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ABSTRACT. Exact-sparsity inducing prior distributions in Bayesian analysis typi-
cally lead to posterior distributions that are very challenging to handle by standard
Markov Chain Monte Carlo (MCMC) methods, particular in high-dimensional mod-
els with large number of parameters. We propose an approximation scheme for such
posterior distributions based on the forward-backward envelope of [Patrinos et al.
(2014). We illustrate the method with a high-dimensional linear regression model,
where we that the derived approximation is within O(,/7) of the true posterior dis-
tribution in the S-metric, where v > 0 is a user-controlled parameter that defines

the approximation.

1. INTRODUCTION

Successful handling of statistical models with large number of parameters from
limited data hinges on the ability to simultaneously solve two problems: (a) weeding
out non-significant variables, and (b) estimating the effect of the significant vari-
ables. The concept of sparsity has come to play a fundamental role in this endeavor.
In the Bayesian framework, sparsity is naturally built in the prior distribution us-
ing spike-and-slab priors (Mitchell and Beauchamp| (1988); George and McCulloch
(1997))), which are mixtures of a point mass at the origin (the spike) and a continuous
density (the slab). We will refer to such priors as exact-sparsity inducing priors. A
number of recent works have established that these priors, with carefully chosen slab
densities, produce posterior distributions with optimal posterior contraction rates
(Castillo et al.| (2015); Atchade| (2017)). However, the flip side of such stellar sta-
tistical properties is the fact that these posterior distributions are computationally
difficult to handle, particularly in high-dimensional applications. Deriving tractable
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and scalable approximations for such distributions is therefore a problem of practical
importance.

In practice, exact-sparsity prior distributions are commonly used with Gaussian lin-
ear regression models and Gaussian slab densities by taking advantage of conjugacy
(George and McCulloch! (1997)); Bottolo and Richardson (2010); Yang et al.| (2016)).
For general non-Gaussian models or non-Gaussian slab densities, several specialized
MCMC methods have been developed with mixed results. Reversible jump MCMC
algorithms (Chen et al. (2011)); Ge et al.| (2011))) work well in low-dimensional prob-
lems, but tend to mix poorly for high-dimensional problems as shown numerically
by [Schreck et al.| (2013). An alternative to reversible jump is the Metropoli-Hastings
framework of |Gottardo and Raftery| (2008). However, whether their algorithms can
successfully deal with high-dimensional problems remains to be explored. Another
recent development is the shrinkage-thresholding Metropolis adjusted Langevin algo-
rithm (STMaLa) of [Schreck et al.| (2013) — which can be seen as a special case of
the framework of |Gottardo and Raftery, (2008]) — which we show below suffers as well
from poor mixing in large scale problems. Note also that the Laplace approximation,
one of the most standard approximation tool in Bayesian computation, cannot be
straightforwardly applied when the dimension of the space is as big as the sample size
(Shun and McCullagh| (1995)). Variational Bayes approximations recently explored
by Ormerod et al. (2014) are promising alternatives, but remained to be fully explored
in high-dimensional settings.

1.1. Main contribution. We consider high-dimensional variable selection problems
with exact-sparsity inducing prior distributions, and derive an approximation of the
posterior distribution based on the forward-backward envelope of |[Patrinos et al.
(2014). The method works as long as the log-likelihood function is concave and
smooth (differentiable with Lipschitz derivative). The forward-backward envelope
is closely related to the Moreau envelope, a well-established regularization method
in optimization (Moreau (1965)); Bauschke and Combettes (2011); [Parikh and Boyd
(2013)). For several important examples of non-Gaussian slab densities, the resulting
approximation is easily explored by standard Markov Chain Monte Carlo (MCMC)
algorithms. An important advantage of our approach is that approximation errors
are easy to control mathematically, and can be used to carry out a detailed analysis
of the method, as we did below (see also the recent follow-up work Atchade and Bhat-
tacharyya| (2018)). Several recent works have recognized the usefulness of the Moreau
regularization for Bayesian computation. |[Pereyral (2013) noted that a log-concave
density can be well approximated by its Moreau-Yosida approximation. However,
the framework developed by |Pereyra (2013) does not handle the class of posterior
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distributions considered here. Another related work is the STMalLa of [Schreck et al.
(2013) mentioned above, which implicitly uses the Moreau approximation to design
Metropolis-Hastings proposals.

