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SM1. Extension to reversible Markov semigroups. The idea can also be applied to
continuous-time Markov processes. We refer the reader to ([SM2]) for an introduction to
Markov semigroups. We consider a reversible Markov semigroup K = \{ Kt, t \geq 0\} , where for
each t, Kt is a Markov kernel on (\scrX ,\scrB ) that is reversible with respect to \pi . Let G denote
the generator of the semi-group that we assumed well-defined on a dense subspace \scrA of L2(\pi )
that is stable under G and Kt such that for all t \geq 0,

(SM1.1)
d

dt
Ktf = KtGf = GKtf, f \in \scrA .

We make also the assumption that the domain \scrA contains constant functions The Dirichlet
form of K is defined as

\scrE (f, f) \mathrm{d}\mathrm{e}\mathrm{f}
=  - 

\int 
\scrX 
f(x)Gf(x)\pi (dx).

For \zeta \in [0, 1), we can define the \zeta -spectral gap of the semi-group K as

(SM1.2) \lambda \zeta (K)
\mathrm{d}\mathrm{e}\mathrm{f}
= inf

\biggl\{  - 
\int 
\scrX f(x)Gf(x)\pi (dx)

Var\pi (f) - \zeta 
, f \in \scrA , Var\pi (f) > \zeta , and \| f\| \infty = 1

\biggr\} 
.

We have the analog of Lemma 2.1.

Lemma SM1.1. Let \nu (dx) = f(x)\pi (dx) be a probability measure on \scrX , where f \in \scrA . Let
\zeta \in [0, 1) be such that \lambda \zeta (K) > 0. Then for all t \geq 0 we have

\| \nu Kt  - \pi \| 2\mathrm{t}\mathrm{v} \leq Var\pi (Ktf) \leq Var\pi (f)e
 - 2\lambda \zeta (K)t + \zeta \| f\| 2\infty .

Remark SM1.2. This result can be applied to Langevin diffusion processes. Suppose that
\scrX = \BbbR p equipped with the Lebesgue measure, and \pi (dx) = e - U(x)/Z, for a function U :
\BbbR p \rightarrow \BbbR that is differentiable with Lipschitz gradient. The Langevin diffusion process for
\pi defines a reversible Markov semigroup with invariant distribution \pi . The convergence
rate of the semigroup toward \pi is a key ingredient in the analysis of several recent MCMC
algorithms, including the unadjusted Langevin algorithm and stochastic gradient Langevin
dynamics ([SM7, SM5]). When U is convex, the semigroup is known to possess a spectral gap
([SM3]). Various extensions beyond the convex case are known but typically requires drift
conditions ([SM1]). Lemma SM1.1 offers another route, one that might be more effective when
a good initial distribution is available, and \pi has well-understood concentration properties.
We leave the details as possible future research.
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Proof. Take f \in \scrA . Without any loss of generality we assume that \pi (f) = 0. Then

(SM1.3)
d

dt
Var\pi (Ktf) =

d

dt

\int 
\scrX 
(Ktf)

2(x)\pi (dx) = 2

\int 
\scrX 
Ktf(x)GKtf(x)\pi (dx).

Suppose that \| Ktf\| \infty > 0. If Var\pi (Ktf/\| Ktf\| \infty ) > \zeta , then from (SM1.3) and the definition
of \lambda \zeta (K),

(SM1.4)
d

dt
Var\pi (Ktf) \leq  - 2\| Ktf\| 2\infty \lambda \zeta (K)

\biggl( 
Var\pi 

\biggl( 
Ktf

\| Ktf\| \infty 

\biggr) 
 - \zeta 

\biggr) 
\leq  - 2\lambda \zeta (K)Var\pi (Ktf) + 2\zeta \lambda \zeta (K)\| Ktf\| 2\infty .

However, if Var\pi (Ktf/\| Ktf\| \infty ) \leq \zeta , we see that the right-hand side of (SM1.4) is nonnegative,
whereas from (SM1.3) and the properties of the generator we see that the left-hand side of
(SM1.4) is nonpositive. Note also that (SM1.4) continue to hold when \| Ktf\| \infty = 0. Hence
for all f \in \scrA , and for all t \geq 0, we have

(SM1.5)
d

dt
Var\pi (Ktf) \leq  - 2\lambda \zeta (K)Var\pi (Ktf) + 2\zeta \lambda \zeta (K)\| f\| 2\infty .

The lemma then follows from Gronwall's lemma. More precisely, set \alpha = \zeta \| f\| 2\infty , \beta = 2\lambda \zeta (K),
and u(t) = Var\pi (Ktf). Hence (SM1.5) reads u\prime (t) \leq  - \beta u(t) + \alpha \beta . Setting v(t) = e - \beta t, we
have

d

dt

\biggl( 
u(t)

v(t)

\biggr) 
=

u\prime (t)v(t) - v\prime (t)u(t)

v(t)2
=

u\prime (t) + \beta u(t)

v(t)
\leq \alpha \beta e\beta t.

Integrating both sides yields the stated bound.

SM2. Proof of Theorem 4.3. We start with some basic calculations on the model.

Lemma SM2.1. Assume H 2. For \delta , \vargamma \in \Delta such that \vargamma \supseteq \delta , setting \tau 
\mathrm{d}\mathrm{e}\mathrm{f}
= 1

\sigma 2

\Bigl( 
1
\rho 1

 - 1
\rho 0

\Bigr) 
, we

have

(SM2.1)
\Pi (\vargamma | z)
\Pi (\delta | z)

=

\biggl( 
1

pu

\biggr) \| \vargamma \| 0 - \| \delta \| 0 e
\tau 

2\sigma 2 z
\prime L - 1

\delta X(\vargamma  - \delta )

\Bigl( 
I\| \vargamma  - \delta \| 0+\tau X\prime 

(\vargamma  - \delta )
L - 1
\delta X(\vargamma  - \delta )

\Bigr)  - 1
X\prime 

(\vargamma  - \delta )
L - 1
\delta z\sqrt{} 

det
\Bigl( 
I\| \vargamma  - \delta \| 0 + \tau X \prime 

(\vargamma  - \delta )L
 - 1
\delta X(\vargamma  - \delta )

\Bigr) .

