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Group Isomorphisms

Observe that in parallel, in Z onehasm-14+n-1=(m+n)-1=m+n
and in Cy, we have x™ . x" = x™" je. the exponents in C,, add
together just as the integers do in Z.

Definition

If (G1,%1) and (Ga, *2) are groups, then a bijection 5 : Gi — Gy is an
isomorphism if one has

B(g *1 h) = B(g) *2 B(h)

for all g, h € Gy, and we call such a bijection 5 an isomorphism and write
G1 = G, and say Gy and G, are isomorphic. (iso=same,morph=form)
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Recall that a bijection 3 : G; — Gy is a function which is 1-1, namely that
B(x) = B(y) implies x = y and onto, namely that for every z € G, there
exists x € Gy such that §(x) = z.

An isomorphism is therefore a bijection which 'respects’ the group
structures in both groups, so that, in some way, the groups G; and G, are
equivalent (although not necessarily equal) as groups.
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Our first example has already been explored but let's make it official.
(Z7 +) = (COO7 )

by virtue of the function 8 : Z — C given by S(m) = x™.

We can verify that § is a bijection.
If 5(m) = B(n) then x™ = x" which means

Xm X—n:XnX—n
+
XM =x0 =1
i
m—n=20
i
m=n
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And that 8 : Z — C4 is onto is pretty obvious.

As to respecting the two group structures, observe that
B(m + n) = X"+ = x™ . x" = B(m) - A(n)

Group op in C
Group op in Z

and so (3 is a group isomorphism.
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And just as we defined C,, as an infinite group consisting of distinct
powers {x'} we can also define the finite cyclic group or order (size) m for
any m > 1.

Definition

Let Cn = {1,x,...,x™ 1} with group operation x' - x/ = x/*J mod m
namely add the exponents mod m.

For example Gs = {1, x, x%,x3,x* x} where, for instance,

x3 . x* = x" = x! since 7=1 (mod 6), and where, x~" is x™ = x

eg. x2=x%

6—i
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And the following is not unexpected.

The map B : (Zm,+) — (Cm,-) given by B(i) = x' is an isomorphism of
groups, namely (Zm,+) = (Cm, ).
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Beyond cyclic groups, there are examples of groups that can be
constructed by combining different groups together.

Definition

Given groups (Gi,*1) and (Gy, *) their direct product is the group
defined on the set G; x G, = {(a,b) | a € G; and b € G,} where the
group operation is defined as follows:

(a,b)  (x,y) = (a%1x, b2 y)

namely the group operations in each coordinate are those of the individual
Gj.
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For example, the identity of Gi x Gy is (e1, &2) where ¢; is the identity of
G; since (a,b) x (e1,e) = (a1 e1,bxx &) = (a,b).

Also, (a,b)™! = (a7, b71) since

(a, b) * (a_l, b_l) = (ax al bx b_l)
= (elve2)
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Note, if for a group G we define |G| to be the size of G as a set, then if
|G1| and |G| are finite then it's pretty clear that

|G1 X Ga| = |G1] - | G2

which means that we can create groups of different sizes from smaller
groups by joining them in a direct product.

The nature of the direct product is not always so obvious, but at least we
can work out the details if we know the stucture of each 'component’.
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Example: Let G, = {1, x} the cyclic group of order 2 and let
Gz = {1,y,y?} be the cyclic group of order 3.

We use the symbol 'y' in C3 to prevent confusion with the 'x’ in G,.

So x?> =1 and y® =1 and therefore

G x G={(1,1),(L,y),(1,¥*),(x,1), (x,¥). (x,¥*)}

is a group with 6 elements.
So what is the nature of this group?

i.e. Is this group isomorphic to a group we know?
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Again, the multiplication in C; x (3 is 'coordinate-wise’, for example
(6 y)(Ly?) = (x-1y-y*) = (x,1), and (x,y) "t = (x "1,y 71) = (x,¥?).

CLAIM: G x (3= Gy
How?

The key observation we want to make is that Gg, being cyclic, is generated
by a single element of order 6, namely Cg = (z) = {1, z, 22, 23, z* 25},
specifically every element is a power of a single element.
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Define
B:C =11z, "725} — GxG={(1,1),(1,y), (]-vyz)v (X,l),(x,y),(x,yz)}

by 5(z) = (x,y). (What does this mean?)

Defining 5(z) = (x, y) implies that
B(z%) = B(z - z) = B(2)B(2) = (x.¥)(x.¥) = (x*,y?) = (L,y?).

Keeping going in this direction we have

B(2%) = B(z% - 2) = B(2%) - B(z) = (Ly*)(x.y) = (x.¥°) = (x,1).

Keeping going we get 3(z*) = (2°)B(z") = (x,1)(x,y) = (1,y), and
B(2°) = (x,y?).

That is, 8(z) = (x,y) implies 3(z*) = (x, y)*, and it follows that 3 is 1-1
and onto.
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Given that 2 - 3 = 6, this example makes one wonder if Cp, x C, & Cpy?

The answer is, not generally, except in the following case.

Cm X Cy = Cppy if and only if ged(m, n) = 1.

Proof.
(Sketch - The book has the full proof.)

If Cy = (x) and C, = (y) where gcd(m, n) = 1 then one can prove that
|(x,y)| = mn. (Exercisel)

As such, if Cpp, = (z) one can define 5 : Cpp — Gy X G, by B(2) = (x,y)
which is 1-1 and onto and preserves the. group structure, because if
B(z) = (x,y) then 5(z') = (x,y)" = (x', y'). O
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For perspective, let's consider the group C; x C, which we can represent
as Zp X Zy which is actually the usual way this group is examined.

As Zy = {0,1} then let V = Zy x Zy = {(0,0), (0,1),(1,0), (1,1)}.

This group is not isomorphic to Z4, in particular because

Za=(1)={0,1,1+1,1+1+1}

while in contrast, V' is not generated by a single element, since
(1,0) + (1,0) = (0,0), (0,1) + (0,1) = (0,0), and (1,1) + (1,1) = (0,0).
That is, every element except the identity has order 2.

V is called the Klein-4 group (Vierergruppe), although there are several
'versions' of this group, which are all isomorphic, but this one is fairly
concrete.
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