If TI(-|z) denotes the posterior distribution of interest on R% x {0,1}¢ given data
z, we write 1:[7(-|z) to denote the proposed forward-backward approximation, where
~ > 0 is a user-controlled parameter that defines the quality of the approximation. We
derive in Theorem [7| — under assumption — an upper bound on the S-metric (see
Sectionfor precise definition) between I1(:|z) and IL,(+|z). The main interest of the
approximation is that it is much easier to sample from I:I7 compared to II. In a recent
work (Atchade and Bhattacharyyal (2018)) we provide an even stronger justification
for the proposed method by showing that ﬂv (viewed as a pseudo-posterior distribu-
tion) contracts towards (4, f,) at the same rate as the true posterior distribution II,
as n,p — o0.

We illustrate the method using a linear regression model with a spike-and-slab
prior, where the slab is the elastic net density (Li and Lin| (2010)) — which includes the
double exponential (Laplace) distribution as a special case. In this linear regression
example, our proposed methodology produces an approximation I:I7 of this posterior
distribution, and we develop an efficient Markov Chain Monte Carlo algorithm to
sample from IVIV. We show that the approximation f[v(-]z) is always a well-defined
probability measure provided that v is chosen as in . Furthermore, we show in
Corollary 8| that the S-metric between I1(:|z) and IL,(-|2) satisfies

ds (T1(]2), I, (-]2)) = O(v/). (1)

We illustrate these results in a simulation study which shows that the method
performs well, and outperforms STMaLa for high-dimensional problems. A Matlab
implementation can be obtained from
http://dept.stat.lsa.umich.edu/~ yvesa/Research.html.

The remainder of the paper is organized as follows. We close the introduction with
some notation that will be used throughout the paper. In Section [2] we first introduce
the class of posterior distributions of interest, followed in Section [3| by the basic idea
of the forward-backward approximation. In Section |4l we develop how the idea can
be applied to approximate the posterior distributions of interest. Section [5| details an
application to linear regression models. We close the paper with further discussion in
Section [6] All the proofs are gathered in Section [7]

1.2. Notation. Throughout the paper, d > 1 is a given integer and R? denotes the

d-dimensional Fuclidean space equipped with its Borel sigma-algebra, its Euclidean

norm || - ||, and inner product (-,-). We also use the norms ||6]; & Z;'l:1 6], and
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|0||o defined as the number of non-zero components of . The Lebesgue measure on
R? is written as dz when there is no confusion.

We set A {0,1}. For 6 € A, ps denote the product measure on R? defined
as ps(dd) & H;-lzl vs,(d0;), where 1(dz) is the Dirac mass at 0, and vi(dz) is the
Lebesgue measure on R. Hence integration with respect to s sets to zero all the
components for which J; = 0, and integrates the remaining components using the
standard Lebesgue measure.

For 6,9 € R?, 6-19 denotes the component-wise product: (8- v); =60;0,1<j5<d.
For € A, we shall write 5 to denote 6 - §, and we set

R (05, 0 R} ={0eRY: 0, =0for§; =0, j=1,...,d}.

We will need ways to evaluate the distance between two probability measures. Let
(X,dx) be some arbitrary separable complete metric space equipped with its Borel
sigma-algebra. For any two probability measures p1, e on X, the S-distance between

/fmuld:c /f Y2 (dx)

where the supremum is taken over all measurable functions f : X — R such that

def
IflleL = 1flle + I £llL < 1, where

11, i is defined as

dg(pe1, p2) ) sup (2)

lfllsL<t

|[f(z1) = f(z2)]

dx(z1,x2)

Il supl @), and 171 s { o €X, o # o).
It is well-known that this metric metricizes weak convergence (see e.g. Dudley
(2002)) Theorem 11.3.3). If the supremum in (2)) is replaced by the supremum over all
measurable functions f : X — R such that ||f||cc < 1 (resp. ||f|lL < 1) one obtains
the total variation metric dy, (resp. the Wasserstein metric dy, with respect to the
metric dx).