Proof. For any \delta \in \Delta s,

\Pi (\delta | z) \propto 
\biggl( 

q

1 - q

\biggr) \| \delta \| 0 \int 
\BbbR p

e
 - 1

2
\theta \prime D - 1

(\delta )
\theta \sqrt{} 

det
\bigl( 
2\pi D(\delta )

\bigr) e - 1
2\sigma 2 \| z - X\theta \| 22d\theta .

where D(\delta ) \in \BbbR p\times p is a diagonal matrix with j-th diagonal element equal to \rho  - 1
1 if \delta j = 1, and



APPROXIMATE SPECTRAL GAPS FOR MARKOV CHAINS SM3

\rho  - 1
0 if \delta j = 0. Since q/(1 - q) = p - u, simple algebra gives for any \vargamma , \delta \in \Delta s

\Pi (\vargamma | z)
\Pi (\delta | z)

=

\biggl( 
1

pu

\biggr) \| \vargamma \| 0 - \| \delta \| 0 \biggl( \rho 1
\rho 0

\biggr) \| \vargamma \| 0 - \| \delta \| 0
2

\int 
\BbbR p e

 - 1
2\sigma 2 \| z - Xu\| 22 - 

1
2
u\prime D - 1

(\vargamma )
u
du\int 

\BbbR p e
 - 1

2\sigma 2 \| z - Xu\| 22 - 
1
2
u\prime D - 1

(\delta )
u
du

.

=

\biggl( 
1

pu

\biggr) \| \vargamma \| 0 - \| \delta \| 0 \biggl( \rho 1
\rho 0

\biggr) \| \vargamma \| 0 - \| \delta \| 0
2

\sqrt{} 
det
\Bigl( 
\sigma 2D - 1

(\delta ) +X \prime X
\Bigr) 

\sqrt{} 
det
\Bigl( 
\sigma 2D - 1

(\vargamma ) +X \prime X
\Bigr) e

1
2\sigma 2 z

\prime X
\Bigl( 
\sigma 2D - 1

(\vargamma )
+X\prime X

\Bigr)  - 1
X\prime z

e
1

2\sigma 2 z
\prime X

\Bigl( 
\sigma 2D - 1

(\delta )
+X\prime X

\Bigr)  - 1
X\prime z

.

By the determinant lemma (det(A+UV \prime ) = det(A) det(Im+V \prime A - 1U) valid for any invertible
matrix A \in \BbbR n\times n, and U, V \in \BbbR n\times m) we have

\biggl( 
\rho 1
\rho 0

\biggr) \| \vargamma \| 0 - \| \delta \| 0
2

\sqrt{} 
det
\Bigl( 
\sigma 2D - 1

(\delta ) +X \prime X
\Bigr) 

\sqrt{} 
det
\Bigl( 
\sigma 2D - 1

(\vargamma ) +X \prime X
\Bigr) =

\sqrt{} 
det
\bigl( 
In + 1

\sigma 2XD(\delta )X \prime 
\bigr) 

det
\bigl( 
In + 1

\sigma 2XD(\vargamma )X \prime 
\bigr) .

By the Woodbury identity which states that for any set of matrices U, V,A,C with matching
dimensions, (A+ UCV ) - 1 = A - 1  - A - 1U(C - 1 + V A - 1U) - 1V A - 1, we have

X
\Bigl( 
\sigma 2D - 1

(\delta ) +X \prime X
\Bigr)  - 1

X \prime =
1

\sigma 2
XD(\delta )X

\prime  - 1

\sigma 4
XD(\delta )X

\prime 
\biggl( 
In +

1

\sigma 2
XD(\delta )X

\prime 
\biggr)  - 1

XD(\delta )X
\prime 

= In  - 
\biggl( 
In +

1

\sigma 2
XD(\delta )X

\prime 
\biggr)  - 1

.

so that,

e
1

2\sigma 2 z
\prime X

\Bigl( 
\sigma 2D - 1

(\vargamma )
+X\prime X

\Bigr)  - 1
X\prime z

e
1

2\sigma 2 z
\prime X

\Bigl( 
\sigma 2D - 1

(\delta )
+X\prime X

\Bigr)  - 1
X\prime z

=
e

1
2\sigma 2 z

\prime 
\Bigl( 
In+

1
\sigma 2XD(\delta )X

\prime 
\Bigr)  - 1

z

e
1

2\sigma 2 z
\prime 
\Bigl( 
In+

1
\sigma 2XD(\vargamma )X

\prime 
\Bigr)  - 1

z
.

We combine these developments to conclude that

(SM2.2)
\Pi (\vargamma | z)
\Pi (\delta | z)

=

\biggl( 
1

pu

\biggr) \| \vargamma \| 0 - \| \delta \| 0
\sqrt{} 

det (L\delta )

det (L\vargamma )

e
1

2\sigma 2 z
\prime L - 1

\delta z

e
1

2\sigma 2 z
\prime L - 1

\vargamma z
,

where, for \delta \in \Delta , we recall the definition L\delta 
\mathrm{d}\mathrm{e}\mathrm{f}
= In + 1

\sigma 2XD(\delta )X
\prime . If \vargamma \supseteq \delta , setting \tau 

\mathrm{d}\mathrm{e}\mathrm{f}
=

1
\sigma 2

\Bigl( 
1
\rho 1

 - 1
\rho 0

\Bigr) 
< 1/(\sigma 2\rho 1), it is easily seen that

L\vargamma = L\delta + \tau 
\sum 

j: \delta j=0,\vargamma j=1

XjX
\prime 
j .

The determinant lemma then gives

det(L\vargamma )

det(L\delta )
= det

\Bigl( 
I\| \vargamma  - \delta \| 0 + \tau X \prime 

(\vargamma  - \delta )L
 - 1
\delta X(\vargamma  - \delta )

\Bigr) 
.
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And the Woodbury identity gives

L - 1
\vargamma = L - 1

\delta  - \tau L - 1
\delta X(\vargamma  - \delta )

\Bigl( 
I\| \vargamma  - \delta \| 0 + \tau X \prime 

(\vargamma  - \delta )L
 - 1
\delta X(\vargamma  - \delta )

\Bigr)  - 1
X \prime 

(\vargamma  - \delta )L
 - 1
\delta .

Combining the last two display in (SM2.2) yields the stated results.

