360 Generating functions

Exercises 25.1

I Find the first four terms in the power series for

. 2 .
3 Using long division, show that the inverse of 1 +x + x* in

0 1+ 4x (i) 2+ 6x + x? Zollx is
) — i) —
[ +5x + x2 3+ x+5x2+x3 A4x+x)" =l+x+x3+x*+x0+x7 +---.

(You may assume that the coefficients belong to the field R ' .
Guess the rule for the coefficients, and prove it.

of real numbers.)

2 Show that the inverse of 1 + x in R[[x] is

4 What is the inverse of 1+ x2 in Z>[x]]? What is its inverse

in Z3[[x]?

T+x) ' =1-x+x2=x>+---,

where the coefficient of x" is (—1)".

25.2 Partial fractions
In this section we begin the task of finding an alternative way to compute tl'.le coef-
ficients in the power series for a(x)/b(x), when a(x) and b(x) are polynomials and
bo # 0. Although the algorithmic method of long division is adequate for. many
purposes, it does not yield a formula for the coefficients, and there are circum-
stances in which such a formula is desirable.

The key to the problem is the decomposition of a(x)/b(x) into partial fractions,
a technique which may be familiar to some readers. Roughly speaking, if there 1s
a factorization b(x) = s(x)t(x), where s(x) and #(x) have no non-trivial common

factor, then we can write
‘ a(x) _ f(x) + g(x)
b(x)  s(x) = t(x)

for some polynomials f(x) and g(x). For example, the polynomial 2 — 3x + x? is
equal to (1 — x)(2 — x), and we have the equation
5-3x 2 1

= + .
2-3x+x2 1-x 2-x
It must be stressed that all the ‘fractions’ occurring in such equations are actually
power series, although in practice it is both convenient and harmless to retain the
fractional notation. Note also that it is only necessary to discuss the case when

the degree of a(x) is strictly less than the degree of b(x). This is because we
have

a(x) = b(x)q(x) + r(x)

where either r(x) is the zero polynomial or degr(x) < deg b(x), and consequent}

i rx)

Thus the problem is reduced to findi i i
s nding the partial fractions for r(x)/b(x). E
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The cover-up rule is very useful, but there are two points to remember. First,
it only gives the numerator of the highest power of a linear factor, so the other
coefficients must be obtained in some other way. Secondly, it should c.>n¥y be used
when the coefficients are presumed to be real or complex numbgrs: this is because
the technique of substituting values depends upon the assumption that a pol)fnc?—
mial and the corresponding polynomial function are interchangeable, and_ this is
false when the coefficients belong to a finite field (Section 22.8). Conventionally,
we assume that we are working in the field C of complex numbeli's ur.lless some
other field is stated explicitly. One good reason for this convention is that any
polynoraial can be decomposed into linear factors in C[x], and so the complete

decomposition of a ‘quotient’ into partial fractions with constant numerators can
always be achieved.

Exercises 25.2

I Use the cover-up rule to find the partial fraction decompo- 4 Let h(x) be a polynomial with deg h(x) < m. Show that if

sition of gi(x) and y; (1 < i < m) are defined by
o Pk S 2buds h(x) = (@ = )41 () + I
(I-x)2+x) I+ x)2+x)(3+x)

gi-1(x) = (@ = x)qi(x) + Ym-is1 2 <i<m),
2 Find the partial fraction decompositions of

then
; 1+3x ” -5+ 3x -
i 1 —3x2+2x3° ) 6 —11x+6x2—x3 h(x) = Ym + Ym-1(@ = X) +- -+ y1(a — x)™".

3 Find the partial fraction decomposition over Zz of 1/(1+ 5 Find the partial fraction decomposition over the complex
x*). (Use the factorization obtained in Section 22.8.) Jield C of (1 — x*)~1,

25.3 The binomial theorem for negative exponents

The binomial theorem obtained in Section 11.3 can be formulated as a result of
multiplication in the ring Z[x] of polynomials with integer coefficients. Specifi-
cally, it asserts that the coefficient of x" in the polynomial (1 + x)* is the binomial
number (¥), that is

n

(I1+x)f = (g>+ (T)x+(§)x2+---+ (’;)x"+--~+ (’;c) x,

In this chapter we have come to regard (1 + x)!

' as a power series with integer
coefficients

(1+x)! =1—x+x2—x3+...,

and so in the ring of power series Z
of m factors (1 + x)7!. Clearl
naturally we would like

[x] we can define (1 + x)~

: ™ 10 be the produc
y this definition works for any

integer m > 1, an
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Thus, given the extended definition of (¥) for positive and negative integers k, we

have shown that the coefficient of x" in (1 + x)* is (’,‘,) If we i-nclud.e the trivial
case (1 + x)° = 1, we have the following general form of the binomial theorem,
which holds for all integers k:

K ®\
1 +xk = (I(;)+ (’;)x+ (2)x2+~--+ (n)x s g

The general form is a power series, but when k is a positive integer we have

(k) =0 whenever 1>k,
n

so the right-hand side reduces to a polynomial.
There are several trivial extensions of the binomial theorem: formulae for

(@ + x)*, (a — x)*, and so on. In particular, we shall make considerable use of

the formula for (1 — ax)™", which is

m+n—1
(I—ax)™ = 1+max+-~+( ; )a”x"+---,

The binomial theorem has been presented here as a rule for finding the coeffi-
cients in the power series (1 + x)*. Many other power series can be transformed
by algebraic manipulations into a form involving the basic power series, and so the
binomial theorem can be used to find formulae for their coefficients. For example,

in Section 25.1 we obtained the power series

L tI% =145x+9x* +13x> +---.
1-2x+x2

Noting that the denominator is (1 — x)?> we can work out a formula for the general
coefficient as follows.
1+ 3x

L (14 3x)(1 —x)72

=(1+300 +2x++ (n+ D)x" +---).

