p)) |1 |1 |0]0|0O]O
RCap,Qp) | I|1]0]0]0]|O
e |R(CpxV)| =16
PL| P [P3[Ps|Ps|Ps
RCpxV,[Csp]) [3]O0|0]0[O0TO
RCpoxV,[CoxV)[ T [0 |0 0|00
RCpxV,El) |O]J0]O0]0o]0o]o0
RCoxV,[Dzp]) |31 [1][1]0]0
RCoxV,[Qp) |31 ]1]1]07]0

e R(Ep)|=8p+2if p=1(mod 4)

PL [ P2] P3| Ps]Ps] Pe
R(Ep,[C4p]) p O[0|0|0]|O0
R(Ep,[Cpr]) p O[0|0|0]|O0
R(Ep,[Ep]) pt1|{0 |0 |0 |p]|1
R(Ep, [D2p]) p |p|0|0|0O]|O
R(Ep, [Qp)) p |p|[0]0O0]0O]O
° ‘R(sz)| =12p+4
PL [Py P3| Ps|Ps]Ps
R(Da2p, [Capl) 3p |10]0]0]0]0
RD2p,[CoxV))| p |O|0O]|0] 0] 0
R(Dzp, [Ep]) 0 [ojo|o]o]o
R(D2p,[D2p]) |2p+1 |1 |p |p |0 | O
R(D2p,[Qp]) [2p+1 |1 |p|p |00

30



¢ [R(Qp)|=6p+4if p=1(mod 4) or 2p+4if p=3(mod 4)

R(Qp,[Cap]) | P
R(Qp[CoxV]) | p
R(Qp,[Ep]) | 2p
R(Qp,[D2p]) | 1
R(Qp, [Qp)) 1

~ OO
OIS F
QIO OIQ|T
O|o|T | O O|P
Ol O|T | O O|P

Observe that for I" abelian, the size of R(I") is due to the structure of S4 and
is independent of p. The fact that the p-Sylow subgroup of Normg(N) has
order p? when N is non-abelian accounts for R(I") being larger for I' = E,
Dop, and Qp. To demonstrate this, and, moreover, to give explicit generators
for each such N we shall construct regular subgroups of B of each isomor-
phism type and determine which are normalized by a given A(I"). We begin
by determining the generators of each A(I") as elements of Normg().

Proposition 6.2: As elements of Normg(?), the generators of each A(I") (of
order not p) are as follows:

(a) T = Cap, A(X) = ([1,0,0,0],1, (1324))

(1) T =CpxV, A(ty) = (6,1, (12)(34)) and A(tz) = (0,1,(13)(24))

(© T =Ep, A(t) = (0,4, (1324))

(d) T =Dap, A(X) = ([1,0,0,1],1,(12)(34)) and A(t) = (0, -1, (13)(24))

(&) T =Qp, A(x) = ([1,0,0,1],1,(12)(34)) and A(t) = ([5, —h,0,0], 1, (1324))

where h =2"1¢ Fp.

The presentations of each A(I') are as in 2.1 and 2.2. As elements of
Norm() the p; are embedded as (ji,1,e) which, by abuse of notation, we
will still denote by p;. In order to construct the various N that may arise,
we observe the following, which details how the various fixed point free
elements of orders two and four act by conjugation on the various f;j. We
will use the term invert or inverted to mean that, by conjugation, a given
generator maps pj to p; ! and by Z-inverted (or Z-inverted) to mean that p;

is mapped to respectively ﬁiz or ﬁiz.
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For the next result and subsequent computations, we recall from 5.6 that
the multiplication in Normg(?) is given by

(b,u%,B)(@,u", &) = (b+uB(8), u**", Bar)
and the inverse is given by

(b,v,p) * = (—v B L(b),v LY

Also, from 5.6, for v € Up, B € S4 and & = [a1,a2,a3,a4] € Cy we have
VB(é.) = [vaB_l(l),vaB_l(z),vaB_l(S),vaB_1(4)]

Also recall that  and { = {1 = — are the elements of order 4 in Up when
p=1(mod 4).

