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The starting point

Phase space tomography!: recover the coherence of a partially coherent light
» Algorithm: restarted accelerated gradient method
» Idea: mathematical explanations for the acceleration after restart

» Su et al. (2016) provides ODE perspective, but can not fully explain it

suboptimality bound
suboptimality bound
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Nonlinear convex optimization

Model
min f (z) (1)

The objective function f : R™ — R satisfies

Assumptions on f
» L-smooth: f € C! and

IVf(x) = Vi@l < Llilz—yll, Vz,y€R”
» u-strongly convex:

fz) — %HxHQ is convex

Define x* to be the unique minimizer of (1) and f* := f(z*)
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Gradient descent (GD) method

GD scheme:
Tp1 = Tk — sV f ()

where s > 0 is the step size

The convergence rate of GD
» u>0and s e (0,2/(L+ p):

k
* 2L *
xk—xn?s(l—su“ ) o — |

» pn=0and s € (0,1/L]:

* 1 * |2
_ < _
Flar) = 7 < 5 llzo — 27

Easy implementation, but converges slowly
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Acceleration methods

» Heavy ball method (Polyak, 1964)

Tpt1 = g — sV f(zp)+a(ay —xp_1)

— « and s are constants
— Local linear convergence for strongly convex functions

— Global convergence fails for some choices of s

» Anderson acceleration methods (Anderson, 1965)

Tpa1 = g — SV [ (xr)— (X + spRi) Tk

— Xk, Ry are matrices from zg, ..., Tk—m, and Vf(zr),...,Vf(Zr—m,)

I', satisfies certain conditions

Accelerate fixed point iteration in computational physics, etc

The theoretical properties are underexplored
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Nesterov accelerated gradient (NAG) method

» A seminar work proposed in Nesterov (1983)

» General NAG framework

Trt1 = Yk — sV F(yr)

Br1 = (te41 — 1) /trs2

Yk+1 = Tt1 + Br1 (Tr41 — Tk)
» s € (0,1/L] is the step size and {t;} is a predefined sequence
» Easy implementation as GD

» Convergence speed depends on the choice of extrapolation
coefficients {¢;}
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Case I: ;4 > 0 is known

ty =t VL+ Vi = B=p": VL= i
= _ k= = =
’ 2V VI + Vi
If s=1/L, we have
Tyl = Yk — %Vf(yk) (NAG-sc)
-sc
Y1 := Tpg1 + %(MH — Ty

» Global R-linear convergence

flak) = 7 < (1— \/E)k (f(ﬂfo)—f*+%||$o—$*“2>-

» Accurately estimating 4 is challenging in practice
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Case IlI: 1 =0 or pz > 0 is unknown

Nesterov's rule

The sequence {t;} satisfies
ty =1, tp ~+oo, and tiH —trr1 < ti, for k>1
NAG-c: NAG method that satisfies Nesterov's rule with s € (0,1/L)]

Two common choices of {¢;} in NAG-c

2
1 thyr = Iyt V21+4t’“ = /t2 + 1 + 3 (Nesterov, 1983)

2. tpp1 = ", with 7 > 2 (Lan et al., 2011; Tseng, 2008; Chambolle and
Dossal, 2015; Attouch and Peypouquet, 2016; Su et al., 2016)

NAG-c has wide applications in image processing, machine learning, etc
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Goal of this talk

Two questions related to NAG-c:
1. Whether NAG-c have global R-linear convergence for minimizing
strongly convex problems?
— Simplest case, but still unknown for more than 40 years

2. Can we the mathematical analysis of gradient restarted NAG-c over the
NAG-c?
— Classical acceleration techniques in extrapolation based methods, but

establishing the theoretical advantages may be difficult
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Contents

2. Global R-linear convergence of NAG-c
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Motivation: numerical perspective

» NAG-c is faster than GD in convex setting (O(1/k?) v.s. O(1/k))

» NAG-c has global R-linear convergence rather than Q-linear

» Fast intial convergence, slow linear asymptotic convergence
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Figure: Numerical comparison between GD, NAG-c and NAG-sc
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Motivation: ODE perspective

Setting t), = 12, NAG-c reduces to

Tpy1 = Yk — sV (yr)

Yk+1 = Th+1 + (Tht1 — k)

Kk
k+3
Rewrite (2) as

Tppr —Tp _ k—lap —xp—1

Define t = k+v/s and z = X(t), then

X(1) + 5 X (V5 + 0(v5)

= (125 (K0 - X5 +olv5) ) — VATSCKE) +o(45)
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Ignoring o(+/s) term, we get a low-resolution ODE (Su et al., 2016)

{ X(t)+3X(t) + V(X)) =0

» Consistency result

lim max ||zx — X (kV/s)|| =0

50 0<k<T/\/5
> If f=1(z,Az), it has
&) - =0 [l =2
t3y/min \;

. 5 : 2 ||zo — 2*||°
limsupt® (F(X (1)) — %) > = = 1
g ((IEEE)) = 57 = i

It rules out the possibility of linear convergence, and contradicts

with our numerical observation
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Current results

