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factorization into

Cl i

ea;a(zglr]y, We wish to exclude such trivial factor-

- n, we fieﬁne a polynomial f(x) in F[x] to
polynomial and if, whenever

(x) is a constant polynomial. The irreducible polynomials

following theorem follows the same lines as the proof of

Theorem 1.8.2. and it will be presented as a sequence of Exercises.

Theorem 2?.7 Apy non-constant polynomial f(x) in F[x] can be expressed
as a product of irreducible polynomials. If there are two such factorizations

S(x) = g1(x)g2(x) -+ g (x) = hi(x)hp(x) - - hs(x)

then r =

polynomial ;.

s and we can rearrange the order of factors so that g;(x) is a constant
multiple of A;(x) (1 <i < r); that s, gi(x) = a;h;(x) for some non-zero constant

O

Exercises 22.7

(All polynomials in Exercises 1

is a field.) '
1 Show that if r(x) is not a constant polynomial then

deg r(x)s(x) > deg s(x)-
rization.) Show that, if f(x)is a

al, then either f(x)is irreducible or
) and h(x) are non-constant

Jess than that of f (x). Hence
m 22.7 by induction on the

2 (Existence of facto
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- a ged of r(x) and s(x), and r(x) is a

at if 118
3 Show that i hen r(x) is a divisor of ().

_5 belong to F[x], where F 4 Show that if r(x) is irreducible and r(x) is a divisor of

s1(x)s2(x) ... sk(x), then r(x) is a divisor of s;(x) for some
jintherange 1 <i < k.

5 (Uniqueness of factorization.) Prove the uniqueness asser-
tion in Theorem 22.7.

6 Verify that in Z;s[x]

(x+ D(x+14) = (x+4)(x + 11).

What is the significance of this result in relation to the theory
developed above?

divisor of s()(x). 1

et
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However, when the de

gree of the polynomial is fo
be vequiren, poly ur or more, other methods may

Example Find the irreducible factors of x* + 1 in Z4[x]

Solution First we use the factor theorem to |
= x* + 1; then

fO)=0*+1=1, fH=1"+1=2, f@Q)y=2"+1=2.
So there are no linear factors. The onl
two quadratics given by

ook for linear factors. Let f(x)

¥ possibility remaining is a factorization into

X'+ 1= (x"+ Ax + B)(x + Cx + D),
with A, B, C, D in Z5.

‘ By equating coefficients of corresponding powers of x we
obtain the equations

(i) A+C =
(ii) B+ D+ AC =
(iii) AD+ BC -
(iv) BD =

-

-

—_— o oo

It follows from (i) that A = —C and from (iv) that B = D. (Why?) Taking

B = D =1 we obtain AC = 1 in (ii), which contradicts (1). Taking B=D =2

we obtain AC = 2;then A = 1, C = 2 is a solution. Hence the required factoriza-
tion is

x4+1=(x2+x+2)(x2+2x+2). J

Of course, the method given in the example is very inefficient in most cases. A
great deal of work has been done on the development of efficient algorithms for
finding the irreducible factors of polynomials, but many of the best methods are
beyond the scope of this book.

Exercises 22.8
1 Find the irreducible factors of
@) x? +1 in Zs[x];
(i) x> + 5x*+5  inZnlx];
(iii) x* + 3x® + x + 1 in Zs[x].

Sol@) = fa, file)y=afi(a)+ foui (1 <i<n).

What is the number of multiplications required by this
method? (It is sometimes known as Horner’s method.)

5 Suppose that f(x) and « are as in Ex. 4, and f(a) is eval-

2 Find all the monic irreducible quadratics in Z3[x]. uated by computing each term f;a' individually (0 < i < n).

3 Show that the number of monic irreducible cubics in Z[x]
is 1p(p? — 1), and list them when p =

Find the approximate number of multiplications required if

the methods for calculating a’ given in Section 14.7 are used.
2.

4 Let f(x) = fux" + faar X" +--+ fobea polynomial
of degree nin F [x], and let a € F. Explain how f(a) can be

evaluated by means of the recursion
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of Zs and Z,,.