Proposition 6.3: With the P; defined as in 2.9,

® ﬁl is
— centralized by (b, 1, (ijk)), (b, 1, (ij)(kI))
— inverted by (b,—1,(ijkl)), (b, -1, (ij) (kI))
— (-inverted by (B,Z, (ijkI))
e Pois
— centralized by (b, —1,(1423)*1), (b, 1,(12)(34)),

A

— inverted by (b, 1,
— C-inverted by (b, (1423)*1)

P3 is

), (b,—1,(13)(24)), (b,
(1423)%1), (b, —1, (12)(34)), (b, 1, (13)(24)), (b, 1, (14

~1,(14

)(23))

)(23))

— centralized by (b, —1, (1234)*1), (b, -1, (12)(34)), (b, 1, (13)(24)), (b, — 1, (14)(23))

(1234)*1), (b, 1,(12)(34)), (b, —1,(13)(24)), (b,1,(1
Z,(1234)%h

— inverted by (b, 1,
— C-inverted by (b,

° ﬁ4 is

4)(23))

— centralized by (b, —1, (1243)*1), (b, -1, (12)(34)), (b, -1, (13)(24)), (b, 1, (14)(23))
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— inverted by (b,1,(1243)*1), (b, 1, (12)(34)), (b, 1, (13)(24)), (b, -1, (14)(23))
— C-inverted by (b, (1243)*1)

° ﬁ5 is
— centralized by (b,,(1324)), (b,Z, (1423)), (b, -1, (12)(34))
— inverted by (6 Z,(1324)), (6 {,(1423)), (6 1,(12)(34))
— L-inverted by (b,—1,(1324)), (b, 1, (1423)

e Pgis
— centralized by (b,,(1324)), (b,Z, (1423)), (b, —1, (12)(34))
— inverted by (b,Z,(1324)), (b,Z,(1423)), (b, 1, (12)(34))
— -inverted by (b, 1,(1324)), (b, —1,(1423)

Proof. Using the remarks before the statement of the proposition, we find
that

(b, v, B) (8w, a)(b,v, )~ = (b, v, B)(&,w, )( vig~i(b),v 1B
= (b+vB(&) —vwv~1(Bap1)(b),vwwv 2, Bap )
= (b+vB(&) —w (Bas 1) (b),w,Bap~Y) [1]

and for a = e and w= 1, [1] becomes (vB3(&),1,e). We observe also that if
we regard the action of X on a given b = [by,b2,b3,b4] via the action of an
element of S on the coordinates as in 5.5 and 5.6, then we find that

B(P1) =Py forall Be Sy
B(P2) =P, for B € {e,(12),(34),(13)(24),(14)(23),(12)(34),(1324),(1423)}
B(P3) =Ps3 for B € {e,(13),(24),(13)(24),(14)(23),(12)(34),(1234),(1432) }
B(P4) = P4 for B € {e,(14),(23),(13)(24),(14)(23),(12)(34),(1243),(1342) }
B(Ps) =Ps for B € {e,(12)(34),(1423),(1324)}
B(Ps) = Ps for B € {e,(12)(34),(1423),(1324)}
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since a given B may either fix pj; or send it to up; for some u € Up. For

example, if B = (13)(24) then for p = [1,1,-1,-1], B(p2) = [-1,—-1,1,1]
and so (—1)B(p2) = —[-1,-1,1,1] =[1,1,—-1,—1] = 2. The dlfferent cases
are computed in a similar fashion. O

We note the following basic facts about S4 which are used throughout these
calculations

Lemma 6.4: In Sy, if a = (xy)(zw), o’ = (Xy)(ZW') and B = (ijkl), B’ =
(i'j’K'l") then

(a) BB' = B'Bif and only if ' =B or p'=B~*
(b) ap = Ba if and only if a = B2 otherwise afa ! = p~1
(c) aa’ =ad’a

Additionally, as Cp xV and D2p both contain subgroups isomorphic to V we
note when certain fixed point free elements of order 2 commute.

