By similar arguments, there are four (why not eight?) -‘“b‘gmups .
Order 3 BY S

3 rsuch as {id, (123), (132)}.

A subgroup of order 4 is isomorphic to Cy or Cs x €, (Ex. 2

order 4, C4 is impossible. The three e]emem; Qh‘l ince
5 Of orge,

Group$
276 f Ord,

Order 4 : s of
are no elements : . .
;hcnrzmdgy (12)(34), (13)(24). (14)(23), together with the identity, dq form %

i i ; and this is the only possibility, sipe sub.
group isomorphic to Cy; x C3; an 1sf e o (yW;;] ) Y, since the e]emthS ;
order 3 cannot belong to a subgroup of order y).

Order 6 Suppose K is a subgroup of order 6. Since there are only foy, elen |
of A4 which do not have order 3, K must contain at least one element of ord enig
say x = (123), and its inverse x~! = (132). The elements of order 3 iy g Ozr 3,
in pairs, such as x and x~!, and so there are an even number of them, By % ?ur
contains the identity, and so in order to make the total number of elemenyg ea 50
K must contain at least one of the elements of order 2. Now if one such ele;neven,
is in K, so are xyx~! and x~'yx (by the subgroup property). These ekmemgmy
conjugate to y and so they have the same type as y, and they are distinct, Hence [ahre
elements y, xyx~', and x™'yx are the three elements of order 2 (that is, ( 12)(34)e

(13)(24), and (14)(23)) is some order.

But we showed that these three elements, together with the identity, formy 5
subgroup of order 4, which must be a subgroup of K. By Lagrange’s theorem, the
order of K is a multiple of 4, contradicting the assumption thyt IK] = 6. Hence
there are no subgroups of order six.

Order 12 Clearly, the only possibility is Ay itself. 0

It is convenient to arrange the subgroups in a lattice (Fig. 20.4). In general,
the lattice of subgroups can be extremely complicated, but in the next section we
shall see that in the case of a cyclic group the lattice can be described in simple

arithmetical terms.

Exercises 20.8

1 Let H be a subgroup of G, and define a relation ~ on G allowed by Lagrange’s theorem, and sketch the lattice of sub-

by the rule that x ~ y means x™'y € H. Show that ~ is an groups.

equivalence relation and its equivalence classes are the left 4 Suppose that a finite group G and a prime number p are
cosets of H. given, and G has exactly m subgroups of order p. Show that

2 Describe explicitly the partition of the triangle group by  the number of elements of order pinGism(p-1).

the right cosets of the subgroup H = {i, x}. Check that 5 Use Ex. 4 to show that a non-cyclic group of order 53 has {
the partition is not the same as that given by the left cosets 4t Jeast one subgroup of order 5 and at least one subgroup of 3
of H. order 11, 3

3 The symmetry group of a regular pentagon is a group of 6 Sketch the lattice of subgroups of the symmetric groUP >
order 10. Show that it has subgroups of each of the orders [Hint: you will need a large sheet of paper.]

e i i
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bercises 20.9

1 Sketch the lattice of subgroups of the cyclic group Cyq. If
tsa generator of Co4, identify the subgroups generated by
08.and £°.

fﬁﬂ'l many elements of Cg generate the whole group?
ﬁ’po&e that r and s are divisors of n, and the cyclic group
:sinerated by x. Write down generators for the cyclic

subgroups C, and C; of C,. Find the order of C, n Cy, and
write down a generator for this subgroup.

4 Explain how Theorem 20.8.4 can be deduced from Theo-
rem 20.9.

bﬂ Miscellaneous Exercises

:’: x,y. and 7 are elements of a group G. Simplify the
e epressions in G.

’ iy, (i) (xzy) ' xGeyz)

¥ . f
h *®d y are efements of a group G the co(l]lJ ;511:;;

"~% 0y is yxy~!, which is written x’, an o
*&W‘a\d yis xyx~'y~!, which is written [x, ¥1-
Pelapy clla, c}, (i) [a bel= (a, blla, i

3 Let t,, » denote the function from the set R of real numbers to
a,

itself defined by
£, p(X) = ax + b,
and a # 0. Show that the set of

e S under the operation of compo-

where d
all such functions forms & group

sition of functions.

oup
4 Show that the gr
nfinitely manY elements 0

£ order 2.
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ow that if H is a subgroup of index 2 in a group G then

oo H is the same as the right coset Hg for all g

the left coset g
inG.