2 Factorize
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ap = 0 in Z[x] then r is a divi-

5 Find the monic
: ged of thy :
in Za{x], and in Z, x]. e polynomials x> + 1 and x* + x> + 1

6 Prove that the multiplicati
ultipl i ; :
only if plication in aring R is commutative if and

(a+b)* =a+2ab+
for all a, bin R.

7 Show by means of an example that if m is not a prime then
?1 quadratic equation in Z.m1x] may have more than two roots
n Zpy,.

8 Let p be a prime. Prove that the polynomials f(x) = x” and
g(x) =x1in Z,|x] define the same function from Z, to itself.

9 Let @ denote the set of all functions f from Z to itself, and
define the addition and multiplication of such functions by the
rules (f +g)(x) = f()+ g(x), (fe)x) = f (x)g(x). Which of
the following subsets of @ are rings?

(i) The functions satisfying f(0)=0.
(ii) The functions satisfying f 0) #0.

(iii) The functions satisfying f0) = f.

(iv) The functions satisfying fx)= fx+1) for all x in Z.

when a # 0 the polynomial ax? + bx + ¢ isirre-

that : i
10 shew p is a prime) if and only if 6* — 4ac1s

ducible in Z,lx] (where
not a square in Z,-
11 Find the monic ged in Z[x] of

2
x6+6x5+8x4+x3+4x +2x+38

and
Xt 5% LoxPHox+4
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L2 I;et ® denote the complex number xi/3 Show that 1 + @
+ @? = 0 and deduce that the set of complex aumbers of t.he
f0r1.n m+nw (m,n € 7,) is aring. (You need not check properties
which follow directly from the standard properties of complex
numbers.)

13 Describe the group of invertible elements of the ring con
structed in the previous exercise.

14 Let F be a field with an infinite number of elements. Show
that if f(x) and g{x) are polynomials in F[x] which induce the
same function from F to itself, then f(x) = g(x).

15 Let f(x) = fo+ fix 4o+ fux" be a polynomial with
coefficients in a field F. The derivative of f (x) is defined to be
the polynomial

f)=fi2frxtot Rfax"

Show that

() (f +g)x) =)+ g (x);

i) (fg) () =g +f (x)g (-
16 Find all primes p for which the polynomials ¥ +3x+1and
6 +2x° + x + 1 define the same function on Zj.
17 Show that the set of real numbers of the form m + nv/2,
where m and n are integers, is a ring with respect to the
usual operations of addition and multiplication. Also show that
m + ny?2 is invertible in this ring if and only if mt —2n* = =L
18 Let i, j, k be symbols satisfying the equations

p=jp=k=-L ij=—ji=k
jk=—kj=1 ki=—ik =]

Show that the set Q of expressions of the form a + bi +¢j + dk,
where a, b, ¢, d are real numbers, satisfies all the axioms for
a field except that multiplication is not commutative. (Q is an
example of a skew field, and its elements are usually known as
quaternions.)
19 An element x of aring R s said to be nilpotent if x =01
R for some positive integer n. Show that if x and y are nilpoter
elements of aring R with commutative multiplication then x +
is also nilpotent.

20 Find all the nilpotent elements of the rings Zq, Zs, and Zo

71 Show that any function f from 7, to itself may be rep

sented by a polynomial f(x). Does the same result hold for ¢
field Z, (p prime)?



Element: 1
Inverse: 1 2x+1 2x42

X 2Xx+2 2x+1

Qx+ D' =24,
2x + 1)4 =2,
Cx+ 17 =2x+2,

2 o
Qx+1)? =, Rx+1P =x+1,

Qx+1° =x+2,  @Qx+1)° =2x,
x+ 1) =1.
Thus we can express all the non-

[ zero elements of Fy as
words, the multiplicative group 2 Cs gemaiod oy Dot 21

of Fy is a cyclic group Cy generated by 2x + 1:
Fo\{0} =U(Fy) = 2x + 1) ~ G,

In Sectioq 23.4 we shall prove the unexpected result that the multiplicative group
of any finite field is cyclic.

