—sin
dx

(z) = cos(x)
Given the graph of the unit circle below, with the labelled points P(cos(6), sin(6)),
Q(cos(0),0), R(1,tan(d)), S(1,0) we notice the following,.
RS >PS>PQ
where RS is the length of the line segment RS, PS is the length of the arc PS and
PQ is the length of the line segment PQ. Therefore

tan(d) > 6 > sin(6)
and since tan(f) = 2;’;((23 this becomes

(S:g;((g > 0 > sin(6)
Now if we take the reciprocal of each term we get
cos(9) 1
sin(d) ~ 0
sin(6) _ |
g0+ 0 )

1

sin(6)
By the sandwich theorem lim
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Now,

sin(z + h) — sin(z)

—sin(z) = lim

dx h—0 h

. sin(x)cos(h) + cos(x)sin(h) — sin(x)

= lim
h—0 h

_ lim sin(x)(cos(h) — 1) + sin(h)cos(x)

a h—0 h

— lim sin(z)(cos(h) — 1) + lim sin(h)cos(x)
A0 h h—0 h

= sin(z) lim cos(h) — + cos(z) lim sin(h)

h—0 h h—0 h
= sin(z) - 0+ cos(z) - 1

= cos(x)
-1 —
As to the expression lim M = 0, we actually prove that lim lciw(h) =0
h—0 h h—0 h
. 1—cos(h) . 1—cos(h)1+4 cos(h)
fllll)r%) h B ’11136 h 1+ cos(h)
. 1—cos?(h)
= lim ——*
h—=0 h(1 + cos(h))
.9
— i )
h—0 h(1 + cos(h))
. sin(h) . sin(h)
=1 .
P S
=1-0
since lim sin(h) = 9 =0 and lim sin(h) = 1 was shown earlier.

h—01+cos(h) 1 h—0