Lemma SM2.2. Assume H 2. Let \varrho and \theta  \star be as in Theorem 4.3. For z \in \scrE 0, we have

(SM2.3) max
\delta \in \Delta s

max
1\leq j\leq p

\bigm| \bigm| X \prime 
jL

 - 1
\delta z  - \theta  \star jX

\prime 
jL

 - 1
\delta Xj

\bigm| \bigm| \leq \sqrt{} \varrho n log(p).

Furthermore, if n \geq 4\varrho log(p)/(\theta 2 \star \varpi 
2
1), then

min
\delta \in \Delta s

min
j: \delta  \star j=1

| X \prime 
jL

 - 1
\delta z| \geq \varpi 1

2
\theta  \star n.

Proof. Set V
\mathrm{d}\mathrm{e}\mathrm{f}
= (z  - X\theta  \star )/\sigma , so that

z = \sigma V +
\sum 

k: \delta  \star k=1

\theta  \star kXk,

and
X \prime 

jL
 - 1
\delta z = \sigma X \prime 

jL
 - 1
\delta V + \theta  \star jX

\prime 
jL

 - 1
\delta Xj +

\sum 
k \not =j: \delta  \star k=1

\theta  \star ,kX
\prime 
jL

 - 1
\delta Xk.

For z \in \scrE 0, | X \prime 
jL

 - 1
\delta V | \leq 

\sqrt{} 
c0n log(p). and for k \not = j, | X \prime 

jL
 - 1
\delta Xk| \leq \scrC (s)

\sqrt{} 
n log(p). Hence

max
\delta \in \Delta s

max
1\leq j\leq p

\bigm| \bigm| X \prime 
jL

 - 1
\delta z  - \theta  \star jX

\prime 
jL

 - 1
\delta Xj

\bigm| \bigm| \leq 
\left(  \sigma 

\surd 
c0 + \scrC (s)

\sum 
k: \delta  \star k=1

| \theta  \star k| 

\right)  \sqrt{} n log(p) \leq 
\sqrt{} 
\varrho n log(p).

If \delta  \star j = 1, then | X \prime 
jL

 - 1
\delta z| \geq 1

2 | \theta  \star ,j | X
\prime 
jL

 - 1
\delta Xj , provided that we have

\sqrt{} 
\varrho n log(p) \leq 1

2 | \theta  \star ,j | X
\prime 
jL

 - 1
\delta Xj .

Then using the definition of \varpi 1, we get

min
\delta \in \Delta s

min
j: \delta  \star j=1

| X \prime 
jL

 - 1
\delta z| \geq \varpi 1

2
\theta  \star n.

Proof of Theorem 4.3. Fix \varepsilon \in (0, 1). We prove the result by applying (2.3) and Theorem
3.1. We recall that the initial distribution is taken as \nu 0 = \Pi (\cdot | \delta (i), z), for some initial choice
\delta (i) \in \Delta s. Let f0 be the density of \nu 0 with respect to \Pi (\cdot | z). We then apply (2.3) to conclude
that with \varepsilon \in (0, 1), we have
(SM2.4)\bigm\| \bigm\| \nu 0KN  - \Pi (\cdot | z)

\bigm\| \bigm\| 
\mathrm{t}\mathrm{v}

\leq \| f0\| \infty (1 - \lambda (K))N \leq \varepsilon , for N \geq 1

\lambda (K)
log

\biggl( 
\| f0\| \infty 

\varepsilon 

\biggr) 
.

To bound the spectral gap we apply Theorem 3.1 with the choices \zeta = 0, I = I0 = \Delta s, and
B\delta = \BbbR p, and with a graph on \Delta s constructed as follows: we put an edge between \delta (1) and
\delta (2) if \delta (1) \supseteq \delta (2), or \delta (2) \supseteq \delta (1), and \| \delta (2) - \delta (1)\| 0 = 1 (in other words the models \delta (1) and \delta (2)
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differ only in one variable). Clearly (3.9) holds, since \Pi (\Delta s| z) = 1. We then conclude from
Theorem 3.1 that

(SM2.5) \lambda (K) \geq \kappa 

1 + 8m
.

To bound the constants \kappa and m we develop a similar argument as in [SM8]. Given \delta \in \Delta s,

we call min(\delta , \delta  \star ) the skeleton of \delta , and we let \scrS \mathrm{d}\mathrm{e}\mathrm{f}
= \{ min(\delta , \delta  \star ), \delta \in \Delta s\} be the set of all

possible skeletons. Basically \scrS is the set of submodels of the true model \delta  \star . Given \delta \in \Delta s,
we build our canonical path from \delta to \delta  \star as follows. First we build a path from \delta to its
skeleton (that is min(\delta , \delta  \star )) by successively removing from the model \delta the variables Xj for
which \delta j = 1 and \delta  \star j = 0, in reverse index ordering. Then we build a path from the skeleton
to \delta  \star by adding to the skeleton the variables Xj for which \delta j = 0 and \delta  \star j = 1 in their index
ordering. For example, if p = 6, \delta  \star = (1, 1, 1, 0, 0) and \delta = (0, 0, 1, 0, 1, 1), then our canonical
path from \delta to \delta  \star is

(0, 0, 1, 0, 1, 1) \rightarrow (0, 0, 1, 0, 1, 0) \rightarrow (0, 0, 1, 0, 0, 0) \rightarrow (1, 0, 1, 0, 0, 0) \rightarrow (1, 1, 1, 0, 0, 0).

Given \delta (1), \delta (2) \in \Delta s, let \delta (1,2) be the element of \Delta s where the canonical path from \delta (1)

to \delta  \star and the canonical path from \delta (2) to \delta  \star meet for the first time. Our canonical path
\gamma \delta (1),\delta (2) between \delta (1) and \delta (2) is then defined as follows. Follow the canonical path from \delta (1)

towards \delta  \star until \delta (1,2), then reverse direction and follow the path from \delta (1,2) until \delta (2). For
instance if p = 6, \delta  \star = (1, 1, 1, 0, 0, 0) and \delta (1) = (0, 1, 0, 0, 1, 1), and \delta (2) = (1, 1, 0, 1, 1, 0),

then \delta (1,2) = (1, 1, 0, 0, 0), and our chosen canonical path from \delta (1) to \delta (2) is

(0, 1, 0, 0, 1, 1) \rightarrow (0, 1, 0, 0, 1, 0) \rightarrow (0, 1, 0, 0, 0, 0) \rightarrow (1, 1, 0, 0, 0, 0) \rightarrow (1, 1, 0, 1, 0, 0) \rightarrow (1, 1, 0, 1, 1, 0).

