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Point Vortex on R2

Point vortex with circulation Γ at x0 = (x0, y0)

↕
Vorticity ξ(x) = ∇× u(x) = Γ δ(x− x0)

With ∇ · u = 0,

u(x) =
Γ

2π ∥x− x0∥2
(−(y − y0), x − x0)

Γ > 0

x0
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Dynamics of N Point Vortices on R2

Each point vortex j located at xj ∈ R2 is convected by the net velocity of
the other vortices:

ẋj(t) =
∑

1≤k≤N
k ̸=j

uk(xj(t)), x1

x2

x3
Γ1 > 0 Γ3 > 0

Γ2 < 0

which gives, writing xj = (xj , yj),

ẋj = − 1

2π

∑

1≤k≤N
k ̸=j

Γk
yj − yk

∥xj − xk∥2
, ẏj =

1

2π

∑

1≤k≤N
k ̸=j

Γk
xj − xk

∥xj − xk∥2
.
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Dynamics of N Point Vortices on R2

Or, by setting qj := xj + iyj ∈ C,

q̇j =
i

2π

∑

1≤k≤N
k ̸=j

Γk
qj − qk
|qj − qk |2

.

Also a Hamiltonian system: Writing

rj :=
√

|Γj |xj , pj := sgn(Γj)
√
|Γj |yj ,

we have

ṙj =
∂H

∂pj
, ṗj = −∂H

∂rj
,

where

H(r , p) := − 1

4π

∑

1≤i<j≤N

ΓiΓj ln ∥xi − xj∥2 .
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Applications of Point Vortex Dynamics

Fluid dynamics

Superfluidity and superconductivity  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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(a) (b)

Fig. 1.1 (a) The first direct image of an “Abrikosov” triangular lattice in a type II superconductor
from Essmann and Trauble (1967) (reprinted with permission from Elsevier). Each dark
spot is a lattice site created by a nearly straight magnetic flux tube in a periodic arrange-
ment, penetrating the specimen parallel to the applied field, with a diameter that is small
compared to the lattice spacing. (b) The image of an “Abrikosov” triangular lattice in
NbSe2 using a scanning-tunneling microscope from Hess et al. (1989) (reprinted with per-
mission from APS). The lattice is far more regular than previously imaged, and contains
detail over a wider range of scales.

of the material becomes negative. He predicted it would be possible for the material
to produce periodic arrays of aligned magnetic flux tubes, with quantized values,
penetrating the specimen parallel to the applied magnetic field. He also argued that
the geometric configuration which would minimize the free energy of the system, in an
isotropic medium, should be triangular.1 Higher energy configurations, such as square
or hexagonal lattices, should be possible in substances with crystalline symmetries
that would “impose” these symmetries on the lattice and, ironically, it is the square
lattice that Abrikosov shows in his 1957 publication, despite the fact that triangular
lattices are now most associated with his name. Interestingly, his prediction, first
made in 1953, did not create much of a stir since Landau and others did not believe in
the possibility of a vortex lattice incommensurable with the crystalline structure which
supports it (see the recollections in Abrikosov’s Nobel lecture (2004)). However, after
Feynman’s (1955) publication on vortex tubes in superfluid helium with quantized
circulations Γ = !/m (∼ 0.001cm2/s), where ! is Planck’s constant and m is the
mass of the 4He atom, the idea seemed more palatable. As was remarked on in Aref
et al. (2003), the association between Planck’s constant and the vortex circulations,
along with the fact that the rotational frequency of the lattice can be calculated
from knowledge of the lattice pattern, implies that, in principle, Planck’s constant
(a microscopic quantity) can be calculated given sufficiently accurate measurements
of macroscopic quantities, an intriguing but currently impractical possibility. The
first direct image of such an “Abrikosov” lattice by Essmann and Trauble (1967) (see
Figure 1.1(a), later using scanning-tunneling microscope imaging (see Figure 1.1(b))

1Triangular lattices have better stability properties than others, as shown in Fetter, Hohenberg,
and Pincus (1966).
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Abrikosov vortices in Type II superconductor from Essmann and Trauble (1967)
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Relative/Shape Dynamics of Hurricanes?

