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Applications to Counting

Say 6 beads are strung together in circle, where 3 are red, and 3 are blue.

For example:
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We shall consider all of these equivalent configurations:

And all of these can be considered in the same orbit with resepct to the
action of Dg since the positions of the beads can be viewed as at the
corners of a hexagon. (We see the effect of 'rotating’ in 60 degree
increments, but even if we include the 'flips’ of the hexagon, the result is
an orbit with six configurations above.)
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What we want is to count how many distinct orbits there are with respect
to the action of Dg.

We will utilize the previous theorem, namely we will determine |F(g)| for
each g € Dg.

First, we need to consider how many total configurations of 3 blue and 3
red beads there are, before we can subdivide them into orbits.

Since there are 6 beads total, and by choosing 3 red ones, we also
determine which are blue then we have

6 6!
(3) BT

configurations total.
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For the "hexagon' of vertices, we define
Ds = {ro, r60, 1120, 180, 1240, 1300 f(1,2)> (2,3, f(3,4)> f(1,4): f2,5): f(3.6) }

@/@A@\@
.

So we shall compute |F(g)| for each g € De.
|F(ro)| = 20 Why? Well the identity obviously fixes every configuration.

|F(re0)] = 0 Why? Well no matter how the six beads are distributed, a
60° rotation will change at least one position from red to blue.
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|F(r20)] =2 Why? Well, a 120° rotation pushes every bead forward two
positions, so the question is whether there is a way to distribute the beads
so that a two position turn leaves the colors unchanged. Yes.

S

In a similar way we find that |F(rigo)| =0, |F(r240)| =2, |F(r300)| = 0.

So what about flips?
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|F(f12) | = 0 Why? Consider these arrangements.

i.e. The distribution of colors on either side of the line will never be the
same after the flip.

In a similar way, we find that flips about a line passing through opposite
sides of the hexagon leave no configurations unchanged, i.e.

|F(fi2,3))] = 0, and |F(f(3.4))| =0,
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For the flips through lines connecting opposite vertices, f(; 4y, fi25) and
f(3,6) the behavior is different.
|F(f(1,4)] = 4, here they are.

And similarly \F(f(275))| =4 and |F(f(3,6))‘ =4
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So, in the final analysis, the number of orbits is
L 20+24+24+44+4+4) = 1(36)—3
12 12 B

which are the orbits of these 'distinct’ configurations:

LHMS
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Rings, Fields and Polynomials

Beyond groups, there are other algebraic systems which are fundamental
to many areas of pure and applied mathematics.

A ring is a set R together with two binary operations + (addition) and -
(multiplication) which satisfy the following properties.

@ (R,+) is an abelian group, i.e. 0 € R, addition is associative and
commutative and for every a € R, there exists —a € R such that
a+(—a)=0

@ R is closed under -, and - is associative, namely (a- b)-c=a-(b- c).

@ Fora,b,c€ R,onehasa-(b+c)=a-b+a-c and
(b+c)-a=b-a+ c-a(ie. the distributive law holds)
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The most fundamental examples we can give involve the integers, or
variations thereof.

For example (Z, +, -) the integers with the usual addition and
multiplication are a ring.

And, as we saw early on, (Z,, +, ) namely the integers mod m (for
m > 1) with addition and multiplication mod m are all rings.

Note, another example, although of a slightly different characters is
(2Z,+, -) which is the set of even integers under ordinary addition and
multiplication.

This last example is a bit different than Z in one important way, which we
shall discuss in the next slide.
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Note:

)

If R has an element 1 such that a-1=aand 1-a = a we say that R
is a ring with unity and most of the rings we will consider will be rings
with unity. So for example Z is a ring with unity, but 2Z is a ring
without unity.

Even if R is a ring with unity, (R, -) can never be a group as not all
elements will have mulitplicative inverses, i.e. there may be a € R
such that for no b do we have a- b =1, principally a = 0!
Notationally, we will eventually suppress the '-" and write a product
like a- b as simply ab.