We claim that for the canonical paths constructed above we have

(SM2.6) m
\mathrm{d}\mathrm{e}\mathrm{f}
= max

\delta \in \Delta s

\sum 
\delta (1),\delta (2)\in \Delta s: \gamma \delta (1),\delta (2)\ni \delta 

| \gamma \delta (1),\delta (2) | 
\pi (\delta (1)| z)\pi (\delta (2)| z)

\pi (\delta | z)
\leq 16s,

and

(SM2.7) \kappa 
\mathrm{d}\mathrm{e}\mathrm{f}
= min

\delta (1)\sim \delta (2)

\int 
\BbbR p

min
\Bigl( 
\Pi (\theta | \delta (1), z),\Pi (\theta | \delta (2), z)

\Bigr) 
d\theta \geq C0e

 - 2\rho 0\| \theta  \star \| 2\infty ,

for some absolute constant C0, where the minimum is taken over all connected pairs of nodes
\delta (1), \delta (2). Furthermore, we claim that we can bound the variance of the initial density and get

(SM2.8) log

\biggl( 
\| f\| \infty 
\varepsilon 

\biggr) 
\leq C0

\biggl( 
log

\biggl( 
1

\varepsilon 

\biggr) 
+ s \star \| \theta  \star \| 2\infty n

\biggr) 
,

for some absolute constant C0. (SM2.6) and (SM2.7) shows that

(SM2.9) \lambda (K) \geq C0s
 - 1e - 2\rho 0\| \theta  \star \| 2\infty ,

for some absolute constant C0. We put (SM2.9) together with (SM2.8) and (SM2.4) to reach
the stated conclusion. The remaining of the proof consists in establishing the claims (SM2.6),
(SM2.7), and (SM2.8).
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Proof of Equation (SM2.6). For \delta (1), \delta (2) \in \Delta s, we will use the obvious bound

| \gamma \delta (1),\delta (2) | \leq 2s.

Given \delta \in \Delta s, we denote \Lambda (\delta ) the set of all \delta (1) \in \Delta s such that the canonical path from \delta (1)

to \delta  \star goes through \delta . If a path \gamma \delta (1),\delta (2) goes through \delta , then \delta (1) \in \Lambda (\delta ) or \delta (2) \in \Lambda (\delta ). Using
this we can bound m as

(SM2.10) m \leq 4s max
\delta \in \Delta s

\sum 
\delta (1)\in \Lambda (\delta )

\sum 
\delta (2)\in \Delta s

\pi (\delta (1)| z)\pi (\delta (2)| z)
\pi (\delta | z)

\leq 4smax
\delta \in \Delta s

\sum 
\delta (1)\in \Lambda (\delta )

\pi (\delta (1)| z)
\pi (\delta | z)

.

Let \scrS \mathrm{d}\mathrm{e}\mathrm{f}
= \{ min(\delta , \delta  \star ), \delta \in \Delta s\} be the set of all possible skeletons. Take \delta (1) \in \Lambda (\delta ). We

will distinguish whether \delta \in \scrS or not. Suppose \delta /\in \scrS . Therefore, traveling the canonical
path from \delta (1) toward \delta  \star we arrive at \delta by removing only non-significant variables. Therefore,
assuming that \| \delta (1)\| 0 = \| \delta \| 0 + \ell , and using (SM2.1), and H2-(3), we have

(SM2.11)
\pi (\delta (1)| z)
\pi (\delta | z)

\leq 1

pu\ell 
exp

\left(   \tau 

2\sigma 2(1 + n\tau \varpi s0)

\sum 
j: \delta 

(1)
j =1,\delta j=0

(X \prime 
jL

 - 1
\delta z)2

\right)   \leq e
\ell \=Q0
n\varpi s0

pu\ell 
,

where \=Q0 = max
j: \delta 

(1)
j =1,\delta j=0

(X \prime 
jL

 - 1
\delta z)2. From Lemma SM2.2, we get \=Q0 \leq \varrho n log(p). Using

this and the trivial inequality
\bigl( 
p
\ell 

\bigr) 
\leq p\ell , it follows that

\sum 
\delta (1)\in \Lambda (\delta )

\pi (\delta (1)| z)
\pi (\delta | z)

\leq 
s - \| \delta \| 0\sum 
\ell =0

\sum 
\delta (1)\in \Lambda (\delta ): \| \delta (1)\| 0=\| \delta \| 0+\ell 

\pi (\delta (1)| z)
\pi (\delta | z)

\leq 
s\sum 

\ell =0

\left(  p
\varrho 

2\sigma 2\varpi s0

pu - 1

\right)  \ell 

\leq 2,

under the assumption that \sigma 2u\varpi s0 \geq \varrho , and u > 4. Suppose now that \delta \in \scrS . Then \Lambda (\delta ) is
comprised of the elements of \Delta s whose skeletons are subsets of \delta . Hence\sum 

\delta (1)\in \Lambda (\delta )

\pi (\delta (1)| z)
\pi (\delta | z)

=
\sum 

\delta 0\in \scrS :\delta \supseteq \delta 0

\pi (\delta 0| z)
\pi (\delta | z)

\sum 
\delta (1)\in \Lambda (\delta ): \mathrm{m}\mathrm{i}\mathrm{n}(\delta (1),\delta  \star )=\delta 0

\pi (\delta (1)| z)
\pi (\delta 0| z)

.

The inner summation can be upper bounded by 2 as above. If \delta \supseteq \delta 0 and \| \delta \| 0 = \| \delta 0\| 0 + r,
we apply (SM2.1) again and get,

\pi (\delta 0| z)
\pi (\delta | z)

\leq 
\biggl( 
pu
\sqrt{} 
1 +

ns \star 
\sigma 2\rho 1

e
 - \tau \=Q3

2\sigma 2(1+\tau s \star n)

\biggr) r

\leq 
\biggl( 
pu+ae

 - 
\=Q3

4\sigma 2s \star n

\biggr) r

,

where we use H2-(3) to obtain \tau /(1 + \tau s \star n) \geq 1/(2s \star n), and
\sqrt{} 