Lemma 6.5: The following relations hold

[(&,1,(12)(34)), (b, 1,(13)(24))] = (0,1.) if and only if a1 —ag = by — by
[(8,1,(12)(34)), (b, -1, (13)(24))] = (0,1,e) if and only if a1 +a3 = by —b>
[(&,—1,(12)(34)), (b, 1,(13)(24))] = (0,1,e) if and only if a1 —a3 = by + by
[(&,—1,(12)(34)), (b, -1, (13)(24))] = (0,1,e) if and only if a1 +ag = by +b;

Proof. This is a simple application of 5.6 and 5.9, together with the ob-
servation (from 5.8) that for (4,1, (ij)(kl)) to have order 2, we must have
aj = —a; and a = —ax and likewise for (&,—1, (ij)(kl)) to have order 2, we
must have aj = a and aj = ax. O
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Now we determine the groups in each R(I",[M]). We shall give the genera-
tors of the groups in each R(I',[M]). However, as there are 25 cases total,
and many are determined using similar arguments, we shall only work out
in detail the enumeration of R(C4p,[M]) for each isomorphism class [M],
R(Cp x V,[Ep]), R(Ep,[Cap]), and R(D2p,[D2p]) when P(N) = P;. Recall that,
by 3.9 and 4.3, when [M] is non-abelian, a given N and its opposite will
both be present in R(I',[M]), one containing P; and the other some differ-
ent P;, as governed by 2.10. Also, the relationship between R(I", [D2p]) and
R(I,[Qp]), as given in 3.11 and 3.12, will be manifested. Additionally, we
shall note in 6.8 a recent result, [7], of Childs which agrees with our count
of [R(Ep, [Ep])|-

Again, we note some basic facts about the multiplication in Normg(?).

e (b,uP)(&u",a) = (b+u%B(a),u>"", Ba)
o (b.v.p) t=(-v B bV LB Y
° VB(é) = [VaB—l(l),VaB—l(z),VaB—l(S),VaB—1(4)]

e {={"1=—-Cwhen p=1(mod 4)

Proposition 6.6: For I' = C4p we have (where =271 in Fp)
R(Cap:[Capl) = { { P, ([1—b%—h?,—b%,—b7],1,(1324)) ) }
R(Cap: [Cpx V]) = { ( B1, ([5,—b,b,—b],1,(12)(34)),([H? b7, —h?, —h?,1,(13)(24)) ) }
R(Cap, [Ep]) = { ( B1, ([0,20*(C+1) - 1,36%(Z+1) — 1,h?(C+1) — 1],, (1324)) ),
( P1, ([0,—20%(C+1),—h*(C+1),H7(+1) - 1],, (1423)) ),

( Ps, ([0,b,6(1—0)"1Th(1-0) "1 p(1-Q) "1 —1],1,(1423)) ),
(e ([0,b,(h+1) 1+ 2 -1~ (h+1)(1+2)71T),1,(1324)) )}
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(Cap, [D2p]) = {( P, ([h,—b,b,—b],1,(12)(34)), ([0,-1,0,-1],—1,(13)(24)) )
( B2, ([b,—b,b,—b],1,(12)(34)), (0,1,(13)(24)) )}

R(C4p7 [QDD = {< ﬁ17 ([0707 hv_b]7_l? (1324)) )7
< ﬁZa ([O’O’ba_b]ala(l423)) >}

Proof. Case R(Cap, [Cap])

By 6.2 the generator of A(I") is ([1,0,0,0],1, (1324)) with inverse ([0,0,0,—1],1, (1423)).
If N is a regular subgroup with P(N) = P; then N = (py, (b, 1 (Ijkl))) where

(b,1, (i k1)) is order 4 and fixed point free in accordance with 5.8. More-

over, (b, 1, (ijkl))~1 = (—(ilkj)(b), 1, (ilkj)). By direct calculation

([1,0,0,0], 1, (1324)) (b, 1, (i jk1))([0,0,0, —1], 1, (1423)) =
([1,0,0,0] + (1324)(B) + (1324)(i jk1)([0, 0,0, —1]), 1, (1324) (i jkI) (1423)) [2]

Now, in order that the right hand of [2] above lie in N, then (1324)(ijkl)(1423)
must equal either (ijkl) or (ilk j) which implies that (i jkl) = (1324) or (1423).
As (b,1,(ijkl)) and its inverse both generate the same N then we may as-
sume that (i jkl) = (1324) and so the right side of [2] becomes

([1,0,—1,0] + (1324)(b), 1, (1324))

But, as the order 4 subgroup of N is unique, this element must be (b, 1, (1324))
and so we have [1,0,—1,0] + [ba, b3, b1, b2] = [b1,b2, b3, bs], that is

