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Exercises 22.1

1 If Ris aring then the set M>(R) of 2 x 2 matrices over R
isalso a ring. (You need not verify this.)

(i) What is the additive identity in M,(R)?
(i) What is the additive inverse —A of a matrix A in
M,(R)?
(iii) What is the multiplicative identity in M>(R)?
(iv) What is the cardinality of M,(Z,)?
(v) Show that multiplication is not commutative in

My(Z,).

S ——

(vi) Which elements of M>(Z,) have a multiplicative
inverse?
2 By using Theorem 7.5.2, prove that if x and y are integers
such that xy = 0, then x = 0 or y = 0. Show by exm-
ples that the corresponding result does not hold when Z is
replaced by Zg or by M,(Z).

3 Show that if x and y are members of a ring R then
(=x)y = —xy and (=x)(—y) = xy. (At each stage of the
proof, explain which property of R you are using.)

2.2 Invertible elements of a ring

+that is, if there is an element u in R such that
4d 50 we can use symbol x~' for u Wi

!‘hinv

€rse of x, and the set of inve

f\“lcmem x of a ring R is said to be invertible if x has a multiplicative inverse

4y .¢ i invertible then the element u is
Mple tif x 1810
Yigue “ument (Ex, 22.2.2) shows that ! thout ambiguity. The element x~!

rtible elements of R is denoted by U(R).

&3
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Exercises 22 >

1 Find the orders of the groy

22.3 Fields 299
. . PsU
and describe thejr Structyre

»and [y
T . (), 4 A comple g
& Sthow: [haf iy an elemen; of a rip R are integerg i of the form ,, + ni, where m and p
ments of R such that & Rang “ v are gle. the set [ ¢ o OWN a5 o Gaussian integer, Verify that
Usual aq aussian Integers s g Ting with respect to the
ux::xu=1’ "x=xv~] additig d ;
thenu = v,

11y explicitly the Standard properties of EATE 5%
Numbers ) Find the invertible elements of " anq describe the
group Structure of g7 ().

A field is a ring in which
except 0 has a multiplicatiy,

22.3 Fields

the Multiplicatj,

! n is Commutatj
€ Inverse. Thus, j

Ve and every element
UF) = Fy(0).
In order to avoid difficulties g
two elements.

We can reorganize the definition

» and make it more expli
Fis a field with respect to the operations + and x if

(i) Fis a commutative group with respect to +,
(i) F\{0}is a commutative group with respect to x,
(iii) the distributive laws (R3) hold.

The groups in (i) and (ii) are usually referred to as the ad
multiplicative oup of the field, respectively. ‘ y o

Cegainly, Z ?srnot a field since only 1 and -1 have inverses in % :xrtmlarly, the
g Z, i not generally a field, but it follows from Theorem 13.3.1 tha

ditive group and the

when p is a prime Z, is a field.

. But, as
Of course, the most familiar field is the feld. 1t of ;jf lfrr;lrlnml;b:ir;g el;men‘
ined jp Chapter 9, its definition and properties are ble finite fields such as
. “Munately, in Discrete Mathematics the more amena

7 fust ag important as is the field R in Calculus.d Z. (p prime), and we shal
| th; fact there are other finite fields besides thetﬁc‘;la; er. The following Example
. . . ex .

we TeONStruction and properties in the n

4 €onstruction of one such field.

e

ices over F
Let F be a field and let S, (F) denote the set of 2 x 2 matrices
Om

¥
B

x ¥ (x,y € F).
o=l
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do not Tequire g, ;
nv .
2 +y2 =0in wh €rse atrix haVet 224 Polynomials 301
InZ; we cap yao X and Cbot, 0 ask ag hether j; i
ver Y explicjy th xz+y22';rod POssible (4
* 0,0y
' SO0 2 3 3
, i’ 1 2 0 1 2 0 1 )
i ERE G R
" We conclude ¢, t S 2 2
at ever non-
is a field. Y flon-zerg

On the other hand, i, Zs

Exercises 22.3

1 In the Example we show

ed that .5,
nine elements.

(Z3) is a field. It has

(i) Denote the elements of

SZ(Z3) by O, I, A|, Az,...,
he additive ang multiplicative

identities, and 4, Az,..., A; are the remaining ele-

ments in some order.
(1) Write out the group table for the additive group.

(iii) Show that the additive group is not cycli.c. .
(iv) Write out the group table for the multipllc?tlve group.
(v) Show that the multiplicative group is cyclic.

2 By finding a suitable generator, show that the multiplica-
tive group of the field Z,5 is cyclic.

3 Suppose x and y are elements of a field such that xy = 0.

Prove that x = 0 ory=0.

309

22.4 Polynomials
x% +4x +3,
Equation

"aement becomes a valid equality between numbers.
v

e,

Tx* +2x2 +3x + 1.