1 + ns \star 
\sigma 2\rho 1

\leq pa, and where

\=Q3
\mathrm{d}\mathrm{e}\mathrm{f}
= minj: \delta 0j=0,\delta  \star j=1

\Bigl( 
X \prime 

jL
 - 1
\delta 0

z
\Bigr) 2

. From Lemma SM2.2 we get \=Q3 \geq \theta 2 \star 
4 \varpi 

2
1n

2, under the

sample condition n \geq 4\varrho log(p)/(\theta 2 \star \varpi 
2
1) which is implied by (4.11). We conclude that

max
\delta \in \scrS 

\sum 
\delta (1)\in \Lambda (\delta )

\pi (\delta (1)| z)
\pi (\delta | z)

\leq 2
\sum 

\delta 0\in \scrS :\delta \supseteq \delta 0

\pi (\delta 0| z)
\pi (\delta | z)

\leq 2

s \star \sum 
r=0

sr \star 

\Biggl( 
pu+ae

 - \theta 2 \star \varpi 
2
1n

4\sigma 2s \star 

\Biggr) r

\leq 4,

using the sample size condition in (4.11). This proves the claim (SM2.6).
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Proof of Equation (SM2.7). Fix \delta (1), \delta (2) \in \Delta s, such that \delta (1) \supseteq \delta (2), or \delta (2) \subseteq \delta (1), and
\| \delta (2) - \delta (1)\| 0 = 1. Without any loss of generality, suppose that \delta (2) \supseteq \delta (1), and their difference

occurs on component j: \delta 
(2)
j = 1, while \delta 

(1)
j = 0. Then for all \theta \in \BbbR p, we have

\Pi (\theta | \delta (1), z)
\Pi (\theta | \delta (2), z)

=

\left(  \int \BbbR p e
 - 1

2\sigma 2 \| z - X\theta \| 22 - 
1
2
\theta \prime D - 1

(\delta (2))
\theta 
d\theta \int 

\BbbR p e
 - 1

2\sigma 2 \| z - X\theta \| 22 - 
1
2
\theta \prime D - 1

(\delta (1))
\theta 
d\theta 

\right)  e - (\rho 0 - \rho 1)
\theta 2j
2 .

Let A denote the ratio of integrals in the last display. We can then write\int 
\BbbR p

min
\Bigl( 
\Pi (\theta | \delta (1), z),\Pi (\theta | \delta (2), z)

\Bigr) 
d\theta =

\int 
\BbbR 
min

\biggl( 
1, Ae - (\rho 0 - \rho 1)

\theta 2j
2

\biggr) 
\Pi (\theta j | \delta (2), z)d\theta j .

Recall from (4.3) that the j marginal under \Pi (\theta j | \delta (2), z) is the Gaussian distributionN(\mu j , \sigma 
2
j ),

where
\sigma j = \sigma 

\sqrt{} 
e\prime j\Sigma \delta (2)ej , and \mu j = e\prime j\Sigma \delta (2)X

\prime z, 1 \leq j \leq p,

and where ej denotes the j-th unit vector. Hence, for Z \sim N(0, 1),

(SM2.12)

\int 
\BbbR p

min
\Bigl( 
\Pi (\theta | \delta (1), z),\Pi (\theta | \delta (2), z)

\Bigr) 
d\theta = \BbbE 

\Bigl[ 
min

\Bigl( 
1, Ae - 

(\rho 0 - \rho 1)
2

(\mu j+\sigma jZ)2
\Bigr) \Bigr] 

\geq 1

2
min

\Bigl( 
1, Ae - 

(\rho 0 - \rho 1)
2

(| \mu j | +\sigma j)
2
\Bigr) 
\geq 1

2
min

\Bigl( 
1, Ae - \rho 0(\mu 2

j+\sigma 2
j )
\Bigr) 
,

using the fact that for any nonnegative function f , \BbbE (f(Z)) \geq \BbbP (| Z| \leq 1)minz:| z| \leq 1 f(z). By
matrix block inversion, we work out \sigma 2

j to

(SM2.13) \sigma 2
j =

\sigma 2

\sigma 2\rho 1 +X \prime 
j

\Bigl( 
In + 1

\sigma 2X - jD(\delta (2),j)X
\prime 
 - j

\Bigr)  - 1
Xj

=
\sigma 2

\sigma 2\rho 1 +X \prime 
jL

 - 1

\delta 
(1)
 - j

Xj

\leq \sigma 2

\varpi 1n
,

where D(\delta (2),j) = D(\delta (1),j) is the (p - 1)-dimensional matrix obtained by removing the j-th row

and the j-th column of D(\delta (2)), and L
\delta 
(1)
 - j

= In + 1
\sigma 2X - jD(\delta (1),j)X

\prime 
 - j . By block inversion the

mean \mu j can be written as

(SM2.14)

\mu j = e1

\Biggl( 
X \prime 

jXj + \sigma 2\rho 1 X \prime 
jX - j

X \prime 
 - jXj X \prime 

 - jX - j + \sigma 2D - 1
(\delta (2),j)

\Biggr)  - 1\biggl( 
X \prime 

jz

X \prime 
 - jz

\biggr) 
=

X \prime 
jL

 - 1

\delta 
(1)
 - j

z

\sigma 2\rho 1 +X \prime 
jL

 - 1

\delta 
(1)
 - j

Xj

.

Consider first the case where j is such that \delta  \star ,j = 0. Note that X \prime 
jL

 - 1

\delta 
(1)
 - j

Xj \geq X \prime 
jL

 - 1
\delta (1)

Xj \geq 

n\varpi 1. Therefore, and using Lemma SM2.2, and z \in \scrE 0, we obtain

\sigma 2
j + \mu 2

j \leq 
\sigma 2

n\varpi 1
+

\varrho log(p)

n\varpi 2
1

\leq 2\varrho log(p)

n\varpi 2
1

.
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Consider now the case where \delta  \star ,j = 1. Then using Lemma SM2.2, we have

\sigma 2
j + \mu 2

j \leq \sigma 2
j +

1

(X \prime 
jL

 - 1

\delta 
(1)
 - j

Xj)2

\biggl( 
\theta  \star jX

\prime 
jL

 - 1

\delta 
(1)
 - j

Xj +
\sqrt{} 
\varrho n log(p)

\biggr) 2

\leq \sigma 2
j + \theta 2 \star j

\left(  1 +

\sqrt{} 
\varrho n log(p)

\theta  \star jX \prime 
jL

 - 1

\delta 
(1)
 - j

Xj

\right)  2

\leq \sigma 2
j + \theta 2 \star j

\Biggl( 
1 +

\sqrt{} 
\varrho n log(p)