23.2 The order of a finite field

Exercises 23.1

1 Which members of Fy can be chosen as the generators of 3 Without using explicit calculations, prove that the product
its multiplicative group? of all the non-zero elements of Fy is 2.

2 Which members of Fy have square roots in Fy? 4 Show that the additive group of Fg is not cyclic.

23.2 The order of a finite field

Let F be any field, finite or infinite. Since F is closed under addition, and it
contains a multiplicative identity 1, the elements

2=1+1, 3=14+1+1 4=14+1+1+1,

and so on, all belong to F. (We do not claim that they are all distinct.) For any
positive ir;teger n the sum of n 1’s is an element of F; in more formal langl}gge
we may say that these are the elements of the cyclic subgroup (1) of the additive

group of F.

When F is finite Lagrange’s the
| F|. This number is called the charac
subgroup (1) is the whole field, and s
characteristic of F is the smallest pos
the latter m denotes the sum of 7 1’s
may or may not be defined.)

orem tells us that the order of (1) is a divisor of
teristic of F. For example, in the field Z, the
o the characteristic of Z, is p. In general, the
itive integer m such that m = 0 in F, where
in F. (When F is infinite the characteristic
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23.3 Construction of finite fields

Exercises 23.2

1 Tables 23.2.1(a, b) define + an

(W, v, z,1) d x operations on the set

, and the resulting structure is a field F,.
Table 23.2.1(a)

Table 23.2.1(b)

+ w oy oz ot h
wow y z i o
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t t Z y w t w ot y 2

(1) Identify the elements 0 and 1 of Fy.
(ii) Show that the additive and multiplicative groups of F
are isomorphic to C; x C, and Cj, respectively.
(iii) What is the characteristic of F;?

2 Prove that the subset of a finite field F consisting of all the
elements of the form 14+ 1 +- -+ + 1 is itself a field Fo. (Fo
is called the prime field of F.)

3 Let F be a field of characteristic 3. Establish the following
identities in F:
(i) P +y =x+y)’,
(i) (x+y)*+xt+(x—t+yH=0.
4 Show that in any field of characteristic p
(x+y)P =x"+)y~.
[Hint: Ex. 11.3.5.]

23.3 Construction of finite fields

The field of order 9 constructed in Section 23.1 can be viewed in a slightly more

abstract way. The relation ~ on Z3[x] defined by
a(x) ~ b(x)
is an equivalence relation. In fact, the polynomials

<

a(x) — b(x) is divisible by x* + 1

0,1,2,x,x+1,x+2,2x,2x+1,2x+2

form a complete set of representatives for the equivalence classes, and we can take
the classes, rather than their representatives, as the elements of Fy. Denoting the
equivalence class of a(x) by [a(x)], we can define the addition and multiplication

of equivalence classes in the obvious way as
[a(x)] + [b(x)] = [a(x) + b}

and clearly these definitions correspond ex

tion 23.1. .
This more general viewpoint Opens the way fo
finite fields. The critical point is that the polynomi

classes must be irreducible.

Theorem 23.3 Let k(x) be an i
and let ~ be the equivalence relation on

a(x) ~b(x) <

Then the set of equivalence

[a()1[6(x)] = [a(x)b(x)],

actly to the naive calculations in Sec-

y for a more general construction of
al used to define the equivalence

rreducible polynomial of degree r in Z,[x],
7,[x] defined by

a(x) — b(x) is divisible by k(x).

classes of ~ in Zplx] is a field of order p".
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Proof Itis clear that the polynomials of degree 0, 1,...,r — | form a complete
set of representatives for the classes, so there are p” classes in all. Furthermore, it is -
entirely a matter of routine checking to verify that the classes (like the polynomials
themselves) form a ring, and that multiplication is commutative.