» Local linear convergence
— Asymptotic linear convergence with rate /1 — £ + € (Tao et al., 2016;
Liang et al., 2017)

— Non-asymptotic linear convergence with rate 1 — %
s < 1/L (Li et al., 2023)

when

» Global convergence:

— Sublinear convergence O(1/poly(k)) (Su et al., 2016; Aujol et al., 2023)

» Global linear convergence with additional constraints

— NAG with fixed restarting (O'Donoghue and Candgs, 2015)
— NAG required that sup;, B <1 (Wen et al., 2017) .
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Key result: s < 1/L

Define the Lyapunov sequence & as

s(terr — Dtwgr (f (2) — %) + % It = D(ye — @) + (g — )

Theorem (NAG-c: s < 1/L)

There exists a positive sequence {py} such that for all k > 1,

R | T el
Ekt1 < pr€k, and f(xr)— f* < AT . % ’
with
pr = ilgo) pe <1-— % (Global rate)

Poo i = len;o pr <1-— % (Local rate)
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Comparison for convergence speed

K-step decreasing ratio

> GD: (1 — ps)® NAG-sc: (1 — /nL)"; NAG-c:
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Figure: Numerical comparison with L/u = 1000
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Sketch of the proof

» Descent property of {&x}:

s*t3, (1 —sL)

Epr1 — & < — 5 IV £ (i) II?
s(te1 — 1) st N
K (k+12 Jt1 ||yk*$k||2*%|| o ”2
» Boundedness of {&x}: for any a,b > 0, it has
S(tg41 — 1)t 1+ u/a 14+1/b
g <2t = DU 1) g2 LA
" 2
(14 5)(ties = 1% + s(tirs — Dtura(a+ L) )
gk — il

2

Similar bound can be proved for 11
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We can prove that

1
& < o€, ith =1 —
ktl = PGk W Pk < Inin{Ck;,Dk.}>

» {Ci} is increasing from Cy = 1/us to

1+ 1Ls N (Ls)? ++/(Ls)* +4(1 — Ls)us

lim Cp, = Coy =
k—o0

115 2(1 — Ls)us
VIDkG(l“!‘ﬁvﬁ) and
1 ) 024+4(1—-L
lim Dy — Do = + us + \/ + 4( s)us <Co
k—o0 us 2(1 - Ls)us

where § := (L — p)s + Lus?

This can easily obtain p and ps
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Key result: s =1/L

Define the Lyapunov sequence as
Ee = A(f (ox) = 1) 5l — s, E 20
where \ is a number depends on L and p
Theorem (NAG-c: s =1/L)
There exists a positive number p such that for all k > 1,

Ex1 < pEr,  and  f (xx) — f* < p" (f (o) — f¥)
with p =0 if u = L, and

4L% — 3Ly

O<p< —F——"7-——
PS402 3Lu+ 12

<1l ifu<lL
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Remarks

» These results can be extended for accelerated proximal gradient
methods (Tseng, 2008; Beck and Teboulle, 2009)
» Tightness of this bound is unknown
» Does there exists an ODE model consistent with the NAG-c method?
— The high-resolution ODE model (Shi et al., 2022)

() + DX () + VEVEXO)X (1) + <1 + 3f> VA(X() =0

— Distinguish the heavy ball method and NAG methods
— Provable locally linear convergence for s < 1/L

— Global linear convergence is unknown
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Adaptive restart schemes

» Motivation: avoid the oscillation phenomenon of NAG-c
» Restart: reset S5 = 0 if some conditions (O'Donoghue and Candes,
2015; Beck and Teboulle, 2009; Su et al., 2016) are met
— Gradient restart: (xy — Tp—1,Yx—1 — Tk) > 0
— Function value restart: f(zx) < f(zr=1)

— Speed restart: |z — xp—1| < |Tp—1 — Tr—2|

0 200 400 600 800 1000

iteration times
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Gradient restarted NAG-c

Recall the low-resolution ODE:

{ X(t)+ %X(t). + V(X)) =0 (NAG-ODE)
X(0) =z, X(0)=0

Gradient restarted scheme: reset ¢ = 0 when

(VA(X(1),X(t) >0

> If f(z) = %(33,/\33) where A > 0, NAG-c has sublinear Convergence
f(X(@®) - f*>0(/t*), (Optimal rate)

» Whether the gradient restart scheme has global linear convergence for

strongly convex problems is open (Su et al., 2016)
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ODE for gradient restarted NAG-c

Define the gradient restart time:
T% (xo; f) = sup {t >0 (VF(X(u), X (u) <0,Vu e (O,t)} )
» Let £y =0 and rg = xg, and
Eipy =T%(ri; f) and  rig =Y (Eiq),

where Y;11(t) solves NAG-ODE with z¢ = r;.
» The gradient restarted NAG-ODE:

X(t)+ Z2-X(t)+ V(X)) =0, for te (r,7itl, -
’ 3
X(Tz) =T, X(Tl) = 07
where 7; := Zézo E;,i>0
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Global R-linear convergence

Assumption (uniform unpper bound)
Given f € S, 1, there exists T' > 0 such that T%"(zo; f) < T for all zy € R™.