\theta  \star jn\varpi 1

\Biggr) 2

\leq 2| \theta  \star j | 2,

under the sample size condition (4.11). On the other hand, using (SM2.1), the ratio of integrals
A gives

A =

\sqrt{} 
\rho 0
\rho 1

1\sqrt{} 
1 + \tau X \prime 

jL
 - 1
\delta (1)

Xj

exp

\Biggl( 
1

2\sigma 2

\tau (X \prime 
jL

 - 1
\delta (1)

z)2

1 + \tau X \prime 
jL

 - 1
\delta (1)

Xj

\Biggr) 
,

where we recall that \tau = (\rho  - 1
1  - \rho  - 1

0 )/\sigma 2. Note that if \delta  \star j = 0, the term inside the exponential
in this last expression of A grows like \varrho log(p)/\varpi 1 which is not fast enough to face off with
the term  - \rho 0(\mu 

2
j +\sigma 2

j ). Hence we use instead the trivial lower bound A \geq 1 together with the

upper bounds on \mu j and \sigma 2
j obtained above and (SM2.12) to conclude that

(SM2.15)

\int 
\BbbR p

min
\Bigl( 
\Pi (\theta | \delta (1), z),\Pi (\theta | \delta (2), z)

\Bigr) 
d\theta \geq 1

2
e - \rho 0(\mu 2

j+\sigma 2
j ) \geq 1

2
exp

\biggl( 
 - 2\rho 0

n

\varrho log(p)

\varpi 2
1

\biggr) 
.

However if \delta  \star j = 1, By Lemma SM2.2, and under the sample size condition (4.11) we have

(X \prime 
jL

 - 1
\delta (1)

z)2 \geq 
\theta 2 \star j
2
(X \prime 

jL
 - 1
\delta (1)

Xj)
2.

Noting that 1 \leq \tau X \prime 
jL

 - 1
\delta (1)

Xj , we deduce that

A \geq 
\sqrt{} 

\rho 0
\rho 1

1\sqrt{} 
1 + n

\sigma 2\rho 1

e
\theta 2 \star jX

\prime 
jL

 - 1

\delta (1)
Xj

4\sigma 2 \geq 

\sqrt{} 
\sigma 2\rho 0

\sigma 2\rho 1 + n
e

n\varpi 1\theta 
2
 \star j

4\sigma 2 .

It follows in this case that

(SM2.16)

\int 
\BbbR p

min
\Bigl( 
\Pi (\theta | \delta (1), z),\Pi (\theta | \delta (2), z)

\Bigr) 
d\theta \geq 1

2
min

\Bigl( 
1, Ae - 2\rho 0\theta 2 \star j

\Bigr) 
\geq 1

2
min

\Biggl( 
1,

\sqrt{} 
\sigma 2\rho 0

\sigma 2\rho 1 + n

\Biggr) 
min

\biggl( 
1, e

 - 2\rho 0\theta 2 \star j

\Bigl( 
1 - n\varpi 1

8\rho 0

\Bigr) \biggr) 
\geq C0e

 - 2\rho 0\| \theta  \star \| 2\infty ,

for some absolute constant C0, where we have used the fact that min(1, ab) \geq min(1, a)min(1, b)
valid for all nonnegative numbers a, b, c. We combine (SM2.15) and (SM2.16) to obtain
(SM2.7).
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Proof of Equation (SM2.8). Since \Pi (\theta | z) =
\sum 

\vargamma \Pi (\vargamma | z)\Pi (\theta | \vargamma , z) \geq \Pi (\delta (i)| z)\Pi (\theta | \delta (i), z),
we have

f0(\theta ) =
\Pi (\theta | \delta (i), z)
\Pi (\theta | z)

\leq 1

\Pi (\delta (i)| z)
=

1

\Pi (\delta  \star | z)
\Pi (\delta  \star | z)
\Pi (\delta 

(i)
 \star | z)

\Pi (\delta 
(i)
 \star | z)

\Pi (\delta (i)| z)
,

where \delta 
(i)
 \star 

\mathrm{d}\mathrm{e}\mathrm{f}
= min(\delta (i), \delta  \star ). We apply (SM2.1) twice (to each ratio), and use H??, to get

\Pi (\delta  \star | z)
\Pi (\delta 

(i)
 \star | z)

\Pi (\delta 
(i)
 \star | z)

\Pi (\delta | z)
\leq pu(\| \delta \| 0 - \| \delta  \star \| 0)

\sqrt{} 
det

\biggl( 
I\| \delta \| 0 - \| \delta (i) \star \| 0

+ \tau X \prime 
(\delta  - \delta 

(i)
 \star )

L - 1

\delta 
(i)
 \star 

X
(\delta  - \delta 

(i)
 \star )

\biggr) 

\times e
\tau 

2\sigma 2 z
\prime L - 1

\delta 
(i)
 \star 

X
(\delta  \star  - \delta 

(i)
 \star )

\biggl( 
I
\| \delta  \star  - \delta 

(i)
 \star \| 0

+\tau X\prime 
(\delta  \star  - \delta 

(i)
 \star )

L - 1

\delta 
(i)
 \star 

X
(\delta  \star  - \delta 

(i)
 \star )

\biggr)  - 1

X\prime 
(\delta  \star  - \delta 

(i)
 \star )

L - 1

\delta 
(i)
 \star 

z

\leq pu(\| \delta \| 0 - s \star )

\biggl( 
1 +

n\| \delta \| 0
\sigma 2\rho 1

\biggr) \| \delta \| 0
2

e
1

2\sigma 2n\varpi 1
\| X\prime 

(\delta  \star  - \delta 
(i)
 \star )

L - 1

\delta 
(i)
 \star 

z\| 22
.

Under the assumption pus \star \Pi (\delta  \star | z) \geq 1 (H2-(1)), and since \| \delta \| 0 \leq s, we conclude that

(SM2.17) \| f0\| \infty \leq pus
\biggl( 
1 +

ns

\sigma 2\rho 1

\biggr) s
2

e
s \star \=Q1

2\sigma 2n\varpi 1 \leq p(u+a)se
s \star \=Q1

2\sigma 2n\varpi 1 ,

where the second inequality uses (4.9), and where \=Q1 = maxj:\delta  \star ,j=1(X
\prime 
jL

 - 1

\delta 
(i)
 \star 

z)2. From Lemma

SM2.2, we get \=Q1 \leq 4n2\| \theta  \star \| 2\infty , using the sample size condition (4.11). (SM2.17) then becomes

\| f0\| \infty \leq p(u+a)se
2s \star \| \theta  \star \| 2\infty n

\sigma 2\varpi 1 .