Goal

Dynamics of “shape” of N vortices (regardless of its position and
orientation)?

E.g., if N = 3, “shape” of 3 vortices = triangle formed by them
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Equations of Relative Motion?

Inter-vortex distance:

ℓjk := ∥xj − xk∥

Equations of Relative Motion (Newton, Aref,...):

d

dt
ℓ2jk =

2

π

∑

1≤l≤N
l ̸=j ,l ̸=k

ΓlAjkl

(
1

ℓ2kl
− 1

ℓ2jl

)
,

d

dt
Ajkl =???

x1

x2

x3

23

12

Γ1
Γ2

Γ3

where Ajkl := signed area of vortex triangle jkl .

Question

Hamiltonian formulation of relative dynamics?
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SE(2)-Action on the Plane R2

Symmetry group

SE(2) := SO(2)⋉R2

= All rotations of R2 and translations of R2 combined

SE(2)-action on R2:

θ

a
1

1

2
2

3

3

1

2

3

Relative dynamics =
Original dynamics

SE(2)
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Reduction by R2: 1st Stage of SE(2)-Reduction

Translational action by R2 ∼= C:

C× CN → CN ; (a,q := (q1, . . . , qN)) 7→ (q1 + a, . . . , qN + a)

Momentum map (conserved quantity):

I(q) := −i

N∑

j=1

Γjqj (“linear impulse”)
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R2-Reduced Space

For Γ ̸= 0, R2-Reduced Space:

Z := I−1(0) ∼= CN−1

= {(z1, . . . , zN−1)},

where zj ’s are relative coordinates w.r.t. last vortex:

(z1, . . . , zN−1) := (q1 − qN , . . . , qN−1 − qN).

Γ1

Γ2

q1

q2

q3

z1

z2

qN
ΓN

...

ΓN−1

zN−1
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Reduction by SO(2): 2nd Stage of SE(2)-Reduction

SO(2) ∼= S1-action on CN−1:

S1 × CN−1 → CN−1;
(
e iθ, z = (z1, . . . , zN−1)

)
7→
(
e iθz1, . . . , e

iθzN−1

)
.

Momentum map (conserved quantity):

K (z) = −1

2
z∗Kz (“angular impulse”),

where K is a non-singular matrix depending on {Γj}Nj=1.

Reduced space K−1(c0)/S1; this is where the relative dynamics is.

Problem

K−1(c0)/S1 is a rather awkward space to work with.
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Getting Around K−1(c0)/S1 via Symplectic Geometry

Recall:

Z = {(z1, . . . , zN−1)} ∼= (C\{0})N−1 and K (z) = −1

2
z∗Kz .

Consider Lie group

U(K) =
{
U ∈ C(N−1)×(N−1) | U∗KU = K

}

and its Lie algebra

u(K) =
{
µ̃ ∈ C(N−1)×(N−1) | µ̃∗K +Kµ̃ = 0

}

∼=
{
iµ ∈ C(N−1)×(N−1) | µ∗ = µ

}
∼= u(N)

via iµ := Kµ̃, and consider

J : Z → u(K)∗ ∼= u(K); z 7→ izz∗,
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Getting Around K−1(c0)/S1 via Symplectic Geometry

z

[z ] izz∗ =: iµ

K−1(c0)

K−1(c0)/S1 Oµ0 ⊂ u(K)∗

πc0

J|K−1(c0)

J

Then
K−1(c0)/S1 ∼= coadjoint orbit Oµ0 in u(K)∗,

where

Oµ0 =
{
Uµ0U

∗ ∈ C(N−1)×(N−1) | U ∈ U(K)
}
⊂ u(K)∗︸ ︷︷ ︸

vector space!
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Hamiltonian Formulation of Relative Dynamics

Theorem
1 The relative dynamics of N point vortices with non-vanishing

angular impulse is governed by a Lie–Poisson equation in
u(K)∗ ∼= u(N):

µ̇ = − ad∗Dh(µ) µ = −µDh(µ)K−1 +K−1Dh(µ)µ,

where µ := J(z) = izz∗ and h is the Hamiltonian, i.e., H = h ◦ J.
2 Cj(µ) := tr((iKµ)j) is a Casimir (conserved quantity) for any

j ∈ {1, . . . ,N − 1}.