14+bg=Db;
bz = by
—1+by=Db3
bo=by

but the above together with the relation bj + b2 + b3 +bs =0, 1mposed by
5.10, implies that 4b,+1 =0 and so by = —4~1 = —y2. Thus b = [-h2+
1,—h?,—h?%,—b?. This shows that N (with P(N) = Pl) must be unique.
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By 4.1 there are no N with P(N) # Ps.
Case R(Cyp,[Cpx V])
With P(N) = P; we may assume, by 6.3 and 6.5, that
N = (p1,(a,1,(12)(34)), (b,1,(13)(24)))

since 'V’ is generated by two elements of order 2 which centralize p; and
each other. Note, that the other order 2 element in V here will have
(14)(23) in its third coordinate. Also, recall from 5.12 that N can’t contain
(4,1,(12)(34)) and (4,1, (12)(34)) simultaneously since then the product of
two such order 2 elements would have fixed points by 5.12.

By direct calculation,

([1,0,0,0],1, (1324))(4, 1, (12)(34))(]0,0,0,—1], 1, (1423)) =
((1324)(8) +[1,1,0,0],1, (12)(34))

which means that (4,1, (12)(34)) = ((1324)(4) + [1,1,0,0],1,(12)(34)) and
since a3 = —az and ag = —a4 (due to 5.10), we find that & = [h,—h, b, —h].
Similarly, we find that b = [h?, §2, —h?, —h?] which means that N is unique.

Again, by 4.1 there are no N with P(N) # Py.
Case R(C4p, [Ep])

First, we recall that E; is generated by an element x of order p and an el-
ement t of order 4 and that all the other elements of order 4 in E are of
the form x*t or Xt for k =0,...,p— 1. If P(N) = P; then N is of the form

(1, (b,Z, (ijk1))) and we observe that (b,Z, (ijkl))~ = (Z(ilkj)(b),, (ilkj)).
If A(I') normalizes N then this order 4 element must be mapped to an-
9ther of order 4 in N. By thA€ a_bove remarks, these are of the form (kp1+
b, ¢, (ijkl)) or (kp1+(ilkj)(b),,(ilkj)). Observe that

([1,0,0,0]+ (1324)(b) + (1324)(ijkI)([0,0,0,]),Z, (1324)(i jkI) (1423))

so we therefore must have that (1324)(ijkl)(1423) = (ijkl) or (ilkj) which
implies that (i jkl) = (1324) or (1423). If (ijkl) = (1324) then the right hand
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side of the above equation becomes ([1,0,,0] + (1324)(b),, (1324)) and so
we must have

([1,0,Z,0] + (1324)(b), Z, (1324)) = (kp1+b, Z, (1324))

which implies that [bs+1,bs, b1 +,b2] = [b1 +k,ba 4+ k,bg+ k,bs +k]. The
four resulting equations imply that by =b; +4k -1 —  which implies that
k = h2({+1) and therefore that b= [by,b; +2k—1,b; + 3k —1,b; + k—1] for
b1 € Fp which accounts for p distinct elements of order 4. When b; =0
we obtain the generator in the statement of the proposition. The other p
elements of order 4 are therefore of the form ({(1423) (b),Z, (1423)) for each
b above.

Now, observe that an element of the form (b,Z, (1423)) is not an element
of the 'N’ above since the order 4 elements in that N are of the form
(%,¢,(1324)) and (%,¢, (1423)). Therefore, if (ijkl) = (1423) we have

(1,0,0,0],1, (1324))(b,Z, (ijk1))([0,0,0,—1],1, (1423)) =
([1,0,0,0] + (1324)(b) + (1324)(i jk1)([0,0,0,7]),, (1324) (i jkI) (1423))

A

([1,0,0,] + (1324)(b), T, (1423))

and this must therefore equal (kpy + b, Z, (1423)) for some k. As such, [bs+
1,bs,bq1,b> —{—Z] = [bl—l— K,bo+k,bs+k,bsg+ k] which implies thatb; =b; —4k+
{+1landsok= hz(z-l— 1) which implies that b= [b1,b1 — 2k, b1 —k,b; +k—1]
for by € Fp. For by = 0 we have the generator listed in the statement of the
proposition.

IfA F:(N) = P, then an element of order 4 would, by 6.3, be of the form
(b,Z,(1324)*1) and conjugating this by p; would give

(b+ (1+Q)p1,¢, (1324)*h)

which would have to be of the form (b+kp2,, (1324)*1) which would imply
that kP2 = (1 + ¢)p1 which is impossible.