_ The important thing is to show that every class except [0] has a multiplicative
tnverse, and this is where the irreducibility of k(x) is vital. Given any polynomial
a(x) in Z,[x], the fact that k(x) is irreducible means that the monic gcd of a(x)

and k(x) is 1. So by Theorem 22.6 there are polynomials f(x) and g(x) in Zplx]
such that

a(x)f(x) + k(x)g(x) = 1.

Taking equivalence classes, and noting that [k(x)] = [0], we obtain

[@(OILf ()] = [1].

In other words, [a(x)] has the inverse [ f(x)]. 0

The theorem tells us that in order to construct a field of order p’itis only nec-
essary to find an irreducible polynomial of degree r in Z,[x]. That sounds easy.
Indeed, in a very down-to-earth sense it is easy, since there are tables of irre-
ducible polynomials covering any values of p and r which are ever likely to arise
in practice. But in mathematics we wish to prove such things, and unfortunately
the general proof that there is at least one irreducible polynomial for every value
of p and r is rather difficult. For that reason we shall proceed to derive some gen-
eral properties of finite fields and indicate some of their applications, deferring the
proof of their existence in all cases until Section 23.9.

Exercises 23.3

1 Prove that x> + x? + 1 is irreducible in Z,[x], and hence p=3,5711,13,19,23.
construct a field of order 8. What is the order of its multi-

plicative group? Describe the group explicitly. Describe the multiplicative group for the first two cases in

. which the field can be constructed.
2 Prove that the field of order 4 constructed by using the

irreducible polynomial X+ x + 1in Zo[x] is essentially the 43 Show that for every prime p there are fields of order p? and
same as the field F; constructed in Ex. 23.2.1. p’. [Hint: see Section 22.8.]

3 For which of the following primes p can we construct a
field of order p? by using the polynomial x? 4 1?

23.4 The primitive element theorem

In Section 23.2 we showed that the additive group of a finite field of order g = p”
is isomorphic to (C,)", the direct product of r cyclic groups C,,. The multiplicative
group of the field is a group of order g — 1 (since 0 is excluded), and its structure
is surprisingly straightforward.
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¢ s the only codeworg witha(z’ ) >e+1.
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24.2 Linear codes A

— er.
- |
Exercises 24 1
I Find the mip;
minimum dist
& Stance § f . i
Ode.s, or each of the following 2 Which of the codes in Ex. 1 can be extended by the inclu-
(1) {0000, 1100, 1010, 1001 0110 sion of an extra codeword without alterin
) 148 , ,0101,0011, 1111} in 3 Construct a code C in V¢ which will encode five messages
(11) {10000, 01010, 00001} in ¥'5: and correct one error.
In(lll) ;0000()0, 101010, 010101 - 4 Prove the ‘triangle inequality’
eac )
case, state the number of errors which can be o(x, y) € 0%, 2) + 02 w;

detected and corrected.

where X, y, z are any words inV".

24.2 Linear codes

The set V" of all binary. words of length n can be made into a group by defining
X+Y to be the word obtained by adding the corresponding bits of x and y modulo 2.
For example

1011001 + 1000111 = 0011110.

It is easy to verify that with this definition of the operation +, V" becomes a group.
As a group it is simply (Z,)", the direct product of n copies of Z.

Definition A code C in V" is linear if, whenever a and b are in C, then a + b
is in C. Equivalently, C is linear if and only if it is a subgroup of V.

The codes C; and (2 discussed in the previous section are linear, but the code
C; is not linear, since 111000 and 110011 belong to C3 and

111000 + 110011 = 001011,

where 001011 is not in Cs.
It follows from Lagrange’s theorem that, since a linear code is a subgroup of

yn, its size |C| is a divisor of |V"| = 2". Hence |C] is an integer of the form
2k 0<k<n, and k is called the dimension of C.
’We:_ have now defined the three parameters (see Table 24.2.1) which determine
ear code.

the practical usefulness of a lin:

Table 24.2.1

Name Symbol Significance

Length n Each codeword requires n bits.
D'nge . k 2k different codewords are available.
N;ir::imum distance o Up to e errors can be corrected,

provided 6 > 2e + 1.