Theorem

Assume f € S, 1, and suppose the above assumption holds, then there exist
positive constants ¢1 > 0 and ¢y € (0, 1), which only depend on L, y and T,
such that

crL||zo - $*||26702t

Fees ) - fr <

where X8 (t) is the solution of (3)
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Validation of the assumption

Consider f(z) = £ (z,Az), A = diag(A1,--- ,Ap) and Ay > -+ >\, >0
» Define

H(t) = (VF(X ZAX

where X; satisfies X; + %XZ + AX; = 0 with X;(0) = 2o,

» Validating the uniform upper bound assumption is equivalent to
3T > 0 independent with xg and tx, € (0, T] such that H(tx,) > 0

» X, has the form

X;(t) 2\56/(ZJ1 (VAit)

where J; is the Bessel function of the first kind with order 1
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n

H(t) =Y Hi(t) with H(t)= —Zl\/f;xg’ijl(\/)\»it)ufz(\/)\»it)

i=1

Define G(u) = wuy (u) Ja(u), then Hi(t) = — 200 G(\/Ast)

Two key lemmas
» Asymptotic behavior of G:

|G(u) — cos(2u)| <€, Vu>T,

Leads to oscillation phenomenon when ¢ is large

» Second form Kronecker’s theorem: Let 1,,..., a5 € R be linearly

independent over rationals, then the set
{frac(va)|v € N} = {(frac(va), ..., frac(vay)) v € N} C R’

is dense in [0, 1]°
critical for the high dimensional case when v/A;/\/\; ¢ Q
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Consider the quadratic case

1
f(x):§<xv‘4x>+<mvb>’ (4)
where A € R™*™ is a symmetric and positive definite matrix and b € R™.

Theorem
Let f be defined in (4), and X&' (t) is the solution of the gradient restarted
NAG-ODE. Then, f(X8"(t)) converges to f* at a globally R-linear rate

» This result partially solves the open problem

» But technical difficult remains when extending this proof to the general

strongly convex case
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Non-smooth case

Model
min F(x) = f(z) + g(a)

x

where f: L-smooth and u-strongly convex; g: convex

The APG-c (Tseng, 2008; Beck and Teboulle, 2009) has

Tpt1 = ProxXyy (yx — sV f(yr))
Br+1 := (tkt1 — 1)/trt2 with ti4o satisfies Nesterov's Rule

Yrt1 = Trt1 + Bet1(Tet1 — Tx)

where the proximal mapping prox, : R™ — R" of g is defined by

. 1 n
prox, () i= argmin {o(2) + 3llo ~ sl . vy < R
rER?

30/39



Rate comparison

» GR+APG: the gradient restarted APG method,;

» UBC: the condition that the restart intervals are uniformly bounded;

» f: we assume that ¢, satisfies the common choices.

Objective function f+g f+yg
. GR+APG-c
Algorithm APG-c —
Original +UBC
lo* =2l [ oGm0 |00k p<p

Table: Rate comparison between the APG-c and gradient restarted APG if s < 1/L.

Remark: optimal restart interval depends on L, u and f* (Aujol et al., 2023)
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Multi-step extrapolation based methods

» Define rp, = =V f(Xk), Xx and Ry, to be

Xi = [AZpmys ATh—pmpt1, -+ AZp_1]

Ry = [Ark—my s ATh—pmyt1, -+ A1)
» Anderson acceleration scheme

Tpt1 = X + Skre— (X + s Rie) Tk

— Type-l: 7, — Ry, L Range(Xy)
— Type-ll: 7, — Ri['x L Range(Ry)

» Wide applications in computational physics, etc
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Restart: reset X =[] and R, =[] if
> mp <n
> |v;—qk| > T|vl—cr—mk+IQk*mk+1|v TE (07 1)

> lrelle < nllrk—milla, 7 >1

Local convergence results for restarted AM

> Type | AM:
Ocy/1+ ik min [p(A)(@x-m, — 22 + RO(|2k-m, —z"[3),
p mip

p(0)=1
where v, < L, ki < 1/p, 0 = ||I — BrAl2 and A = V2f(z*)
> Type Il AM:

O min [p(A)ri—m,ll2 + RO(|2k—m, —z*[3)-
PEPmy,

p(0)=1
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A remark

Important questions mentioned by recent review (100 pages)

» The adaptive choice of m
» Numerical and model improvements on extrapolation coefficients
» The convergence analysis when G is not contractive/nonsmooth

» The effects of restart technique

Numer Algor (2019) 80:135-234 ® CrossMark
https://doi.org/10.1007/s11075-018-0549-4

ORIGINAL PAPER

Comments on “Anderson Acceleration, Mixing
and Extrapolation™

Donald G. M. Anderson!
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Summary

» Global R-linear convergence of NAG-c in strongly convex setting

— Needs an ODE that consistent with the discretized algorithm
» Mathematical analysis for the gradient restarted NAG-C

— Fully solving the open problem in Su et al. (2016) requires new tools
» Local convergence rate of restarted Anderson acceleration

— Theoretical analysis for multi-step extrapolation methods is under
explored, such as limited-memory Anderson acceleration, restarted

Halpern iteration
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