If P(N) = Ps then, by 6.3, the order 4 generator is either of the form
(b,1,(1423)) or (b,—1,(1324)), but we can’t have the latter as conjugating it
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by p1 would not yield an element of N, i.e. b+ 2p1 = b+ kps is impossible.
To see how (b, 1, (1423)) is moved by conjugation we find

([1,0,0,0],1, (1324))(b, 1, (1423))([0,0,0, 1], 1, (1423)) =
([1,0,0,—1] + (1324)(b), 1, (1423))

which implies that [bs+1,bs, b1, by — 1] = b+kps = [b1+k, b —k, b3 +kZ,bs+
k{]. To determine k we take a slightly different approach than above. In N,
given the generator (b, 1, (1423)) there must be another element of order 4
of the form (0,1, (1423)) where by’ = 0, i.e. choose k such that k+b; = 0.
This element must also be a generator and so we may assume that by =0
to begin with. As such we get by +1 =k, bz =bz—k, b3 = —k{ = kZ and
bo — 1 = by + k¢ which implies that b = [0, by, kZ,by — 1+ k] but now, we
must have (by 5.10) that the sum of the components of b equals 0. As such,
b, =h and as b3 —k{ thenkl=h— k which 1mp11es thatk =h(1—¢) 1 andso
bz = Zh(l Q- Land by= T(1- Z) —1. Hence b with b; =0 is unique, and
therefore N is unique as well. A parallel argument for P(N) = Pg yields N =
(P, (b, 1, (1324))) with b = (0,5, (h+1)(1+0) 1L~ 1,5~ (h+1)(1+Q) .
Note that these two N are the opposites of those whose p-Sylow subgroup
is P; as determined above. As such, there are none with P, as their p-Sylow
subgroup.

Case R(C4p, [DZp])

Each possible copy of Dy, shall be viewed as an extension of Cp, by V, gen-
erated by an element of order p, and two elements of order 2, one of which
generates the center and one which inverts the order p element. So, by 6.3,
for P(N) = Py, we have three possibilities for a fixed point free copy of D2y,

(p1,(a1,(1 2)(34)) (b, -1, (13)(24)))
(P1,(b,1,(13)(24)), (& -1, (12)(34)))
(P1,(€,1,(14)(23)), (& —1,(12)(34)))

where the first order two element in each case is central. As Z(N) is charac-
teristic, then A(x) must centralize each such order 2 element, which, since
(1324)(ij)(k1)(1423) = (ij)(kl) if and only if (ij)(kl) = (1324)? rules out the
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latter two possibilities. We calculate the action of A(x) on (&,1,(12)(34))
and find that (4,1, (12)(34)) = ([1,—1,0,0] + (1324)(4),1,(12)(34)). Since,
by 5.10, a; = —a and az = —a4 then we must have, for instance, that
2a4 = —1 and therefore that 4 = [h,—bh,h,—bh]. Now if x is the generator
of order p and z the centralizing element of order 2 and t the non-central
generator of order 2 then the other non-central order 2 elements are of the
form xt and x*tz. This means that if (b, —1,(13)(24)) is non-central, then all
other non-central elements of order 2 are of the form (kp1+b, —1,(13)(24))
and (&,1,(12)(34))(kp1+b,—1,(13)(24)) = (kp1+b—4&,—1,(14)(23)). Con-
jugating (b,—1,(13)(24)) by A(x) yields ([1,0,0,1] + (1324)(b), —1, (14)(23))
which therefore must equal (kp1+b—[h, —b, b, —h], —1, (14)(23)) and so we
find that by = b1 + 4k — 2 and thus k = h. This means that all the bin N are
of the form [by,b1 —1,b1,b1 — 1] for by € Fp. The point is that there is only
one N with P(N) = Py.

If P(N) = P, then N = (f2, (4,1, (12)(34)), (b, 1, (13)(24))) since, of the ele-
ments of order 2 in 6.3 that centralize iz, only those of the form (4,1, (12)(34))
are centralized by p1. Conjugating (4,1, (12)(34)) by A(x) yields ([1,—1,0,0]+
(1324)(4),1,(12)(34)) and as this must equal (4,1,(12)(34)) we conclude
that 4 = [h, —h, h, —b]. For b we conjugate by A(x) and obtain ([1,0,0,—1] +
(1324)(b), 1, (14)(23)) which must equal (kp2+ b—4,1,(14)(23)) and, if we
choose the unique b with by = 0 (whence bz = 0) we find that, in fact, bo
and b4 are both 0 also, hence b = 0.