The claim follows by taking the log.

SM3. Proof of Theorem 4.4. The proof is very similar to the proof of Theorem 4.3, but
here we use the approximate spectral gap with I = \Delta , I0 = \scrD k for some k specified below, for
some \zeta specified below, and B\delta = \BbbR p. First we apply (2.7) (with \lambda \zeta (K

 \star K) replaced by \lambda \zeta (K),
since K is positive) to conclude that for any \zeta \in (0, 1], we have\bigm\| \bigm\| \nu 0KN  - \Pi (\cdot | z)

\bigm\| \bigm\| 
\mathrm{t}\mathrm{v}

\leq \| f0\| \infty (1 - min(1, \lambda \zeta (K)))N/2 + \| f0\| \infty 
\sqrt{} 
\zeta \leq \varepsilon + \| f0\| \infty 

\sqrt{} 
\zeta ,

provided that N satisfies N \geq (min(1, \lambda \zeta (K))) - 1 log
\Bigl( 
\| f0\| 2\infty 

\varepsilon 2

\Bigr) 
.

We bound the uniform norm \| f0\| \infty as in (SM2.17). Set FP
\mathrm{d}\mathrm{e}\mathrm{f}
= \| \delta (i)\| 0  - \| \delta  \star \| 0. Noting

here that the skeleton of \delta (i) is \delta  \star , so we get the simpler bound

\| f0\| \infty \leq 2

\Biggl( 
pu

\sqrt{} 
1 +

nFP

\sigma 2\rho 1

\Biggr) FP

\leq 2p(u+a)FP.

In view of this bound, we set

(SM3.1) \zeta =
\varepsilon 2

4
p - 2(u+a)FP,
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which gives \| f0\| \infty 
\surd 
\zeta \leq \varepsilon , and we conclude that with \zeta as in (SM3.1), we have

(SM3.2)

\| \nu 0KN  - \Pi (\cdot | z)\| \mathrm{t}\mathrm{v} \leq 2\varepsilon , for N \geq C0

min(1, \lambda \zeta (K))

\biggl( 
log

\biggl( 
1

\varepsilon 2

\biggr) 
+ (u+ a)FP log(p)

\biggr) 
,

for some absolute constant C0. We lower bound the approximate spectral gap via Theorem
3.1, and using the same approach as in Theorem 4.3. First note that for z \in \scrE , \zeta as in (SM3.1),
and let k \geq 1, be the first integer such that

10

\zeta 
(1 - \Pi (\scrD k| z)) \leq 

40

\varepsilon 2
p2(u+a)FP 1

p
u(k+1)

2

\leq 1.

Under condition (4.13), this choice of k also satisfies \scrD k \subseteq \Delta s0 , where s0 is as in H2. We then
apply Theorem 3.1 with the choices I = \Delta , I0 = \scrD k endowed with the same graph as in proof
of Theorem 4.3, and B\delta = \BbbR p. Given our particular choice of k, (3.9) holds. We then conclude
from Theorem 3.1 that

(SM3.3) \lambda \zeta (K) \geq \kappa 

1 + 8m
,

where \kappa and m are defined using \scrD k. We bound these terms as in Theorem 4.3 with some
important simplifications due the facts that all models here belong to \scrD k. In particular

(SM3.4) m \leq 16(s \star + k) \leq C0\| \delta (i)\| 0,

for some absolute constant C0. Similarly, the lower bound on \kappa also simplifies. Because \delta (1)

and \delta (2) can differ only at a component j such that \delta  \star j = 0 (a non-important variable), we
see that only the lower bound (SM2.15) applies. Hence \kappa can be taken as

(SM3.5) \kappa =
1

2
p
 - 2c1\varrho 

\varpi 1 .

The theorem follows from the same calculations as in the proof of Theorem 4.3.

SM4. Some technical results. We make use of the following standard Gaussian deviation
bound.

Lemma SM4.1. Let Z \sim N(0, Im), and u1, . . . , uN be vectors of \BbbR m. Then for all x \geq 0,

\BbbP 
\biggl[ 
max

1\leq j\leq N
| \langle uj , Z\rangle | > max

1\leq j\leq N
\| uj\| 2

\sqrt{} 
2(x+ log(N))

\biggr] 
\leq 2

ex
.

Lemma SM4.2. Suppose that X \in \BbbR n\times p is a random matrix with i.i.d. standard Normal
entries. Given an integer s, and positive constants \sigma , \gamma and \rho , set

\scrC 0
\mathrm{d}\mathrm{e}\mathrm{f}
= max

\delta \in \Delta : \| \delta \| 0\leq s
max

i \not =j, \delta j=0

\bigm| \bigm| \bigm| \bigm| X \prime 
j

\biggl( 
In +

1

\sigma 2\rho 1
X\delta X

\prime 
\delta +

1

\sigma 2\rho 0
X\delta cX

\prime 
\delta c

\biggr) 
Xi

\bigm| \bigm| \bigm| \bigm| .
Then there exist some universal finite constants c0, a, A such that for n \geq As2 log(p), the
following two statements hold with probability at least 1 - a

p : for \rho  - 1
0 > 0 taken small enough

and

(SM4.1) \sigma 2s\rho 1 \leq c0
\sqrt{} 
n log(p),
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it holds that

(SM4.2) \scrC 0 \leq 2c0
\sqrt{} 

n log(p), and

min
\delta : \| \delta \| 0\leq s

inf

\Biggl\{ 
u\prime (X \prime 

\delta cL
 - 1
\delta X\delta c)u

n\| u\| 22
, u \in \BbbR p - s, 0 < \| supp(u)\| 0 \leq s

\Biggr\} 
\geq 1

32
.