Inelementary algebra the word polynomial is used to describe expressions such as

We do not usually trouble ourselves about the meaqing of the iyl;ﬂ:OI xivi“:}i:
the context signifies what is intended. For instance, if we arerasked to so

then it is understood that x is to be replaced by a suitable number so that the

- ials it becomes clear that the symbols x, x2,

Whe:a: ;ecompuézdw;gnggy;oﬁjglss ];o? the positions of the coefﬁcients. In
to COmpurteeg?l:e sum of two polynomials, we ﬁdd the corresponding cloefﬁ-
ntg of each x'. In order to find the coefficient 9_f x' in the product of ‘two po y.no—
s, e find gh;g product of the coefficient of x” in the first one and the coefficient
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a(x) + b(x) - 224 Polynomials 303

In genera] R[x]j
> IS closeqd u .
checking, one cq addition apg 0.
. > Prove th . multj licatj :
provided that R jg ring w; ERIx]is in fae arin ip oo With a lot of tedious

‘ L c . ; Commutag; iplicati
without explicit Rustifics. OMmutagiye Multiplicyg; Ive Multiplicatiop,
cation, 10n. We shaj) accept this fact
We shall also yge *

n n—1
anx +a,,_1x +"'+01X+ao,

where a, # 0. Whep @ = 1 we say that the polynomial is monic,

Exercises 22.4

I Compute the sum and product of the following polynomi- b(x) = by +- -+ bxm -
alsin Zsfx]: are polynomials in Z[x]. Write a program to compute the
(i) x* +3x2 +2x + 1 and x?+4x+ 2 coefficients ¢; (0 < i < n+ m) in the product a(x)b(x). S
(ll) .x“ + x2 + 2 and x3 + 4x + 1. 4 Show that, in Z7[x], OTM¢
2 Show that the number of multiplications required to com- (x+1)7 =x7 +1. . -
pute the product of the polynomials For which values of m is it true that (x + D" =x"+1in 38
Zy[x]?
ax" + - -+ ag,
S Let
e FX)=fo+ fix +- -4 frx*
b, x" +-+-+ by, be an element of the ring Zy[x], where p is a prime. Denote
; T is i he product of n factors f(x) by f(x)" and the result of
b O(n?). (Remarkably this is t .
’grfz;}f:cntluste <;ifitl?e fiﬁ:&?ﬁ;’)ls . replacing x by x" in f(x) by f(x"). Show that
ost efficien .
i Q) £ = Fx),
Suppose (i) SO = f(x¥) forall r > 1.
xX)=ay +--+ ax" [Hint: for part (1) use the multinomial theorem and
a(x) = ap p

Ex. 12.3.6; for part (i1) use the principle of induction. ]
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In order to show that g(x) and r(x) are unique, suppose that
a(x) = b(x)q(x) + ri(x) = b(x)g2(x) + r(x),

where either deg r;(x) < deg b(x) or ri(x) = 0, and eith
ra(x) = 0. Then » and etther deg ry(x) < deg b(x) or

b(x)(q1(x) = g2(x)) = ra(x) — ry ().

The left-hand side is zero if g, (x) = » ise i i
= q2(x); otherwise its degree is at leas
. . l
tltlét tC;f I;(x)- l?n t}l:e other hand, if the right-hand side is not zero then 1?: dicgl;::l b
strictly less than that of b(x). Hence both sides must ¢ ‘ -
ety less ust be zero and ¢, (x) = @>(x) and
a

It is worth remarking that the construction of a(x) in the proof is precis ely ho
R W

we proceed in practical ‘long division’. I )
k . In the example at the besani
section, we begin with P fie begunning of the

ax) =x"+4x* + x> +3x+4,  b(x)=x'2 v .
and at the first step obtain
a(x) = x> — x> + 3x + 4).

Of course when the calculation is set out in the usual style, we do not *bring down’
the terms 3x and 4 until they are required in the working.

Exercises 22.5

1- Ij“ind the guotient and remainder when x*> + x> + 1 is 4 Without carrying out any further long division, write down
divided by x°~ + x + 1 in Z,[x]. the quotient and remainder when x? + 2x + 3 is divided into

2 Find the quotient and remainder when x? + 2x + 3 is x4 x* +2x7 + x? + 4x + 2 in Zy[x); and in Zps(x].

divided into x° + x* + 2x* + x* + 4x + 2 in Zs[x]. 5 Let F be a field. Show that the polynomial p(x) has an
inverse in the ring F[x] if and only if p(x) is a non-zero

3 Repeat Ex. 2 when the polynomials are regarded as mem-
constant polynomial.

bers of Z[x] and comment on the relationship between the
two results.

22.6 The Euclidean algorithm for polynomials

for F[x], analogous to the familiar one

Now that we have a division algorithm :
ity and

for Z, we can proceed with some definitions and theorems about divisibil

factorization of polynomials.

We say that g(x) is a divisor (or factor) of f(x) in F[x] if there isa polynomlal

(x)and b(X' )

h(x) in F[x] such that f(x) = g(x)h(x). Given any two polynomials @ ) i
in F[x], we say that d(x) is a greates ) an

(i) d(x) is a divisor of a(x) and b(x), and
(x) is also a divisor of d(x).

t common divisor (ged) of a(x

(ii) any divisor of a(x) and b