Remark

Lie–Poisson equations are a special class of Hamiltonian systems defined
on the dual of a Lie algebra.
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Example: N = 3

Example: Relative Dynamics for N = 3

µ̇ = − ad∗Dh(µ) µ with µ = i

[
µ1 µ3 + iµ4

µ3 − iµ4 µ2

]
∈ u(K)∗ ∼= u(2)

where

µ1 = ℓ213 µ2 = ℓ223

µ3 + iµ4 = ℓ13ℓ23e
iθ3

x1

x2

x3

23

12

are the shape variables.
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Application of Relative Dynamics

Next Goal

Apply the above formulation to stability of relative equilibria.

A relative equilibrium is a solution t 7→ {xj(t)}Nj=1 of the original

N-vortex system where each {xj(t)}Nj=1 is obtained by a rigid (Euclidean)

transformation of the initial point {xj(0)}N .
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Example of Relative Equilibrium

Example (N = 3; Equilateral Triangle)

(Γ1, Γ2, Γ3) being at the vertices of
an equilateral triangle gives a relative
equilibrium.

(Γ1, Γ2, Γ3) = (1, 2, 3)
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Stability of Relative Equilibria

The stability of equilateral triangle relative equilibria depends on the
circulations:

(Γ1, Γ2, Γ3) = (1, 2, 3) (Γ1, Γ2, Γ3) = (1,−2, 3)

Tomoki Ohsawa (UT–Dallas) BU–Keio–Tsinghua Workshop 19 / 32



Relative Equilibria is a Fixed Point in Relative
Dynamics

Relative equilibrium of q̇j =
i

2π

∑

1≤k≤N
k ̸=j

Γk
qj − qk
|qj − qk |2

⇕
Fixed point of µ̇ = − ad∗Dh(µ) µ

Main Idea

Analyze the stability of the former by doing it for the latter.
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Main Drawback of Lie–Poisson Relative Dynamics

No free lunch!

Advantage: Our relative dynamics is defined on a vector space u(N)
(as opposed to a complicated manifold)

Disadvantage: The matrix µ becomes huge as N increases:

µ = i




µ1 µ12 µ1,N−1

µ∗
12

...
... µN−2,N−1

µ∗
1,N−1 µ∗

N−2,N−1 µN−1



∈ u(N) ∼= R(N−1)2 ,

i.e., µ has many redundant variables—the price we pay for
formulating the dynamics in a vector space.
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Rank-1 Constraint in Lie–Poisson Relative Dynamics

Recall that µ is defined as

µ = i zz∗︸︷︷︸
Hermitian

with z :=




q1 − qN
. . .

qN−1 − qN


 ̸= 0 ,i.e., rankµ = 1.

Lemma

Let A = (aij) ∈ Cn×n be a Hermitian matrix with no vanishing elements with
n ≥ 2. Then rankA = 1 iff the determinants of all the 2× 2 submatrices shown
below vanish.

NONLINEAR STABILITY OF PLANAR N -VORTEX PROBLEM 11

Moreover, notice that we also have

µi = |zi|2, µij = ziz
⇤
j ,

and so, assuming no collisions of the vortices, each entry of the matrix µ is non-zero. Hence µ is

also in the following open subset of vK:

v̊K := {µ 2 vK | µi 6= 0 for 1  i  N � 1 and µij 6= 0 for 1  i < j  N � 2} .