The multiplication in R need not be commutative, and indeed there

are important examples of rings with a non-commutative
multiplication, namely there are elements a, b such that ab # ba.

If ab = ba for all a, b € R we call R a commutative ring.
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Speaking of non-commutative rings, here is a prime example.

Definition

For M(R) = {(i 3) | a,b,c,d € R} let addition be defined by:

air b 4 (2 b\ (ai+ax b1+ b
c di o d) \a+to d+d

and multiplication be defined by

a1 b a by\  (aiax+ b1y aiby + bid>
c di o dr) \ciap+dicx ciby + did>

[y
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In linear algebra one learns that for A, B, C € My(R)

A+B=B+A
A+(B+C)=(A+B)+C

0 0) . o .
0= <0 0> is the additive identity
a b
=0 2)

—A= <—a :2) is the additive inverse
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So we have the following.

Proposition

Ma(R) is a ring with unity where the matrix (8 8) is the additive

identity, and | = <é (1)> is the mulitplicative identity (unity).

Note: For rings, we don't use the term 'abelian’ or 'non-abelian’ but rather
commutative, or non-commutative.

Before going further, we mention a few basic facts about rings, which arise
from their definition.
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Properties of Rings

Let R be aring, and let a,b,c € R.

Qa2 0=0-a=0

Q@ a (—b)=(—a)-b=—(a-b)

Q (—a)-(—b)=ab

Q If we define b — c to mean b+ (—c) thena-(b—c)=a-b—a-c
and (b—c)-a=(b-a—c-a). If R has unity 1 then

Q(-1)-a=-a

0 (-1)-(-1)=1

Let's examine some of these.
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FACT 1: a-0=0and0-a=0
PROOF: Consider a- (0 +0) = a-0+ a- 0 by the distributive law, but
since 0 is the additive identity, 0 + 0 = 0 so we have

a-0=a-0+a-0
and if —a- 0 is the additive inverse of a- 0 (which exists) then

a-0=a-0+a-0
!
a-0+(—a-0)=a-0+a-0+(—a-0)
1
0=a-0+4+0

0=4a-0 O
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FACT 3 (—a) - (—b) =ab
Going forward, let's drop the '-' for multiplication unless we need it!

PROOF: Consider (—a + a)(—b) which equals 0(—b) which is 0 by FACT
1.

However it also equals (—a)(—b) + a(—b) but by FACT 2, a(—b) = —(ab)
so we have

(—a)(=b) + (—(ab)) = 0
!
(—a)(—b) = ab

The other facts are left for exercises.
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Now, we discussed 2 x 2 matrices in the discussion of the group GL(R)
and this has some bearing on the structure of Mx(R) as a ring.

We saw that § = det a 5 = ad — bc characterizes whether the matrix

is invertible, namely when ¢ # 0.
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For example A = [; i] does not have matrix inverse since det(A) =0,

EIEEE

or more directly

implies
a+2c=1
b+2d =0
2a+4c=0
2b+4d =1

which is impossible.

Timothy Kohl (Boston University) July 15, 2021 20 / 34



Definition

For ring R, an element x € R is invertible (or a unit) if there exists y € R
such that xy =1 and yx = 1.

We have seen that the invertible elements of Z,,, namely U(m) are a
group, as is GLy(R) mentioned above. In general we have:

Definition

For a ring R with unity, the units U(R) are a group with respect to the
multiplication in R.

We note that this touches back on the comment earlier that (R,-) is not a
group, and it isn't a group, because not every element has a multiplicative
inverse, which is quantified by the group U(R).
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Examples:
© R=Zm— UR)=U(m)

o R=7Z— U(R) = {£1} (Why?)

@ R = Q (the rationals) implies that U(R) = Q*, namely the non-zero
elements of Q.

o R=My(R) — U(R) = GLy(R).
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Note: The case of U(Q) = Q*, namely that all non-zero elements are
units, leads to an important class of rings.

Definition

A commutative ring F is a field if U(F) = F* = F — {0}, namely that all
non-zero elements of F are invertible.

