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378 Partitions of a positive integer

3 Let

Pi(n) = p(n | number of parts = k).

Show that the following formula (obtained in Ex. 12.4.2) is

a consequence of Theorem 26.1:

Pikr) = pe(n — k) + pe_y(n — k) +--- + n(n—k),
and use it to calculate p(8).

4 Use an argume;.t based on

c an arg : diagrams to prove that the num-
ber of partitions of # which have at MOSt m parts is equal to

the number of partitions of n+ Lm(m+ 1) in which —
m parts, all of them different. [Hint: add 5 ‘triangle’ with
+m(m + 1) marks.]

26.2 Conjugate partitions

The diagrammatic representation of partitions suggests the following simple
method of transforming one partition into another: switch the rows and columns
of the diagram. For example, the partition A = [1223%4] is transformed into the

partition A’ = [134 6], as the diagram indicates.

X X X X X X X X X X
X X X X X X X

X X X - X X X

X X X

X

X

In general, partitions A and A’ related in this way are said to be conjugate.

The transformation A — A’ which takes a partition to its conjugate can be used
to prove some useful results. A typical example is as follows. If the largest part of
A is m, then the first row of the diagram for A and the first column of the diagram
for A’ both contain m marks. Thus A’ is partition with m parts. In otber words, the
transformation A — A’ is a bijection from the set of partitions of » with the large;t
part equal to m to the set of partitions of n with exactly m parts. So we have prove
that

p(n | largest part = m) = p(n | number of parts = m).

A partition A is said to be self-conjugate if A = 4",

. " : to the
Theorem 26.2 The number of self-conjugate partitions of 7 1 equal to

number of partitions of n whose parts are distinct and odd.

. : artition
Proof The first row and first column of the diagram for a self-conju%:ll:fl é’n e
of n contain the same number of marks, say k. Since the.y have one C(:n oo 2k — 1.
the total number of marks in the first row and column is the odd nu

ainder of the
In the same way, when the first row and column are removed, t;lle re;“ Continuing:
second row and column contain an odd number of marks, say . -1l dis finct.

. - . a_re
we obtain a partition of n in which each part is odd, and the parts ped sections o

The procedure may be visualized as a ‘straightening’ of the L-sha
the given self-conjugate partition (Fig. 26.2).
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Exercises 26.2

" With parts whjc, .
€ diagram ¢, obtain conjugate -+ 0dd and disepgy,

lustratj
" 2s Taling the proof of Theorem

Partition of ,, Hence
O

1 Write down the co
standard notation:

() [1°356], iy [2%3358].

2 Which of the following partitions are self-

() [1724],

(iii) [22357),

(i) [1°456),
(iv) [142348).

conjugate?

njugates of the following partitions in

3 Use the method described in Th
conjugate partitions of 20.

4 Show that the number of self-
with largest part equal to k is the same as the number of
self-conjugate partitions of 5 — 2k + 1 with the largest part

not exceeding k — 1. Hence find the number of self-conjugate
partitions of 41 in which the largest part is 11.

eorem 26.2 to list the self-

conjugate partitions of

I

l 26.3 Partitions and generating functions
In this section we shall obtain a formula for the generating function
P(x) = p(0) + p()x + p2)x* + -

where p(n) is the number of partitions of n and, by convention, p(0) =1.
The starting point is the formula

. i 2i K
(I=x) ' =1+x+x+3+--,

: — x' in the ring of
i he inverse of 1 — x' in't
as an equation for t : : on. or b
which should(g?[ r]?gar;igg formula can be obtained by )ch]rec; ?ﬂﬁ:ﬁ;;zses thz
i e for (1-x)~". Fo ,
power series LilX] in the standard formula . tor for theamiibers
replacing x by x' (tthz t1 t)hzz power series is the generating function
i a

key observation 18

.  q

" f,. of partitions of a very simple kin |

n fun=pn | each part is equal to £).
=

i i .a there iS
y I UCh partitions unleSS nis a multlple ()I l Wh
0OS

. ther words
j Parﬁtionn=i+i+"'+l'lno
Just one par

1 ifn=ai (@=0,1,2,...),
= {

0 otherw ise.