Therefore, µ describing the shape dynamics (13a) lives in the following subset of vK:

v̊
(1)
K := v

(1)
K \ v̊K. (16)

Proposition 4.1 (Casimirs and Constraints of Lie–Poisson Relative Dynamics). The Lie–Poisson

relative dynamics (13a) of N point vortices possesses Casimirs

Cj(µ) := tr((i Kµ)j) j 2 N, (17)

where Cj with j � N are dependent on {Ci}N�1
i=1 . Moreover, assuming no collisions of the vortices,

the subset v̊
(1)
K defined in (16) is an invariant set of the relative dynamics governed by (13a).

Proof. That (17) are Casimirs (invariants) is proved in our previous work [16, Corollary 3.6]. One

can prove the dependence in the same way as in the proof of [17, Proposition 3.6] for the relative

dynamics of vortices on the sphere.

So it remains to show that v̊
(1)
K is an invariant set. Indeed, let t 7! q(t) be the solution of the

original evolution equations (2) for point vortices. Letting t 7! z(t) be the corresponding z via (7),

we have zi(t) := qi(t) � qN (t) 6= 0 for every i 2 {1, . . . , N � 1} and every t assuming no collisions.

Then, setting µ(0) = i z(0)z(0)⇤, both t 7! µ(t) and t 7! J(z(t)) = i z(t)z(t)⇤ satisfies the initial

value problem (13a). Hence by uniqueness we have µ(t) = i z(t)z(t)⇤, and so rank µ(t) = 1, i.e.,

µ(t) 2 v
(1)
K for every t. However, since zi(t) 6= 0 for every i 2 {1, . . . , N � 1} and every t, we see

that

µi(t) = |zi(t)|2 6= 0 for 1  i  N � 1,

|µij(t)| = |zi(t)||zj(t)| 6= 0 for 1  i < j  N � 2,

that is µ(t) 2 v̊K for every t as well. ⇤

4.2. Imposing Constraints. For stability analysis, it is desirable to impose the constraint that

the dynamics is in v
(1)
K in a more explicit manner. To that end, let us first prove some basic lemma

on such matrices:

Lemma 4.2. Let A 2 Cn⇥n be a Hermitian matrix with no vanishing elements with n � 2. Then

rank A = 1 if and only if all the determinants of the 2⇥2 submatrices sweeping the upper triangular

part and the subdiagonal (see the picture below) vanish.
2
666666664

a11 a12 a13 · · · · · · a1n

a21 a22 a23 · · · · · · a2n

a31 a32 a33 · · · · · · a3n

a41 a42 a43
. . . · · · a4n

...
...

...
...

. . .
...

an1 an2 an3 . . . · · · ann

3
777777775
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Constraints in Relative Dynamics

Proposition

Let
ů(N) := {µ ∈ u(N) | all entries of µ are non-zero}

and set

R : ů(N) → R(N−2)2 ;

µ 7→ all real and imaginary parts of the above determinants.

Then the relative dynamics t 7→ µ(t) is constrained in the submanifold

{µ ∈ ů(N) | rankµ = 1} = R−1(0).

of dimension 2N − 3.

Tomoki Ohsawa (UT–Dallas) BU–Keio–Tsinghua Workshop 23 / 32



Summary of Lie–Poisson Relative Dynamics

Dynamics: Lie–Poisson equation (special class of Hamiltonian
system) in u(N):

µ̇ = − ad∗Dh(µ) µ

Invariants: Casimirs

Cj(µ) := tr((iKµ)j) ∀j ∈ {1, . . . ,N − 1}

Constraints: The dynamics is constrained to the zero level set

R−1(0) = {µ ∈ ů(N) | rankµ = 1}

of function R taking values in R(N−2)2 .
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Stability of Relative Equilibria

Theorem (Stability Condition for Relative Equilibria)

Let µ0 ∈ R−1(0) be a fixed point of the Lie–Poisson dynamics, and {Cj}Kj=1 be a subset

of the Casimirs {Cj}N−1
j=1 such that {Cj}Kj=1 ∪ {R} are independent at µ0. Suppose that

there exist constants a0 ∈ R\{0}, {ai ∈ R}Ki=1 and {bi ∈ R}(N−2)2

i=1 such that

f (µ) := a0h(µ) +
K∑
i=1

aiCi (µ) +

(N−2)2∑
i=1

biRi (µ)

satisfies the following:

(i) Df (µ0) = 0; and

(ii) the Hessian D2f (µ0) is positive definite on the tangent space at µ0 of the level set

M := R−1(0) ∩

(
K⋂
j=1

C−1
j (Cj(µ0))

)
.