The coefficient of x" in the product is (n + 1) + 3n, which gives the answer 4n + 1

as one might guess from the first few values.
In later sections of this chapter we shall see as to how the technique of partial

fractions enables us to reduce many power series to forms in which the binomial
theorem can be applied.

Exercises 25.3
1 Write down, and simplify wherever possible, the coeffi- 3 Let a, be the coefficient of x” in the power series
(1=x—x%)"". Show that

cient of

@) ¥ in(1+207, @) x in(1-x)*
(i) x* in (1-x)". o, = (g>+(nz )+(n;2) . (n:r)‘

2 Write down the first four terms and the general term in the
power series (1 — x)™3,

where r is the greatest integer such that 0 < r < n — r.
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25.4 Gener

i
at 18 E.C i
OeﬁiClent Of X il‘l i
4 W h th n the power ser

1 +2x +2x2 E o
? 2 aibj;r—i = r )
1=0

—k
1 =3x+3x2—x3°
s Agy
6r and b, by, ..., b, are defined by

(1 — x 4 x2y3
b o
) a 4 01x+a2x2+---+ a6,.x6’,

(1 + x)3r =
x) _b0+b1x+b2x2 + -4 b3rx3"’ /
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The solutj
ution of a ¢ : .
In such cases, it is (;I;::matonal problem can often be expressed as a sequence (un)-
: n appropriate i
(un) as a power series ppropriate to use methods based on the representation of

U(x)=u0+u1x+u2x2+~-~.

In thi . ..
seqtll::: SII‘C:ZIELC’;" EJS (tici) ;ls traditionally referred to as the generating function for the
fretion sir:c;: matli y Spe?klng it should be referred to as the ordinary generating
iri this b(,)ok o diematlclans o.ften use f)the.r kinds of generating function. But
et Yo ool (ri nar): generating function is the only kind needed, so we shall
i ! or 1nar3{ ) Qf .001.1rse, we have gone to some lengths to emphasize
(x) is not a function; it is simply an alternative way of writing the sequence
(u,) so that certain algebraic manipulations can be carried out.
Perhaps the best example of a generating function arises
theorem. The formula

(1+x)"=(g)+(’;>x+(’;)x2+---+(’Dx"+-~,

function for the sequence defined by

from the binomial

can be regarded as saying that the generating

) ()

for any given integer k, is
Ukx) = (1+x"

l In the rest of this chapter we shall study the generating ﬁmct'?ons of sequences
defined by recursion equations. The method we shall employ is 10 three stages
| (i) usethe recursion for (up) 10 obtain an equation for U (2%
‘ (ii) solve the equation for U (x); ; N b
- i ial fracti mposition and the b0~
i e algebra (specifically, the partial fraction deco
(i) o X the coefficients of U(x).

mial theorem) t0 find a formula for
The following Example gives @ typicz}l appli:au
considered was also discussed in Section 19.2.

on of the method. The sequence
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25.5 The homogen

So that

Up = 3" -2

A Simple c
: alculatj .
thirteen )'earS,u ation shows that Mr Stackenboom was a millionaire at the end (é

¢ the sequence (an)

Exercises 25 4
1 Use th : i :
U, when ;15 enerating function method to find a formula for 4 Let A(x) be the generating function fo
Sequence (u,) is defined by and define
sp = aot a1 4o+ an (nZO)'

Ug =1 _
2 Suo c M=l Uny2 — AUpyy +4u, =0 (n >0).
0 . ) .
(an). pilei:tA(X) 1 the generating function for the sequence ion for (s») 18
(2n), (q,) Zre the generating functions for the sequences B A(x)
»\4n), and (r,) defined as follows? S =T
unction with Ex. 3 to find

Show that the generating funct

a formula for

Use this result in conj

M p=5a: i
LS Pn = Sa,; ) gu=a,+5 (i) r,=ans i
0Wthatx(1+x)/(1 x)3. . Z’}— &
- is the generat i i=0
the sequence whose nth term is 2. genessiing tmetion 16f

25.5 The homogeneous linear recursion

In Section 19.2 we found the explicit solution of the recursion

Uug = cg, U] =C1, Upy2 +ajupy + agu, = 0 (n20).

t'Ii'his is the case k = 2 of the homogeneous linear recursion defined by the equa-
ons
[HLR] {uo =cy, U =¢C, ... 5 U-1=Ck-1,

Unik + QUpyg—1 +- -+ aguy = 0 (n=20).
We shall now use the method of generating functions to derive the general solution
to [HLR] for any value of k.
Theorem 25.5.1 The generating function for the sequence (u,) defined by
[HLR] is

R(x
U(x) = ) D
1+ax+-+aXx

where R(x) is a polynomial and deg R(x) < k.
Proof Consider the product

(1 +ax +--+ ax U
n

=(l+ax +--~+akxk)(u0+u1x g UpX" )

plication rule, the coefficient of x"** is

Using the multi
(n20).

Upsk + Qinik-1 T + aklin