As there is one N with P(N) = P; and one with P(N) # P; we are done.

Case R(Cap, [Qp])

A given N is generated by an element of order p and one of order 4 where
the order 4 generator inverts the order p generator. If P(N) = P; then N =
<ﬁ1a (bv _17 (IJkI))> Conjugating (b7 _17 (IJkI)) by )\(X) yields

(11,0,0,0] + (1342) (b) — (1324)(i jk1)(]0,0,0,—1]), —1, (1324)(i jkI) (1423))
and as (1324)(i jkl)(1423) cannot equal (ilk]) then (ijkl) = (1324) or (1423).
Now if (b,—1,(ijkl)) has order 4 then all other order 4 elements must have
the form (kp1+b,—1,(ijkl)) or (kp1+ (ilkj)(b),—1,(ilkj)). As such, we may
assume that (i jkl) = (1324) and so we have

((1324)(b) +[1,0,1,0], 1, (1324)) = (kp1+ b, —1, (1324))
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which leads to b = [by,b1,b1 +b,by — b] for by € Fp (i.e. k=h). As such,
N with P(N) = Py is unique. For P(N) = P, we have N = (f, (b,1,(1423)))
or (P2, (b,1,(1324))) and since (b,1,(1423))~1 = (—(1324)(b), 1, (1324)) we
may assume that N = (py, (b, 1,(1423))). In order for A(x) to normalize N
we find that the (6, 1,(1324)) with by = 0 is uniquely [0,0, h,—bh] and as such
N is unique also.

As with [Dyp] above there are no N with P(N) = Ps or Pe.

Proposition 6.7: For [ = Cp xV we have,

R(Cpx V. [Dzp]) = { { 1, (0,1,(12)(34)), (0, ~1,(13)(24)) ),
( 1, (0.1,(13)(24)), (0,~1,(12)(34)) ),
(1, (0,1,(14)(23)), (0,~1,(12)(34)) ),
( 2, (0.,1,(12)(34)), (0,1,(13)(24)) ),
( s, (0.,1,(13)(24)), (0,1,(12)(34)) ),
( Pa, (0,1,(14)(23)), (0,1,(12)(34)) )}
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R(CpxV,[Qp]) = { (P1, (0,-1,(1234)) ),
( Pa, (0,-1,(1324)) ),
( Pa, (0,—1,(1243)) ),
( P2, (0,1,(1324)) ),
( ps, (0,1,(1234)) ),
( Pa, (0,1,(1243)) ) }

Proof. The generators of A(I) are p1, A(t1) = (0,1,(12)(34)) and A(ty) =
(0,1, (13)(24)). Using 5.10 and 6.3 one argues as before to determine gener-
ators of possible (regular) N and then determine which are, in fact, normal-
ized by A(I'). The case of R(Cp x V,[Ep]|) bears some explanation. If P(N) =

Py then N = (py, (B2, (iK1))) where (b,Z, (ijkI))~* = (Z(ilkj)B,Z, (ilki)). By

direct calculation
A(t2) (b,Z, (1jK1))A(tr) = ((12)(34)(b), ¢, (12)(34)(i]KI)(12)(34))

which requires that (12)(34)(ijk1)(12)(34) = (i jkI), that is (ijkl)2 = (12)(34).
If (ijkl) = (1324) then

A(t2) (b, ¢, (1324))A(t2) = ((13)(24)(b), . (1423))

but ((13)(24)(b),,(1423)) ¢ N. A similar contradiction arises if (ijkl) =
(1423). As there are no N with P(N) = Py then, by 4.3, there are no N with
P(N) # Py either. O

We note how |R(Cp)| and |R(Cp x V)| are combinatorially determined. For
I = Ep, D2p, and Qp the number of N that arise depends on p in a linear
fashion.
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Proposition 6.8: For [ = Ep we have

R(Ep, [Cap)) = { (P1, (b[1,-1,4,7],1,(1324)) )b € Fp }

R(Ep: [Cpx V]) = { { P1, (a[L,-1,2,T],1,(12)(34)),
(a[(2+ 1)_la (Z - l)_17 _(Z+ l)_17 _(Z - 1)_1]7 la (13)(24) >|a € IFP }