On a referee’s suggestion, we list here all the variable selection posterior distri-
butions (and approximations thereof) that appear in the paper for easy reference.

Name Distribution
Exact spike-and-slab I1(6,d6]2) oc mse= 019 15(dh)
FB approximation I1,(0,d0)|z) o ms(2my) 152 o—ho (019) 49

Weak spike-and-slab-1 | IL,(d,df]|z) oc ms(2m7) 50 {Hj: 5,=1 p(ej)} R HEORT)
Weak spike-and-slab-2 | TL, (8, df)|z) o< 75(277) = {Hj: 5,=1 p(9j)} e~ 27 10=0s113—005) 4
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2. HIGH-DIMENSIONAL POSTERIOR DISTRIBUTIONS WITH SPARSE PRIORS

Let z be a realization of some random variable Z with conditional distribution fp,
given a parameter § € R?. With a prior distribution II on 6, the posterior distribution
for learning 6 is

. ~ fo(2)II(d0)
Hdbl) = g

We consider a prior distribution IT on A x R? of the form
I1(9, d0) = msI1(d6)9),

for a discrete distribution {75,6 € A} on A, and a prior II(:|J) that is built as follows.
Given ¢, the components of § are independent, and for 1 < j < d,

. S
0,(5 ~ Dirac(0) 1 9;=0 ’ (3)
p(+) ifo; =1

where Dirac(0) is the Dirac measure on R with full mass at 0, and p(-) is a positive
density on R. By the standard data-augmentation trick, we will take the variable ¢
as part of the posterior distribution. As defined, the support of II(-|d) is ]Rg ={0 e
R?: 9; = 0for§; =0, 1 < j < d}, and II(-|0) has a density with respect to the
measure pg5 defined in Section [[.2

11(d6|6) = e PO 45(d0),  where

o)) % L~ Xgg=alosp(ly) if 0 € Ry
+00 otherwise .

In the above formula, and throughout the paper, we convene that e = 0, and
0 x oo = 0. We also define

00) % —log fo(2), and h(0]5) % 0(6) + P(6]5), 6 € RY,

so that the posterior distribution writes
I1(5,d0|z) o m5e 01 115(d6). (4)

Monte Carlo simulation from this posterior distribution can be challenging. The
issue is related to the discrete-continuous mixture form of the spike-and-slab prior on
0, which has the effect that any two distributions II(#, -|z) and II(¢, -|z) are mutually
singular for 0 # ¢’. As a result, if direct sampling from the conditional distribution of
0], z is not possibleﬂ then sampling from requires the use of specialized MCMC
methods (Green| (1995)); (Gottardo and Raftery (2008); |Chen et al. (2011); [Schreck

Lwhich is typically the case if the model or the slab prior is not Gaussian
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et al. (2013])). However these algorithms are typically difficult to design and tune,
particularly in high-dimensional settings.

3. THE MOREAU AND THE FORWARD-BACKWARD ENVELOPES

Our goal in this work is to develop a more tractable approximation to the posterior
distribution IT in . However to make the ideas easy to follow, we start with some
general discussion of the Moreau and the forward-backward envelopes. Let h: R% —
(—o0, +o0] be a convex, lower semi-continuous function that is not identically +oo,
and let ; be a sigma-finite measure on R%. In the applications, p will naturally be
taken as the Lebesgue measure on the domain of A (the domain of h is the set of
points € R? such that h(z) < oo). Assuming that Z o Jpae M@ p(dz) < oo, we
consider the probability measure

v(dz) = %e‘h(x)u(dx). (5)

To fix the ideas, the reader may think of the case where h is finite everywhere and p
is the Lebesgue measure on R?%. In that case v is the probability distribution on R¢
with density (1/Z)e~"*). However our main interest is in the posterior distribution
for which the slightly more general setting is needed.