Proof. For a matrix M \in \BbbR n\times p we set

v(M, s)
\mathrm{d}\mathrm{e}\mathrm{f}
= inf

\biggl\{ 
u\prime (M \prime M)u

n\| u\| 22
u \not = 0, \| u\| 0 \leq s

\biggr\} 
,

and for \kappa 0 = 1/64 and c0 = 8, we define

\scrE \mathrm{d}\mathrm{e}\mathrm{f}
=

\biggl\{ 
M \in \BbbR n\times p : v(M, s) \geq \kappa 0, max

1\leq j\leq p
\| Mj\| 2 \leq 2

\surd 
n,

min
1\leq j\leq p

\| Mj\| 2 \geq 
\sqrt{} 

n

2
, and max

j \not =k
| \langle Mj ,Mk\rangle | \leq c0

\sqrt{} 
n log(p)

\biggr\} 
.

By Theorem 1 of [SM6], Lemma 1-(4.2) of [SM4], and standard Gaussian deviation bounds,
we can find universal constants a,A, such that for n \geq As log(p), we have \BbbP (X /\in \scrE ) \leq a

p . So
to obtained the statement of the lemma, it suffices to consider some arbitrary element X \in \scrE 
and show that (SM4.2) holds.

Fix \delta \in \Delta such that \| \delta \| 0 \leq s. We setM\delta 
\mathrm{d}\mathrm{e}\mathrm{f}
= In+

1
\sigma 2\rho 1

X\delta X
\prime 
\delta , so that L\delta = M\delta +

1
\sigma 2\rho 0

X\delta cX
\prime 
\delta c .

The Woodbury identity gives
(SM4.3)

X \prime 
jL

 - 1
\delta Xk = X \prime 

jM
 - 1
\delta Xk  - 

1

\sigma 2\rho 0
X \prime 

jM
 - 1
\delta X\delta c

\biggl( 
I\| \delta c\| 0 +

1

\sigma 2\rho 0
X \prime 

\delta cM
 - 1
\delta X\delta c

\biggr)  - 1

X \prime 
\delta cM

 - 1
\delta Xk.

If C1 = max\ell X
\prime 
\ell M

 - 1
\delta X\ell , and C0 = max\ell \not =j, \delta j=0 | X \prime 

jM
 - 1
\delta X\ell | , then we deduce easily from

(SM4.3) that for all j \not = k such that \delta j = 0,

(SM4.4) | X \prime 
jL

 - 1
\delta Xk| \leq C0 +

1

\sigma 2\rho 0

\bigl( 
C2
1 + pC2

0

\bigr) 
.

In order to proceed, we need to bound the term XjM
 - 1
\delta Xk. Easily, for X \in \scrE , we have

X \prime 
jM

 - 1
\delta Xj \leq \| Xj\| 22 \leq 4n.

Another application of the Woodbury identity gives

(SM4.5) M - 1
\delta = In  - 1

\sigma 2\rho 1
X\delta 

\biggl( 
I\| \delta \| 0 +

1

\sigma 2\rho 
X \prime 

\delta X\delta 

\biggr)  - 1

X \prime 
\delta .

Therefore, for k \not = j

X \prime 
jM

 - 1
\delta Xk = X \prime 

jXk  - 
1

\sigma 2\rho 1
X \prime 

jX\delta 

\biggl( 
I\| \delta \| 0 +

1

\sigma 2\rho 
X \prime 

\delta X\delta 

\biggr)  - 1

X \prime 
\delta Xk.
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Using X \in \scrE , we educe for j \not = k, and \delta j = 0,

1

\sigma 2\rho 1

\bigm| \bigm| \bigm| \bigm| \bigm| X \prime 
jX\delta 

\biggl( 
I\| \delta \| 0 +

1

\sigma 2\rho 
X \prime 

\delta X\delta 

\biggr)  - 1

X \prime 
\delta Xk

\bigm| \bigm| \bigm| \bigm| \bigm| \leq 1

\kappa 0n
\| X \prime 

\delta Xk\| 2\| X \prime 
\delta Xj\| 2

\leq 
c20s log(p) + c0

\sqrt{} 
s log(p)

\kappa 0
\leq c0

\sqrt{} 
n log(p),

for n \geq As2 log(p), for some constant A. It follows that

| X \prime 
jM

 - 1
\delta Xk| \leq 2c0

\sqrt{} 
n log(p).

We combine this with (SM4.4) to obtain that for j \not = k such that \delta j = 0,

(SM4.6) | X \prime 
jL

 - 1
\delta Xk| \leq 3c0

\sqrt{} 
n log(p)

\biggl( 
1 +

1

\sigma 2\rho 0
pc0
\sqrt{} 
n log(p)

\biggr) 
+16

1

\sigma 2\rho 0
n2 \leq 8c0

\sqrt{} 
n log(p),

for \rho 0 large enough. (SM4.6) says that \scrC 0 \leq 8c0
\sqrt{} 
n log(p), for X \in \scrE , as claimed.

For j such that \delta j = 0, (SM4.5) gives

X \prime 
jM

 - 1
\delta Xj = \| Xj\| 22  - 

1

\sigma 2\rho 1
X \prime 

jX\delta 

\biggl( 
I\| \delta \| 0 +

1

\sigma 2\rho 1
X \prime 

\delta X\delta 

\biggr)  - 1

X \prime 
\delta Xj

\geq \| Xj\| 22  - 
\| X \prime 

\delta Xj\| 22
n\kappa 0

\geq n

4
,(SM4.7)

since n \geq As log(p), and by taking A large enough (A \geq 4c20/\kappa 0). Equation (??) then yields

X \prime 
jL

 - 1
\delta Xj \geq X \prime 

jM
 - 1
\delta Xj  - 

1

\sigma 2\rho 0
\| X \prime 

\delta cM
 - 1
\delta Xj\| 22

= X \prime 
jM

 - 1
\delta Xj  - 

1

\sigma 2\rho 0

\left[  (X \prime 
jM

 - 1
\delta Xj)

2 +
\sum 

k: \delta k=0,k \not =j

(X \prime 
jM

 - 1
\delta Xk)

2

\right]  .

For 2\rho  - 1
0 \leq \sigma 2, it follows that

X \prime 
jL

 - 1
\delta Xj \geq 

n

8
 - 1

\sigma 2\rho 0
(p - \| \delta \| 0)

\bigl( 
4c20n log(p)

\bigr) 
,

which together with (SM4.6) and (SM4.1) implies that for any u \in \BbbR p such that \delta c \supseteq supp(u),
and \| supp(u)\| 0 \leq s, we have

u\prime X \prime 
\delta cL

 - 1
\delta X\delta cu \geq n

32
\| u\| 22,

as claimed.
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