R(Ep, [Ep]) = {{ { P1, (b[0,{—1,-1,],L,(1423)) )[b € Fp },
( B1, (0,2, (1324)) ),
{ ( Ps, (b[0,0,¢,7],1,(1324)) )b e Fp },
{ Ps, (0,1,(1324)) )}

b

)
24)) )laeFp },

),
YaeFy }}

R(Ep, [D2p]) = {{ ( b1, (a[1,-1,4,q],1,(12)(34)
(a[oa _(Z+ 1),0, _(Z+ 1)]a _1’ (13)(
{ < ﬁZ; (a[la _la27 Z]a 17 (12) (34

)
(a[oa _(Z + 1)a Oa (Z+ 1)]a 1’ (13) (24))

R(Ep,[Qp]) = {{ ( Pz, (b[0,(C—1),~1,],—1,(1324)) )b € Fp }

{ < ﬁZa (b[O,(Z—1),1,Z],1,(1324)) >|b € IFF) }}

Proof. Recall, from 6.2, that A(I") is generated by py and A(t) = (0,, (1324))
and so we again look for N which are normalized by these generators.

Case R(Ep, [Cap])
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For P(N) = P, we have (by 6.3) that N = (p1,(b,1,(ijkl))). Conjugating
(b, 1, (ijkl)) by A(t) yields

— A

((1324)(b), 1, (1324) (i jkI)(1423))
and since (b, 1, (ijkl)) =1 = (—(ilkj)(b), 1, (ilkj)) we may assume that (ijkl) =

(1324). This implies that ({(1324)(b), 1, (1324)) = (kpp+b,1,(1324)) and, by
5.10, that the sum of the coordinates of b must add to zero. Thus 4k =0,

hence k = 0 and therefore

b1 = (bs
by = (b3
bz = by
bs = b2

which implies that b = b[1,—1,,Z]. However, given (b,1,(ijkl)), an order
4 element (and consequently a generator), all other order 4 elements of
N must be of the form (kp1+b,1,(ijkl)) and (kp1 — (ilkj)(b),1, (ilkj)). As
such, no two elements of the form b[1, —1,,] can lie in the same subgroup
N, i.e. kpy+b[1,—1,Z,{] =b'[1,—1,Z,] is impossible. Thus, each choice of
b € Fp gives rise to a distinct group N.

Case R(Ep, [Ep])

In [7], Childs, with Byott’s technique in mind, considers regular embed-
dings of groups G into InHol(G) = G- Inn(G) < Perm(G) and counts the
Hopf Galois structures resulting from this class of embeddings. Two results
from this intersect with ours in the count of |R(Ep, [Ep])|.

Theorem: [7, Theorem 6.5] Let G = Zn, x Z with h= p¢, p odd, and k= qp’
with q > 1 and coprime to p. The number of fixed-point free endomorphisms

of Gis

Z(G)=q(p")p" +a(p")(e(a) —1)p°
and there are exactly 2E(G) equivalence classes of regular embeddings of G
into InHol (G).

For G=Ep,e=1,q=4, and f =0, therefore £(G) = p+1 and so 2E(G) =
2p+2. As Byott’s technique establishes a 1-1 correspondence between reg-
ular embeddings of G into Hol(G) and R(G,[G]), this value (2p+2) is a
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lower bound, as Childs points out in the paragraph preceding [7, Theorem
8.1]. However, through our method we know that this lower bound is, in
fact, the exact value for |R(Ep, [Ep])|. In [7, Corollary 8.3], Childs considers
the number of Hopf Galois actions of H; = (L[G])® on an extension of fields
L/K with G = Gal(L/K) where G is a semidirect product as given above,
and shows that there are exactly £(G) different actions by H; on L/K. So,
for G = E, this is, again, p+ 1 which corresponds precisely to the N in
R(Ep, [Ep])) where P(N) = P, = 2. O

Proposition 6.9: For ' = Dyp we have (where b = 2~1in Fp)

R(Da2p, [Capl]) = {{ ( P1, ([b,b,—b—b,—b+1],1,(1324)) )|b € Fp},
{ < ﬁ 1, ([b7_b7_ 7h]a ?(1234)) >|bEFp }7
{ (P1, ([b,~h,~h,—b+1],1,(1243)) )b € Fp } }