Suppose that we are interested in drawing samples from v. The lack of smoothness
of h, and the possibly complicated geometry of the support of v can create difficulties
for standard MCMC algorithms. An approximation of v can be formed using the
Moreau envelope of h defined for v > 0 as

~ 1
h~(z) = min |h(u) + o |u—z|?|, =eR%
g

Under the assumptions imposed on h above, the function fz,y is known to be well-
defined and finite everywhere. It is also convex, continuously differentiable with a
Lipschitz gradient, and ﬁy(x) 1 h(zx), as v | 0, for all z € R% All these properties
are well-known and can be found in Bauschke and Combettes (2011) (Chapter 12).
Assuming that Z, f]Rd e~ (@ dy < 00, it seems natural to consider the probability
measure

1 ~
i (dz) = =e @) g,

.
as an approximation of v. To the best of our knowledge the idea of approximating the

probability measure v by 7, was first considered by |Pereyral (2013), in the case where
the function h is finite everywhere and p is the Lebesgue measure on R?. We refer the
reader to that paper for a good discussion of the basic properties of ., and how well
it approximates v. In particular |Pereyra, (2013) showed that the smoothness of iL—y can
be exploited to derive efficient gradient-based MCMC samplers for v. An important
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limitation of the Moreau envelop approximation is that it is typically not available
in closed form, and its computation leads to a d-dimensional, possibly complicated
optimization problem.

In many problems the function h takes the particular form

h(z) = {(z) + P(z), = €R?

where £ is convex, finite everywhere and twice continuously differentiable, and P is
convex, not identically 400 and lower semi-continuous. In such cases, one can approx-
imate ¢ around a given point x by its linear approximation u — ¢(z)+ (V{(z),u — z),
where V{(z) denote the gradient of ¢ at x. This approximation leads to the so-called
forward-backward envelope of h, defined for v > 0 as

1
hy(z) = min [{(z) + (VL(z),u —z) + P(u) + —|lu — acHQ] , ©eR?
ucRd 2y

= la) +—2IVe@)| + min P<u>+;\u—x+wv£<x>u2]. (6)

Under the assumptions imposed on £ and P above, the function h, is finite everywhere,
continuously differentiable, and h, < h. These properties can be found in |[Patrinos
et al.| (2014) Theorem 2.2, but are easy to derive. For instance, the differentiability
follows from the expression @, the twice differentiability of £, and the differentiability
of the Moreau envelop approximation of P. Notice however that /., is no longer convex
in general. Assuming that Z. def fRd e ") dx < 0o it seems also natural to consider
the resulting approximation of v defined as

vy(da) = ie_h” @) dy.

Zy

The main advantage of h. over Bv is that in many problems of interest h, is available
in closed form, whereas iw is not. Furthermore, if the function P is separable, then
the computation of h, leads to d separate one-dimensional optimization problems
the solution of which can be easily parallelized. However, the price to pay for the
computational convenience is that h, may not be convex, and it is a less accurate
approximation of h. Indeed, by the convexity of ¢, we have £(u) > ¢(z)+(Vl(x),u — x)
for all u € R% Hence h,(z) < h,(z) < h(z) for all 2 € R%. But as we will see, the
pointwise convergence h, T h, as v | 0 still holds. Figure [1| gives an illustrative
example of the differences between h, and h, and how both functions approximate
h. For this example, h, is available explicitly (using @ and soft-thresholding), and
h. is obtained by numerical optimization for each value of .

Since h, converges pointwise to h as v | 0, it seems natural to expect that v,
approaches v for small . If the function h is finite everywhere, one can easily show



8 YVES F. ATCHADE
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FIGURE 1. Figure showing the function h(xz) = —azx + log(1 + €**) + b|z|
for a = 0.8, b = 0.5 (blue/solid line), and the approximations h. and 57
(hy < h,), for v € {5,1,0.1}. For v = 0.1, the curves of h, and h., are

almost undistinguishable on the figure.

(see Proposition [I| below) that indeed, v, converges to v in the total variation metric,
as v | 0. However this result is no longer true when the domain of h has zero R-
Lebesgue measure. In this latter case, we will show that the convergence of v, occurs
only weakly, or in the Wasserstein metric.