Then µ0 is Lyapunov stable.

Tomoki Ohsawa (UT–Dallas) BU–Keio–Tsinghua Workshop 25 / 32



Stability of Relative Equilibria

Intuitive idea behind the theorem:

Tµ0M

µ0

M := R−1(0) ∩




K

j=1

C−1
j (Cj(µ0))




h

The Hamiltonian h (which is an invariant of dynamics) takes a local
minimum at fixed point µ0 on M.
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Example: Stability of Equilateral Triangle

µ = i

[
µ1 µ3 + iµ4

µ3 − iµ4 µ2

]

= (µ1, µ2, µ3, µ4)

µ1 = ℓ213 µ2 = ℓ223

µ3 + iµ4 = ℓ13ℓ23e
iθ3

x1

x2

x3

23

12

Hamiltonian
h(µ) = − 1

4π (Γ1Γ3 lnµ1 + Γ2Γ3 lnµ2 + Γ1Γ2 ln(µ1 + µ2 − 2µ3))

Casimir C1(µ) =
Γ2(Γ1+Γ3)µ1+Γ1(Γ2+Γ3)µ2−2Γ1Γ2µ3

Γ1+Γ2+Γ3

Constraint R(µ) = detµ = µ1µ2 − µ2
3 − µ2

4 = 0

Fixed point µ0 := (1, 1, 1/2,−
√
3/2)

If Γ1Γ2 + Γ1Γ3 + Γ2Γ3 > 0, one can find a0, a1, b1 such that

f (µ) := a0h(µ) + a1C1(µ) + b1R(µ)

satisfies (i) Df (µ0) = 0 and (ii) D2f (µ0) > 0 on the tangent space at µ0

of R−1(0) ∩ C−1
1 (C1(µ0)).
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Example: Stability of Equilateral Triangle

Proposition (Reproducing Synge (1949) and Aref (1979))

An equilateral triangle relative equilibrium is stable if
Γ1Γ2 + Γ1Γ3 + Γ2Γ3 > 0 and is unstable if Γ1Γ2 + Γ1Γ3 + Γ2Γ3 < 0.

(Γ1, Γ2, Γ3) = (1, 2, 3)
=⇒ Γ1Γ2 + Γ1Γ3 + Γ2Γ3 = 11 > 0

(Γ1, Γ2, Γ3) = (1,−2, 3)
=⇒ Γ1Γ2 + Γ1Γ3 + Γ2Γ3 = −5 < 0
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Examples: Equilateral Triangle with Center

Equilateral triangle/Square with center:

Relative equilibria ∀γ ∈ R.
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Example: Equilateral Triangle with Center

Proposition

Equilateral triangle with center is Lyapunov stable if γ < −3 or 0 < γ < 1
and linearly unstable if γ > 1.

γ = 1/2 γ = 3
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Example: Square with Center

Proposition

Square with center is Lyapunov stable if 0 < γ < 9/4 and linearly unstable
if γ < −1/2 or γ > 9/4.

γ = 2 γ = 3
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Summary

Hamiltonian formulation of N-vortex relative dynamics
▶ Dynamics in (the dual of) a Lie algebra, i.e., a vector space
▶ with constraints and invariants

Found a sufficient condition for stability of relative equilibria.
▶ Can be used to derive stability condition in terms {Γi}Ni=1

▶ Used to find stability condition of following relative equlibria:
⋆ equilateral triangle with center
⋆ square with center
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