As we mentioned earlier, in a ring, 0 is never invertible, the reason is that,
one can show that in any ring ring Or = 0 for any r € R.

So for a field, F we have that U(F) is as big as it can possibly be.
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Here are some fundamental examples of rings.

@ Q, the rational numbers, e.g. 1, —2, % etc.

@ R, the real numbers, namely the rationals plus irrationals like 7, e,

V2 etc.

@ C={a+bi|abeR; i?=—1}, the complex numbers where
(a+bi)+(c+di)=(a+c)+ (b+d)i
and (because 2 = —1) (a+ bi)(c + di) = (ac — bd) + (ad + bc)i
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If z=a+ bi € C where (a, b) # (0,0) (i.e. not the zero element of C)
then we have

1 1 a—bi
a+bi a+bia—bi
_a—bi
i r

a —b

“Z R 2
where (since a, b € R are not both zero) we have that a®> + b? > 0 and so

a —b

e C
2102 21

which means every non-zero element of C has a multiplicative inverse,
which confirms that C is a field.
In all of these examples, the field is infinite in size.
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However, there is another important class of examples, namely Z, for p
prime since

UZ,) = U(p) = {1,2,...,p—1} = Z, — {0}

so that Z, are all 'finite fields’.

This includes also, the tiny, yet important example, Z, which is essential
to many applications, as we shall see.
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Note: For any field F one may construct the ring of (2 x 2) matrices over

Mz(F):{<i Z) | a,b,c,d € F}

and similarly consider GLy(F) = U(Ma(F)).

And for finite fields like Z; these can be computed without too much
effort since, if you recall from linear algebra, a matrix M is invertible if the
columns of M form a basis, so for 2 matrices, this would be a basis of F2.
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0\ . .
Recall that the zero vector <0> is never part of a basis, and for a two

dimensional vector space, a basis consists of two vectors {Vq, V»} where Vv,
is not a scalar multiple of vj.

So we have 3 choices for vj = (i) and therefore 2 choices for v, = <3>
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So GLy(Z3) has six elements and is a non-abelian group, and, in fact, one
can show that GLy(Z;) = Ss.

Another way to prove this, would be do write down all 2* = 16 matrices of
size 2 x 2 with entries from Z> and remove those whose determinant is
zero and the remainingm matrices would be exactly the six shown on the
previous slide.
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Matrices can also provide us with examples of fields.

Definition

X
-y

Let SQ(R):{< i) | x,y € R} C My(R).

Observe that
( X1 Y1> n < X2 Y2> < X1+ X2 yit+y
-1 x1 —Y2 X -1 +y2) x1+x

( X1 )/1> < X2 )/2) _ < X1X2 — Y12 X1y2 + Xoy1
—y1 X1 —y2 X —(xy1 +xey1) Xxixe — yiye
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Also note that (8 8) and (é (1)> are in S53(R) so S»(R) is a ring.

Note also, that the elements in Sp(R) commute.

Moreover, note that det i = x° + y? which means that every

every non-zero element (matrix) in Sp(R) is invertible.
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So it seems that S3(R) is a field, and indeed it is, in fact Sy(R) = C where

the bijection is

S x y .
¢.<_y X>r—>x—|—ly

which respects the addition and multiplication.

i.e. (M + N) = (M) + ¢(N) and (MN) = (M) (N).
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What's also intriguing is that this construction can be done for finite
fields, namely S»(Zp) where the matrix elements come from Z, instead of
R, that is:

sa(z) = ((

[ 1) Ixy ez ¢ Mz

where all the comments about the case for R work here too.. except for
one issue.

X

Recall that det ( i) = x? + y?, which was zero (for the case of R)
when x = y = 0, however, in Zs for example, 12 + 22 =5 =0 (mod 5) so
that (_12 i) is a non-zero element which is non-invertible since det = 0,

so Sy2(Zs) is not a field.
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However, Sy(Z3) is a field (with 9 elements) as is S»(Z7) (which has 49
elements).

As it turns out So(Zp) is a field if and only if p =3 (mod 4).
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