Proposition 1. Suppose p in (@ is the Lebesque measure on RY, h = ¢ + P is
convez, finite everywhere, and h(x) T h(x) for all x € R?. Suppose also that there
exists vo > 0 such that Z, < co. Then for all v € (0,70)], vy is well-defined, and

Z
1—Z>¢0, as v 4 0.

dpv (v, v) < 2 (
¥

Proof. See Section [7.1 O

Remark 2. (1) Notice that Proposition 1| can also be applied to 7, by taking
{=0.
(2) We show in Lemma 2 in the Appendix that if ¢ is finite everywhere and differ-
entiable, and P is finite everywhere, convex with a nonempty subdifferential
at = for all z € R%, then h 1 h, as required in the proposition.

If the domain of h has R%Lebesgue measure 0, then v and v, are then automat-
ically mutually singular and Proposition [I] cannot hold. The following toy example
illustrates this case.

Example 3. Suppose that we take RY = R, £ = 0, and we take P(z) = 0 if 2 = 0,
and P(z) = +oo if 2 # 0. In that case e *® = 1if = 0, and e "M®) = 0 if 2 # 0.
Let 4 = dp be the point mass probability measure at 0. Hence v = ég. For v > 0,
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hy(x) = ﬁv(az) = 22/(2v), z € R. Hence v, is the normal distribution N(0,7). It
follows that di(vy,v) = 2, for all ¥ > 0. But for any Lipschitz function f: R — R
with Lipschitz constant 1,

2y
7 (f) = v(H)] = 1y (f) = FO < E(1Z,]) = 4/ —
where Z, ~ N(0,7). By taking f = |- |, it can be easily seen that dy(vy,v) = \/277.
Hence v, converges in the Wasserstein metric to v, but not in total variation. And
the convergence rate is O(,/7).

Remark 4. The fact that we only have convergence in the Wasserstein metric implies
that one needs to be cautious about the fact that not all probabilities v(A) are well
approximated by v,(A). For instance, in Example |3} if A = [0,a) for some a > 0,
then v(A) = 1, whereas lim., o vy (A) = 0.

In the next section we will use the approximating measure v, introduced above to
approximate the posterior distribution . We will see that the situation is similar
to the one in Example 3] and as in that example we will show that the approximation
converges weakly to the posterior distribution II, and the convergence rate of of order

O(V7)-

4. THE FORWARD-BACKWARD APPROXIMATION OF THE POSTERIOR DISTRIBUTION
(1)

In this section, we return to the posterior distribution defined in Section And
we make the following assumptions on the functions ¢ and P.

H1. (1) The function 6 — £(0) is finite everywhere, convez, and twice continu-
ously differentiable.
(2) For all 6 € A, the function 0 — P(0|9) is convex, lower semi-continuous, not
identically +o00, and admits a sub-gradient g(0|9) at 0, for all 6 € Rg.

Remark 5. (1) The convexity assumption on ¢ is fundamental and delineates
the type of problems to which the proposed approximation could be easily
applied. Extension beyond this set up is possible, but will require fundamen-
tally different techniques.

(2) The convexity of P(-|0) boils down to the log-concavity of the density p in the
prior . Most of the sparsity promoting prior densities used in practice are

log-concave.
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Given § € A, we consider the forward-backward envelope of h(-|0) defined as

e 1
h(0]6) %< min [£(0) + (VL(0),u — 0) + P(uld) + —|lu—0]2| , 6 € RY,  (7)
u€Rd 2y

for some parameter v > 0. Using h,, we propose to approximate the posterior
distribution II in by

1510

IL,(6,d6]2) o< w5 (2m7) 2 e M OP)qg, (8)

that we call the forward-backward approximation of II. In the expression , s
denotes the irrational number. The function h.(-|0) is available in closed form when-
ever the Moreau envelope of P(:|d) has a closed form expression. More specifically,
for 6 € A, and for v > 0, we define the Moreau envelope of P as

def . 1 d
Po(O10) ™ miny | P(ul8) + 502, 6 < R, )
and its associated proximal map as
e . 1
Prox, (0]5) % Argmin ,cpa [P(u]é) + %Hu - 9|12] , §cR?

