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Hence u,, is given by a formula
u, = (An® + Bn+C)2" + D(-=1)",
where A, B, C, D are constants. Substituting the given values of uo, uy, ta, u3 we
obtain the equations
c+D= 0,
24+ 2B+2C-D=-9,
16A+ 8B+4C+D=-1,

79A +24B +8C — D= 21.

The standard methods of solving linear equations yield the solution A = 1,

B=-1,C =-3, D=3. Hence
u, :(nz—n—3)2"+3(—1)"~ u

Exercises 25.5

1 Use the auxiliary equation method
when the sequence (u,) is defined by

@D u =1, uy =3, up2—3Uns —4u, =0 (n20);

(D) up=2, uy =0, up=-2,

to find a formula foru, where a and b are real numbers and b # 1. Show that if the
sequence (u,) satisfies
u,.+|/u,, =zn=b;

then

Upy3 — Olpio + 1upey — 6u, = 0 (n>0) Upyz + (b= Ditrs + (a—bu, =0 (n > 0).

Gii) up=1, u; =0, up =0,

Ups3 — U1 +2u, =0 (n 2 0).

2 Professor McBrain climbs stairs

Sometimes he takes two stairs in one stride, sometimes only
one. Find a formula for by, the number of different ways in

which he can climb # stairs.

3 Suppose the sequence (z,) is defined by

1 =22
Zp = Ay Zn+l -

Hence find a formula for z, when a = Oand b = 2.
4 Let (uy), (va), (W) be the sequences defined by up = vo =

in an erratic fashion. ;=1 and

Uptl 1 0 1 U
vast | =10 -1 1 Vo (n>0).
Whit 1 -1 4 Wy

(n>0) Show that (u,) satisfies a homogeneous linear recursion.

25.6 Non-homogeneous linear recursions

In some cases the method of generating functions can be used to solve the non-
homogeneous linear recursion
up==¢co, Ur==¢, -, U1 = Ck-1»
Upsk + Qi Unik—1 + -+ aguy = f(n) (n>0).
The applicability of the method depends upon the particular form of f(n). Roughly
speaking, the technique is to work out

(1+aix +apx® +- -+ apxF)U (x)

and hope that the terms involving f(n) can be dealt with by some special device.
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Which yield the solution 4 = ~%, B=

obtain the formula

— 1 n+3 n+2 —
Un = 56[(=2)" +3™2 —6n - 1].

¥

L 0=5 p__1
7 C=35 D=~ On Tearranging, ye

O

There are many other types of problems which can be dealt with by the gen-
érating function method. It is particularly powerful when combined with analytic
methods of dealing with power series, but that is beyond the scope of this book
Fortunately, some very important results can be obtained by the purely algebraié
means already at our disposal, and several results of this kind will be discussed i

the next two chapters.

Exercises 25.6

1 Show that the generating function for the sequence (u,)
defined by the recursion

up =1, Uns) = 2u, = 4" (n > ()
1 - 3x

— 50X

(1 =2x)(1 = 4x)"

Deduce that u,, = 22n-1 4 4L,

Ux) =

2 Let g, be the number of words of length n in the alphabet

{a,b,¢c,d } which contain an odd number of b’s. Show that
91 =4"+2q, (n>1).

[Hint: partition the set of such words of length n + 1 into
those which begin with b and those which do not.] Hence

.

(]

find the generating function Q(x) for (g,), assuming g, = ()
and show that

gn = 3(4" =2").

3 Show that the generating function for the sequence
defined by

up =1, Upy1 = 2Up = na"  (n>0)

is
1 ax?

[—2x " (=200 —ax)?’

U(x) =

provided @ # 2. Hence find a formula for u,. What happens
when a = 2?

25.7 Miscellaneous Exercises

1 Which of the following are invertible in R[[x]), and which of
them are invertible in Z[x]]?
() 1+x; (i) x%; (i) 3 +2x3.

2 Write down the first four terms and the general term in the
power series for (1 + x)~>.
3 Find the coefficient of x" in the power series for

26 — 60x + 25x?

(1 =2x)(1 = 5x)%"
4 Find the first four terms and the coefficient of x” in the power
series for

1-x—-x?
(1 =2x)(1 —x)?’

5 Find a formula for the coefficient of x” in the power series for
(I+x)/(1 + x + x3) in Z,[[x].
6 Find the partial fraction decomposition over Zs of

4x 42
—
X3 4+ 2x2 4+ 4x 43

7 Use the method of Ex. 25.4.4 to find formulae for Z i* and
2. i*, where the sums are taken over the range L <i<n.

8 If A(x) is the generating function for the sequence (a,)s
define the derivative A'(x) to be the generating function
for the sequence (a,) where @, = (n + 1)a,,; (n > 0). Show
that

(ABY(x) = A'(x)B(x) + A(x) B'(x).
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18 Use the generating functiop method to solve the recursion

U =1, Unit =3y +2%0 0).
19 The exponential generatin,

g function for the sequence (u,)
is defined to be the power series

i u u u;
u(x)=uo+—1x+-3x2+---+ e
TR i

Use the recursion d, = nd,,_, + (=1)" for the derangement num-

bers to show that the exponential generating function for (d,) is

e /(1 — x). Hence derive the usual explicit formula for d,.

20 Let O(x) be the exponential generating function for the
numbers g,, where g, is the number of partitions of an n-set.
Use the formula obtained in Ex. 12.7.10 to prove that

O(x) = exp(e* = 1).