6 Define a binary operation * on the set R of 'rea] numbejrs b){
x#y = xy+x+y, where the sym!?ols on the nght-hapd side of
the equation have their usual meanings. Show that, with respect
to *, R satisfies three of the axioms for a group, but that not

every element of R has an inverse.
7 Let a and g denote the functions defined (on a suitable subset
of the real numbers) by

a(x) = 1/x, f(x)=1/(1-x).

Let K denote the group obtained by the composition of @ and g
and their powers in all possible ways. Show that K is isomor-
phic to the triangle group G, defined in Section 20.2.

8 Let J,, denote the set of complex numbers z which satisfy
z™ =1, where m is a positive integer. Show that J,, is a cyclic
group of order m, with respect to the usual multiplication of
complex numbers.

9 Show that the set of all 2 x 2 matrices

a b
[ J (a,b,c,d e R),
c d

such that ad # bc, is a group under the usual matrix multiplica-
tion.

10 Let K and L be finite subgroups of a group G and let
KL={geG |g=klforsomekeKand/e L)}

Prove that |K||L| = |KL||Kn L|.
11 Show that the subset K L defined in the previous exercise is
a subgroup of G ifand only if KL = LK.

12 Show that any group of order six is isomorphic to Cg or Ss.

13 Let H and K be subgroups of a finite group G such that gcd
(J|H], |K|) = 1. Show that |H N K| = 1.

14 Let X be the set of ordered pairs (n, f) where n is an integer
and f is a rational number (fraction). Define a binary operation
o on X by the rule

(1, f)o(my, f2) = (ny +m, 2 f) + f2).

Show that X is a group with respect to the o operation. Which
of the following are subgroups of X?

(i) The subset of elements of the form (n, 0).
(ii) The subset of elements of the form ©, H.

Heiruction given ip
- ot integers mog.

15 Let M be the rranp haat
Ex. 3 when the set i v cepliwed by s s
ulo 5. Show that

() |M| =20,

(it) M contains subgroups of each of the orders allowed by
Lagrange’s theorem.

Sketch the lattice of subgroups of this group. (It may be

helpful to consider elements of M as permutations of Zs =
{0,1,2,3,4}) ’
16 Write out the partition of A; (Section 20.8, Example)
formed by the left cosets of the cyclic subgroup generated by
(123), and verify that the partition formed by the right cosets of
the same subgroup is different.

17 Show that S5 has no subgroup of order 15.

18 Let p be a prime. The group GLy(Z,) is defined to be the
group of those 2 x 2 matrices with entries in Z, which have an
inverse with respect to matrix multiplication. Show that

(i) GLy(Z,) is isomorphic to the symmetric group S;.
(ii) The order of GLy(Z,) is p(p* — 1).
(iii) The centre of G Ly(Z,) consists of the matrices ¢ ] ,
where [ is the identity matrix and a # 0 in Z,.

19 Let F denote the set of all functions f:Z - Z,and let V be
the set of ordered pairs (n, f) such that # is in Z and fisin F.
Define a binary operation * on V' by the rule

(n1, £1) % (ny, f2) = (ny + na, £3)

where f3(m) = fi(m—n;)+ fo(m). Show that V is a group with
respect to the * operation.

20 Let V and F be as in the previous exercise, and let E be the
subset of F containing those functions f for which f(n) = n
except for a finite set of integers n. Show that the subset of ele-
ments of the form (0, f) for which is f is in E is a subgroup
of V.

21 Show that there are just five different (that is, mutually non-
isomorphic) groups of order eight.

22 Let x be an element of order m in a finite group G. Show
that the order of x in G is m/d, where d = ged (m. 1).

23 Let G be a finite group and H a subgroup of index k in‘G-
Prove that there is a set {g), g, ..., g} of elements of G which
is simultaneously a set of representatives for the left cosets, and
for the right cosets, of H in G. In other words, we can writ¢

G=gHU---UgH=Hg U - UHg.

