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Permutation Groups

Groups like D3 are one example of a broad (and critically important) class
of groups called permutation groups.

Definition
Given a (finite) set X, a function ¢ : X — X that is one-to-one and onto
is a permutation of X.

i.e. o(x1) = o(x2) implies x; = x» and given y € X, there exists x € X
such that o(x) = y.
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Example: X ={1,2,3}, let 0 : X — X be given by (1) =2, 0(2) =3,
o(3)=1.

Note: We can think of this as a 're-ordering’ of the elements of X, i.e.

{1,2,3} — {2,3,1}

and if one has two permutations o, 7 of X then, because they are
functions, they can be composed.
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Given two permutations o, T of X, the composite o o T defined by
(o0 oT)(x) = o(7(x)) is also a permutation.

| A\

Proof.

It's clear that o o 7 is a function from X to X. If now
(0 oT)(x1) = (0 07)(x2) then o(7(x1)) = o(7(x2)) so, since o is 1-1, we
have that 7(x1) = 7(x2), and since 7 is 1-1, then x; = x.

Similarly, o o 7 is onto since both o and 7 are each onto. O

4

Note: If X is finite then o being 1-1 is equivalent to it being onto, so you
only need to check that it's 1-1 to verify it's a permutation.
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Example: If X ={1,2,3}, and 7(1) =1, 7(2) =3, 7(3) = 2, and
o(1) =2, 0(2) =3, 0(3) =1 then

(o7)(1) =o(r(1)) = o(1) =2
(o7)(2) = 0(7(2)) =0(3) =1
(007)(3) =0a(7(3)) = 0(2) =3

and in comparison (To0)(1) =3, (t00)(2) =2, (To0)(3) =1, the point
being that o o 7 # 7 0 ¢ as functions from X to X.
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Given a (finite) set X, the set Perm(X), (also called Sym(X)) of all
permutations of X forms a group under composition.

Proof.

We've already verified closure, and we've already mentioned that function
composition is associative.

The permutation / : X — X given by /(x) = x for all x € X is the identity
since (o o I)(x) = o(/(x)) = o(x), so 0 ol = o and similarly / o 0 = 0.

And as each o is a bijection, it has an inverse as a function o~! which can

be shown (Exercise!) is also a permutation and that, of course

1:/:0'_100'. O

o000

v
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Ex:

implies
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The following fact is very reminiscent of certain arguments one sees in
statistics, especially in questions about "how many ways are there to do
something’.

If |X| = n then |Perm(X)| = n!.

Proof.
Say X = {x1,x2,...,Xn} then for o € Perm(X) we have

(]

n choices for o(x1)
@ n — 1 choices for o(x2)
@ n — 2 choices for o(x3)
° ]
°

2 choices for o(xp—1)

[

1 choices for o(x,)

so that there are n- (n—1)-(n—2)---2-1 = n! possible different
permutations o. [
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Notation: For X = {1,..., n}, Perm(X) = S,, the nt" symmetric group.

For small n one can readily enumerate the elements of S,,.

For o0 € S3, 0(1) = a, 0(2) = b, 0(3) = ¢ so we can express o in 'table

notation’
(1 2 3
7 \a b ¢
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The permutations of {1,2,3} should remind one of the dihedral group Ds,
especially since both have 6 elements and permute three 'points’.
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Definition
A group G is a permutation group if G < Perm(X) for some X.

Note, this is not saying G = Perm(X), but that G acts as permutations on
set X, but does not necessarily represent all permutations of X.
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As alluded to on the previous page, our first example is S3 above, which
can be viewed as D3 if we view the elements of D3 as permutations of the

vertices {1,2,3}, for example:
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As we mentioned a while ago, for every n there is the nt" Dihedral group
D, of symmetries of the n-gon.

Example: Dy = {ro, roo0, r180, r270, f(1,2), f(2,3)> 3,4)> f1,3)}

oo

which, since 1 — 2, 2+— 3, 3+ 4, 4 — 1, is representable by the

rmutation 1234 ISY)
permutatio b 3 4 1 4.
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The other rotations are fairly clear.
As to the flips consider:

1 2 2 1 1 2 2
; f1,2) ~ fea)

4 '3 3 4 4 3 4 1

p 12 3 4 p 123 4

w2 \2 1 4 3 @9\ 3 21 4

where the subscript indicates the 'axis’ about which the square is flipped.
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As a subgroup of S4, we can represent D, as follows:

g
¢
(
(

so |D4| = 8 is a permutation group, but is not all of S4 since

14| = 41 = 24.
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Cycle Structure and Orbits

We have seen the 'table’ notation for elements of S,, e.g.

(1 2 3 45 6 cs
77\3 415 26 6
but as n increases, this notation becomes cumbersome.

There is a more efficient notation for permutations built on the notion of a
"cycle’.
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For S, = Perm({1, ..., n}) the k-cycle (i1, i, ..., i) is that permutation
o which acts as follows:

O'(il) 2
O'(iz) =13
o(ik—1) = ik
O'(ik) = il

and where o(x) = x for those x & {i1,..., ik}
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The usage of the term 'cycle’ is to highlight the fact that the permutation
moves each iy to ir41 in a loop back all the way to /3.

And again, those i not 'in the loop’ are left fixed by the cycle.
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For example, consider o = (1,2,3,4,5) € Sg

1

) 2 3 4
Table Notatlon.a—<2 3 4 5
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Beyond individual cycles, we can look at products of cycles.

