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a codeword for which w(€*) = wpi,. Since ¢* and 0 are both
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Th . . ‘
tance icta lculation of 5‘d"'e°ﬂy from the definition would involve finding the dis-
suffici e¢tween each pair of codewords, whereas Theorem 24.2 tells us that it is

cient to calculate the weight of each individual codeword—a considerable

improvement (Ex. 24.2.5).

Exercises 24.2

I For any n > 1 the code containing just the two words
000...0and 111...1 of length n is a linear code. What are
the values of & and 6?

2 Given any word x in V" let S»(x) denote the set of words
which can be obtained by making not more than two errors

in x. Show that
[S2(x)] = $(n* +n+2).

Deduce that if E is any code (not necessarily linear) of
length 8 which will correct two errors, then |E| <6.

3 What is the maximum dimension of a linear code of length
8 which will correct two errors? Construct such a code.

4 Let C be a linear code. Show that the subset of C con-
taining those codewords which have even weight is also a
linear code. Deduce that either all codewords in C have even
weight, or exactly half of them have even weight.

5 Let C be a code with m codewords, and define an ‘oper-
ation’ to be the calculation of the weight of a word. Show
that the number of operations required to find the distance
between each pair of codewords is O(m?). If C is linear,
explain how the minimum distance of C can be found by a
method requiring only O(m) operations.

24.3 Construction of linear codes

Let H be a bin
considered as a co

If a and b aré words satisfying

Ha = Hb =0,

thena+Db has the same property since
e

ary matrix with n columns, and let X' denote the word x in V™"
Jumn vector. In particular, 0’ denotes the all-zero column vector.
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ways of ch w5 K when the values of x,41, Xr+25 -+ > *n
0osing the latter values, and so we obtain 2
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1umns C
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the standard Jorm for H
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1 Write dow
k n all the cod . .
associated with the checlfz(:;:lisxbelongmg to the linear code

1101001
0001101
1011001
0000011

? What are the parameters n, k, 6 for the code constructed
in Ex. 1?

3 Suppose we wish to be able to send 128 different mes-
sages, and each message is to be represented by a binary

plain how t0 construct a linear

codeword of length 11. Ex

code for this purpose. .
4 Professor McBrain has decided that each mathematics stu-

dent at the University of Folornia will be allocated an ‘ijden-
tity number’ in the form of a binary word.
ast possible dimen-

(i) If there are 53 students, find the le
(It is assumed that

sion of a linear code for this purpose-
some codewords will not be allocated.)
(ii) If the code must allow for the detection and correction
of one error, find the least possible length of the codewords.
(iii) Write down a check matrix for a code which achieves

the values found in (i) and (it).

24.4 Correcting errors in linear codes

There is a very simple way of ensuring that a linear code defined by a check matrix

H will correct at least one error.

Theorem 24.4 If no column of H consists entirely of zeros,

and no two

columns are the samé, then the code C defined by H will correct one error.

Proof By Theorem 24.1 we have to
is equivalent {0 Wmin = 3

Suppose C contai -
to 1: suppose itis
to the ith column

entirely of zeros,

Suppose C con
j only. Then
Hbl - h(f) + h(.i),
r— @ im lies
and so HP 0 imp 3, as required.

ins nO words of weight 2 and Wmin 2
tai

show that & > 3, and by Theorem 24.2 this

1s a codeword a with w(a) = 1. Then a has just one bit equal
the bit in position . Since all the other bits are 0, Ha' is equal
1@ of H, and the condition Ha' = o means fhat H consists
contrary to hypothesis. Hence C contains no words of weight 1.
tains a codeword b with w(b) = 2, so that b has 1’s in bits i and

that h® = h, contrary to the hypothesis. Hence C con-

O



’ Error-correcting codes

(i) Compute Hz', where z is the received word.
(ii) If Hz' = 0', z is a codeword.
(iii) If Hz'#0', locate the column h"” of H such that Hz = h”, and change
the ith bit of z.
For example, suppose we are using the code with check matrix giveninEx.24.3 1,
and the word z = 1110111 is received. We calculate that

HZ = (10107,

which is the first column of H. Hence there is an error in the first bit and the
intended codeword is 0110111.

The Hamming codes provide a particularly neat application of the error-
correcting procedure described above. When the check matrix for a Hamming
code is written down in the natural way, the column h"” is just the binary repre-
sentation of i. So if z is a received word containing one error, Hz is the binary
representation of the integer i in which bit the error occurs. For instance, in the
Hamming code of length 7 described in the Example, suppose the received word
1s2=0111010. We have

0
HzZ =1 |,
1

and since 0 1 1 is the binary representation of 3, we conclude that the third bit must
be corrected. Thus the correct codeword is 0101010.

Exercises 24.4

1 Let C be the linear code defined by the check matrix Correct those words which are not codewords, assuming that
110101 only one error has been made.
110010 3 Suppose we wish to be able to send 256 different messages
101100 by means of a linear code which will correct one error.
(1) What is the least possible length of such a code?
If the word 110110 is received, and only one error has been (ii) Write down a suitable check matrix.
made, what is the intended codeword? (iii) Find a lower bound for the length of the code if two
2 Write down a check matrix for the Hamming code of errors are to be corrected.

length 15. How many codewords are there? Assuming that
the columns of your matrix have been written down in the
natural order, as in part (ii) of the Example, which of the
following are codewords?

4 Show by arithmetical arguments that there cannot be a
perfect code of length n which corrects e errors in the cases

i) n=5,e=1;

011010110111000 (i) n=10,e=2.
100000000000011
110110110111111