R(D2p, [Cp x V]) = { { P1, ([b,—h,—b,b],1,(12)(34)),
([b,b—l,—b,—b+1] ,(13)(24)))|b € Fp}

R(D2p7 [Ep]) =

R(D2p, [D2p]) = { { P1, ([b,—b,—b,b],1,(12)(34)),(0,—1,(13)(24)))
{ (P, ([b,b—1,—b,—b+1],1,(13)(24)),
([0,0,1—2b,1—-2b],—1,(12)(34)) )b e Fy },
{ (P, ([c,c,—c,—c],1,(14)(23)),
([0,0,ch,ch],—1,(12)(34)) ) c € Fyp },
( P2, ([b,—b,—h,b],1,(12)(34)), ([0,—1,0,1],1,(13)(24)) ),
{ (P3, ([b,b—1,—b,—b+1],1,(13)(24)),
([0,0,-1,1],1,(12)(34)) )b € Fp },
{ ( Pa, ([c,c,—c,—c],1,(14)(23)),

0,1,(12)(3 )) YceFp }}
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R(D2p, [Qp)) b1, ([0,—1,—bh,—b],—1,(1324)) ),

< P1, ([Oab’baZb]7_1’(1342)) >|b € Fp }a

(P1, ([0,b,-1,-b—1],—1,(1234)) )b e Fp },

P2, ([0,—1,h,b],1,(1423)) ),

( Pz, ([0,6(b—1),=b,h(b+1)],1,(1234)) )b e Fp },
(

4, ([0,h(b—1),h(b—1),1-D],1,(1243)) )b € Fp } }

Proof. For all candidate N we check for normalization by A(x) = ([1,0,0,1},1,(12)(34))
and A(t) = (0,—1,(13)(24)) as given in 6.2.

Case R(D2p, [D2p]) with P(N) =Py

For P(N) = P, we have three cases, one for each possible choice of center of
N. When Z(N) = ((4,1,(12)(34))) we find that & must be [h,—h,—h,h] and
the other generator must be (0,—1,(13)(24)). For Z(N) = ((b,1,(13)(24)))
we have that b= [b,b—1,—b,—b+ 1] for b € F, which means that we have
p different N. And for each choice of b we have that the other generator
(4,—1,(12)(34)) (where a; = 0) requires, by the commutativity relations in
6.5, that 4= ([0,0,1—2b,1—2b]. For Z(N) = ((€, 1, (14)(23))) we again have
a parameterization € = [c,c,—C,—c| for ¢ € Fp. For each such €, the other
generator (uniquely chosen to have its first coordinate 0) must, again by

commutativity relations as in 6.5, be of the form ([0, 0, hc, hc|, —1,(12)(34)).
U
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Proposition 6.10: For I = Qp, we have (where h=2"1in Fp)
R(Qpa [C4p]) = {<ﬁ17 ([b7 ba _h - b7 h - b]7 17 (1324))>|b € Fp}

R(Qp, [CpxV]) = {(P1, ([h,—h,—h,b],1,(12)(34)),
([b,b—1,—b,—b+1],1,(13)(24)))|be Fp}

R(Qp, [Ep]) = {{(P1,([0,h(Z—1),b,b+5({+1)],Z,(1324)))|b € Fp},
{(P1,([0,H(Z—1),b,b+5(1—7)],Z,(1423))) b€ Fp},

{(Ps, ([0,b(Z+1) —1,—bT+ b, —b+b],1,(1423)))|b € Fp},
{(Ps, ([0,b(1—T),bT — h,—b + ], 1,(1324)))|b € Fp} }

(p -
(p
( 1—
R(Qp. [D2p]) = {(P1, ([h, b, —h,h],1,(12)(34)), (0, —1, (13)(24))),

(P2, ([h,—b,—b,b],1,(12)(34)),([0,-1,0,1],1,(13)(24)))}

R(Qp, [Qpl) = {(P1, ([0, -1, —b, -], -1, (1324))),
(P2, ([0,0,—b,b],1,(1324))) }

Proof. By 6.2, the generators of A(I") are A(x) = ([1,0,0,1],1,(12)(34)) and
A(t) = ([h,—h,0,0],—1,(1324)) and the various cases are computed in a sim-
ilar fashion to R(Ep). O
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