[Hint: Ex. 17.7.15.]
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investigations,

Let G be a set of
the rule for combini
tions of X.

If we take X = {1,2,..., n) then a group of permutations of X js simply a
subgroup of .S,. For example, here is a list of all the subgroups of 53, each of

which is also a group of permutations of {1,2,3}.

Permutations of a finite ey X

. IfGisa group (with respect to
Ng permutations) then we say

that G is a group of permuta-

H, = {id},
H, = {id, (23)},

H, = {id, (12)},
Hs = {id, (123), (132)},

Hj = {id, (13)},
He = S3.

. . ient
In order to verify whether or not a given subset of .S, is a §ubgroup it :js crc:]nvzr;:?y
to use Theorem 20.7, which tells us that (since .S, is finite) we need only
the closure property.
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Exercises 21.1

(i) {(12345), (124)(35)}.
(i) {id, (12345), (13524), (14253), (15432)}.

23)}.

i) {id, (12)(34), (13)(24), (14)(

?nxvl; ::d (12)(345), (135)(24), (15324), (12)(45),
(134)(25), (143)(25)}.

ng of all the even per-
The results obtained 1n
ons is even (S0 that

S is the subgroup consistt
¢ rnating group As. "
f two even pcnputa'
rder of An 18 37

An important subgroup of

Section 12.6 imply that the composite 0

g
USRS, st
o



example, if the permutatiop, (135)
gransform 210 4, since 2 js the only Ve;ts part -Of e
vertex adjacent to both 3 ang 5. Similarlex e
4o we must have a = (135)(246). In thy
of {1. 3. 5} can be extended i, a uni ue -
graph !
i extends to id,
(135) extends to (135)(246),
(153) extendsto  (153)(264),

It follows that there are just six ayto
extended permutations listed above.

(
(15)

13) Cxtends to ¢ 13)(46)
extends to (1 5)(24),
(35) extends to (35)(26)?

m .
orphisms of the graph, and they are the ix

21.2 i
Orbits and Stabilizerg 283

12

4 3

0 Fig.21.3
How many automorphisms?

Exercises 21.1 (continued)

2 Find the orders of the following permutations considered
as elements of the symmetric group Sg:

(D) (1235)(48)(67); (i) (12)(35)(48)(67);
(iii) (13672)(458).

3 According to Theorem 20.8.3 the order of any element
of Sg is a divisor of |Sg| = 8! By considering the cycle
structure of the permutations in Sy write down the orders
- of elements which actually occur in Sy, and give an exam-
ple of a divisor of 8! which is not the order of an element

of Sg.

4 List al¥ the symmetries of a regular pentagon, regarded as
permutations of the corners 1, 2, 3, 4,5, labelled in cyclic
order.

5 Find the group of automorphisms of the graph given by
the following adjacency list. (A picture will help.)

21.2 Orbits and stabilizers

Suppose that G is a o
structure of G leads naturally to a partiti
Define a relation ~ on X by the rule

~ is an equivalence relation in

on of X.

We can check that
Since id belongs to any group,

group of permutations of a set X . We shall show

and id(x)

1 2 3 4 5 6 7 8

2 1 2 3 4 4

3 2 7 7 5 5

4 6 8 8 6 6
that the group

= y for some g€G.

the usual way.
- xforallx € X,We

(Reflexivity) ) :
have x ~ X. _  for some g € G. Since Gisa
x =t P Sothatg(x)"y' -1 ,xwehavey~x’

(Symmetry) ~ SUPPOSE 7 belo’ngs to G, and since § =
group, § _ for
; dz =Wy io
as requxred-d 7 we musthave y = g1(%) a?s .~ G and since

 (Transitivity) 1 x~ 72 ’ G. Since G152 group, 8281

some g; and 8210 - as required

g281(x) =2 we have x ~ &
e Y

: (hat the distinct €qui¥® -

! f‘f‘;ﬁﬁgg same part if and only if there!

. are in Y

rm a parti
gses of ~ fo .
alence c%a@s mutation i Gw

tion of X; xandy
hich transforms X



