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RIS,

Exercises 26.4

I Write down formulae for the generating functions for the p(n | each part occurs at most 3 times)
sequences whose nth terms are '

Hint: (1-y" = (1= p)(1 +y+ 12 + %) ]

(i) p(n | each part occurs at most twice), 4 Show that
(i1) p(n | each part is power of 2),
(iii) p(n | the smallest part is 5). (=00 +00 + )T+ x) (1427 = 15",
2 Use the method of generating functions to find the number  and derive the formula L
of partitions of 16 in which each part is an odd prime. t
3 Write down the generating function for the sequence (=07 =1+ 00+ +x -, f
whose nth term is
where the right-hand side is the product of the factors 1 + x* ‘
n
p(n | no even number occurs more than once as a part). forall r > 0. Deduce that every positive integer has a unique

Hence show that this number is equal to partition whose parts are distinct powers of 2.

26.5 A mysterious identity

We have shown that the generating function for the numbers of partitions with
distinct parts is

D(x) =1+ x)(1+x*)(1+x3)---.

For example, the partition 7 = 1 + 2 + 4 corresponds to the term x x x2 x x* and
contributes 1 to the coefficient of x”. Now consider as to what happens when we
change all the + signs to —, so that we obtain the power series

0(x)=(1-x)(1-xHH(1-x%---
=1+qx+@x*+---.

Here again each partition of n with distinct parts makes a contribution to the coef-
ficient of x", but now the contribution is (—1)¢, where d is the number of parts.
For example, the partition 7 = 1 + 2 + 4 corresponds to the term

(=x) x (=x%) x (=x*) = (=1)*x7

and contributes —1 to x’. In general, each partition of n with an even number of
distinct parts contributes 1 to g,, and each partition with an odd number of distinct
parts contributes —1. Thus

dn = €y — Oy,

where

en=p(n| the parts are distinct and even),
0, =p(n | the parts are distinct and odd).
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Exercises 26.5

1- Show that the coefficient
sion of

of x" i . . .
in the power series expan- 3 Use the recursion equation of Ex. 2 to calculate g, 4 for

1 5 1 <n<22and1<d < 6, and verify that your answers are
T+ +x Y1+ x3) . compatible with Ex. 1.

4 Show that the mysterious identity can also be written in
ons of n which have he foom

1S even unless 7 is a number of the form Lm(3m+1).
2 Let g, 4 denote the number of partiti
d parts, all distinct. Show that

= I < — 1) 3m3m=1)_
\ nd = Gnd at g a1 (1<d<n). g(l = X D

m=-—00

“1 26.6 The calculation of p(n)

It is possible to calculate p(n) by simply listing all the partitions of n in some order,
but this is clearly a very inefficient procedure. We can do better by using a recur-
sive approach, such as the one given in Ex. 26.1.3, but that particular method is
also rather inefficient. A very good recursive procedure is based upon the myste-
rious identity established in Section 26.5, and this is the method which we shall
study now.

The alert reader will have spotted that the generating function P(x) for the

numbers p(n) is the inverse of the generating function Q(x) for g, = e, — op;
specifically,

[ SR

Px)=(1-0)"'A-x»"a=-x)",
0x)=1-x)1-xHA=x>)---.
It follows that

P(x)O(x) =1+ p(D)x + p(2)x*> +---+ p(n)x" + --+)
(] = s B B A e L BT o e
=1.

Thus the coefficient of x” (n > 1) in the product is zero. By the rule for multiplying
power series, we obtain the equation

p(n)—pn—1)—p(n—=2)+pn->5)+pn-7)—p(n—12) —p(n—15)+--- =0.

| We can rewrite this in the form

pn)=p(n—=1)+pn—2)—pn—5)—pn—-7+pn-12) + p(n—15) —---,

where there are finitely many terms on the right-hand side, since only those terms
p(n— k) with n — k > 0 appear. For example,

p(13) = p(12) + p(11) — p(8) = p(6) + p(1).

These formulae provide an efficient recursive method for computing p(n). The
. calculation may be set out as in Table 26.6.1, where we assume for convenience
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that the values pO0) =1, p(1) = 1 p(2) =2
) ) =2,p3) =3, p@4) = 5, 5) =17,
P(6) =11 are already known. i e

Table 26.6.1

n 7 8 9 10 11 12 13 14
— ' 8 9 10

p(n—1) 11 15 22 30 42 56 77 101
pln—2) 7 11 15 22 30 42 56 77
p(n—5) 2 3 5 7 11 15 22 30
pn—17) 1 1 2 3 5 7 11 15
p(n—12) — — — — — 1 1 2
p(n) 15 22 30 42 56 77 101 135

Of course, extra rows of the table are required for the calculation of further values
of p(n).

