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(1) Define the sequence {a,} as follows:
as=1,a1=1am2=2a,11+33a,+2" forn>2

and for this sequence, use a generating function to give an exact formula for
a, in terms of n.

If A(x) is the generating function for this sequence then we can write

A(x) = ap + a1x + ax? + a3x> + anx* + ...

where, ag = 1 and a; = 1 and for n > 2 the recurrence is used.
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As such, we have

ap = 2a1 + 3ap +2O
a3 =2ar + 3a; + 2!
as = 2a3 + 3ap +22

So

A(x) = ap + a1x + x4+ azx3 4+ agx* + . ..
= ag + arx + (2a1 + 3ag + 2°)x% + (2a + 3ay + 21)x3 + (2a3 + 3ap + 22)x* + ...
= ap 4 aix + (2a1 + x% + 2a0x3 4+ 2a3x* + .. )+
(3apx® + 3a1x® 4+ 3apx* + .. )+
(2%%2 + 213 + 22x%4) ...
= ap + a1x + 2x(a1x + X%+ ... )+
3x%(a0 + arx + ... )+
(20 +2x +22x% + .. ))

1
1-—2x

= X+ 2xA(x) + 3CA(x) + x( )
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So

x2

1—-2x
where (1 — 2x — 3x?) = (1 — 3x)(1 + x) which means

A(x)(1 —2x —3x%) = x +

X X2

A“%:u—3@u+xf+ﬂ—3@ﬂ+xxr—ﬂ)

which, after partial fractions decomposition yields

1 1

1
Alx) = —= -
() =-517x 21

1 1 1
—3x 31-2x
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Since

1
T =1-x+x—x3+...
1+x
1

=14+3x+3%x2%+...

=14+2x+22x%2+ ...

we have finally that
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