Definition

Two cycles (i1, iz, - .., ix) and (j1,j2,-..,Jji) in S, are disjoint if
{il,iz,...,ik}ﬂ{jl,...,j/}:Q.

e.g. (1,3,5) and (2,7) are disjoint but (1,2) and (2,3,4) are not.
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Proposition
Ifo =(h,...,ik) and T = (j1,...,ji) are disjoint cycles, then coT = To0.

Why? Basically
Jer1 i X = ji
(i, oyik) o Uty s d))(X) = Qipg1 if x =1,
xif x & {i,h,....ik}U{, ..., j}

which is the same as (j1,...,Jji) o (i1, ..., ik)(x)-
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Cycles can be used to represent all permutations in S,,.

Every permutation in S, is a product of disjoint cycles.

In lieu of a formal proof, let's consider an example to see how this works.
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1 23 456 8 .
Say 0 = 8 then to compute the cycles o gives

7
365 7142
se

rise to we start with say 1 and see what happens when we keep applying o:

e o(l)=3

@ 0(3)=5

0 0(5)=1
so we stop and see that we get the cycle (1,3,5).
Now consider another element of {1,2,...,7,8}, say 2, and see what
repeated applications of o do

°0(2)=6

e 0(6)=14

°® 0(4) =

e o(7)=2

and we stop and see that we get the cycle (2,6,4,7).
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The only remaining element is 8, but ¢(8) = 8 so we can ignore it.

/12345678
736571428

can be written (compactly!) as the product

So

o=(1,3,5)(2,6,4,7)

which conveys exactly the same information as the table notation.
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Note, what if we had started the analysis by following what happens with

2, and then 1.
We would have gotten the cycles (2,6,4,7) and (1,3,5) and written
(2,6,4,7)(1,3,5) which, as we mentioned earlier, is the same permutation

since disjoint cycles commute.

As another example, for practice, consider

which can be written as the product (2,7,6)(3,5,8,4).
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Note also, in a given cycle, the order doesn’'t matter as far as the cycle is
concerned. e.g.

1,4, 7,3,2) €5

(

(4,7,3,2,1)
(7,3,2,1,4)
(
(

3,2,1,4,7)
2,1,4,7,3)
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More on Cycle Notation

If one has a given cycle
o= (1,02, ik)
then the inverse image is easy to compute, namely
—1 e .
g _(Il)lk)lk—].)"')IZ)

for example (1,4,7,3,2)71 = (1,2,3,7,4).
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Note: In a given cycle, we never include elements which are left fixed, by
that cycle, e.g. 0 = (1,3,4) € S, fixes 2 and we purposely do not write
this as (1, 3,4)(2) which would technically be correct, but is unnecessary,
since the omission of 2 tells us that it is not 'moved’ by o.

Note also that the identity permutation is traditionally written as an
'empty’ cycle, namely ().
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Two other basic, but important facts come from using cycle notation:

Proposition

For (i1,...,ix) we have |(i,...,ix)| = k.

For example, for o = (1,3,5),

i.e. 03(1) = 1, and similarly 03(3) = 3 and ¢3(5) =5, so 0% = .
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If o = 0107 - - - o+ where the o; are disjoint cycles where o is a kj-cycle (of
length/order k;) then |o| = lcm(ky, ko, . .., kt)

'

Proof.
Suppose g1,82 € G where |g1| = ki and |g2| = ko where g1g» = gog1 then
(8182)° = 81828182 = 81818282 = 8183

And in general (g122)™ = g{"g5", so the question is what is |g182|?
18

Well, (g182)™ = g{"g5" so if (g1g2)™ = e then g{" = e and gJ" = e which
means |g1||m and |gz||m so the least m for which this is true is

lem(|g1l,|&2|) = lem(k1, k2).

The argument is the same for the product of more than 2 group elements
which commute, e.g. disjoint cycles in S,. [

o
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One kind of neat application of this is this, what is the largest order of any
element in 5,7

Example: Sy ? Well S has just 2! = 2 elements, namely {(), (1,2)}, so
the maximum order is 2.

Example: S3 7 Since there are no 'l-cycles’ the only elements are 2-cycles
(a, b) and 3-cycles (a, b, ¢) so the max. order is 3.

Example: S4 7 In S we have 4-cycles, 3-cycles, 2-cycles and products of
two 2-cycles, (a, b)(c, d) so the max is 4.
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Example: S5 7 In S5 we have elements with cycle structures like
(a,b,c,d,e), (a,b,c,d), (a,b,c), (a,b)(c,d), (a,b)... any others?

Yes, Ss has 'room’ for a product (a, b, c)(d, e) (where a, b, c,d, e are
distinct!) and an element like this has order
lem(|(a, b, ©)|,|(d, €)|) = lem(3,2) =3 -2 = 6 since gcd(3,2) = 1.

Example: Sg 7 The max order is 6. (Exercise.)
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Example: S7 7 The general principle to mention for this and all larger ones
is the question of what kind of products of disjoint cycles can you make?

And therefore how big an /cm can you have?
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This is also tied in with a question we shall examine later on, which is,
how many ways can one write a natural number as a sum of natural
numbers? Each such sum is called a 'partition’ of n, for example:

5=5
=441
=342
=341+1
=242+1
=241+1+1
=141+1+141

and this ties in very closely with how many products of disjoint cycles exist
in a given S,,.
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