So we have achieved our stated aim of finding an efficient method for the calcu-
lation of p(n)—just how efficient it is will be established in the following exercises.

Remarkably, although the final form of the method is so simple, almost all the the-
ory covered in this chapter is necessary to justify it.

Exercises 26.6

1 Extend the table as far as p(20). Deduce that there is a constant K such that t(n) < K+/n for
2 Find the least value of » for which p(n) > 1000. alln> 1.
3 Let(n) denote the number of terms on the right-hand side 4 Show that the number of additions and subtractions

of the equation for p(n). Show that required to compute p(n) by the method of this section is

2m—1 if %m(3m -1)<n< %m(3m +1), O(n*?).
Hn) = 42m if 3mBm+1)<n<liom+1)
x(3m + 2).

26.7 Miscellaneous Exercises

1 Calculate ps(9) and ps(10), where py (n) is the number of par- 5 Give an alternative description of p(n) — p(n—1) as the num-
titions of n into k parts. ber of partitions of n which have a certain property.

2 Use the Ferrers diagram to prove that the number of parti- 6 Show that
tions of n in which each partis 1 or 2 is equ?l 'to the number of

partitions of 7 + 3 which have exactly two distinct parts.

3 Show that the number of partitions of # with at most two parts 7 g6, that the number of partitions of 2n into three parts, such
that the sum of any two parts is greater than the third, is equal to
the number of partitions of n with exactly three parts.

p(n+2) =2p(n+1) + p(n) > 0.

is [in].
4 \\irite down the generating functions for the number of

(i) partitions of  in which each part is at most 5;

. : can occur more
(i) partitions of » in which only even parts can 1 fn=1
Pi(n) 2 P "L

than once; ) )
(iii) partitions of n in which each part is a multiple of 3.
il

8 Show that the number of partitions of 7 into k parts satisfies

s

ey




9 Verify that if 1 is a

g A > 4> o fa:thletim;l with parts 4,, 4, ..., 4, satisfy-
¥ are given by = “r then the parts of the conjugate partition
Xy =

the
number of parts of 4 not less than i (I<i<iy.

10 Suppose that A and

Ay > - W are partitions of n with parts A, >

* 2 /1,- and Hi =
) 2 My 2 -+ > ug, respectively. S
4 and p are conjugate if and only if o respectively: Showihat

T e _ L
V=S, m=r, A+pi#Fi+j-1 (1<i<r1<j<s).

Ilcl Show that the number of partitions of n — m into exactly
— 1 parts, none of the parts being greater than m, is equal to
the number of partitions of #n — k into m — 1 parts, none of the
parts being greater than k.

12 Show that the number of partitions of » in which no part
occurs more than 2¢*! — 1 times is equal to the number of parti-

tions of n in which no multiple of 2* can occur more than once
as a part.

13 The following rule is the basis for a method of listing all
partitions of »n in lexicographic order. The first partition
is [n]. Suppose that the current partition 4 has parts 4; >
Ay > -+ > A,. Then the next partition is found as follows:

() if A4, # 1, then the parts of the next partition are
'119 '1'2"- O] A,-_l, A’r - 1, 19

(i) if A = Ay = 0 = Aot = 1 but 4, = x # 1, then
the parts of the next partition are obtained by replacing

A A spiye s s Ar DY X — Lx-1,x=-1,...,x=Ly,

26.7 WMiscellaneous Exercises 389

where 1 < y < x — 1 and the number of parts X = 1is
chosen so that the result is a partition of 7.

Use this rule to list the partitions of 8.

14 Write a program based on the algorithm outlined in the pre-
vious exercise.

15 Write a program to calculate p(n) for n < 100 by the method
of Section 26.6.

16 In a Ferrers diagram the largest possible square of marks in
the top left-hand corner is called a Durfee square. Show that
for each self-conjugate partition of n there is an associated inte-
ger k and a partition of n into one part of size k?* (the Durfee
square) and some parts of even size not greater than 2k. Deduce
that

A+ +xHA+x)
xk2

=1 L AT )

17 Use the Durfee square construction to show that the partition
generating function P(x) satisfies the identity
X<

P(x) =1+§ a-x20 —x2e---(1 _xk)2'

18 Show that

A+ +xHa + X0y
xk(k+1)

=1+k2=; =D —x (=%
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