From the definition of P, and Prox,, we see that h, can be alternatively written as

m(618) = €6) ~ LIVEO)I + P, (0 = AVEO)9) (10)
= £(6) + (VE6), 1, (615)  6) + P(J;(016)]9)
- 1,018) 01, (1)

where
J,(0] §) % Prox,, (6 — yVE(0)]5) .
For v > 0, 6 € RY, let 5,(f) € RY be such that
e . 1 .
(5:(6)); = Argmin ez, | ~logp(u) +5-(u—0;)"|, 1<j<d

Then it is easy to check that Prox,(6|6) = 6 - s,(6). Hence by Equation (LI), we
see that h.(-|d) is computable is closed form if the map s, (the proximal map of the
negative log-prior) is easy to compute. Although this limits the applicability of the
method, there are several priors commonly used for which this holds, including the
Gaussian prior, the Laplace prior and more generally the elastic-net prior given by

2
p(u) o< exp (—a)q]u| - (1- Oé))\2u2> ;
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as well as the generalized double Pareto of Armagan et al.|(2013]), and the (improper)
prior distribution that arises from the MCP of |Zhang (2010), given respectively by

! 1 [ul d A " 1 ! d
p(u)—2)\< +o¢)\> , and p(u) =exp —/0 <—M>+ t].

For more general prior distributions for which the proximal map is intractable, nu-
merical solvers may be considered, particularly since the components of s, () can be
computed in parallel.

Remark 6. Since Prox,(6]0) = d-s,(6), and given , it is easily seen that in IL,, the
d;’s are conditionally independent Bernoulli random variables given ¢. And given 6,
one can use various MCMC algorithms, including gradient-based MCMC algorithms
to update 6. Hence the proposed approximation produces a distribution that is easy
to explore by MCMC compared to II. A detailed discussion of MCMC implementation
in the linear regression setting is deferred to Section [5.2

4.1. Connection with spike-and-slab priors. Another widely used approximation
to the exact-sparsity prior is the prior obtained by replacing the point-mass at 0 by
a Gaussian distribution with mean 0 and a small variance v (George and McCulloch
(1997)); Ishwaran and Rao| (2005); Rockova and George (2014); Narisetty and He
(2014))). This leads to the following model.

N(0,7) ifd; =0

1<4<d d Z16,0 ~ 12
p() lf6j:1 1> > a, an ‘7 f@a ( )

6 ~{ms}, 0506 ~ {
for some constant v > 0. Notice that given (4,0), we draw Z from fy. The resulting
posterior distribution is

2

_ 1 9
I,(6,d0)z) ocms < [ p(65) 11 e 2y e 94, (13)
j: =1 j:0;=0 271—’}/

Just like l:L, (see Remark @, one can easily construct MCMC algorithms to sample
from IL,. Indeed, given @, the components of § are independent Bernoulli; and given 4,
we can update 6 relatively easily by MCMC, depending on the choice of p. However,
since does not actively explore sparse models, one expects f[7 to under-perform
the exact-sparsity posterior I1.

Another possible approximation of the sparsity-inducing spike-and-slab prior is
obtained by enforcing sparsity in model :

N(0,7) ifd; =0

1<5<d d Z|6,0 ~ . 14
p() 1f(5]:1 LX) >a, an |7 f95 ( )

6 ~{ms}, 0;]6 ~ {
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Notice that in given (9,0), we draw Z from fy,, with a sparse parameter 65. The
posterior distribution thus defined is

92
fL,(5,d602) cms 4 T 205) ¥4 T \/2%6—% a9, (15)

j: 6j:1 ] (5]:0

The distribution 1:[7 clearly seems a much better approximation to II than 1:17. And
we show in Corollary [8 below that in the linear regression problem that IVLY is very

close to INIV, since
dw(TL,,IT) ~ \/dy, and dg(11,,1L,) = O(dy),

where dyy (resp. diy) denotes the Wasserstein metric (resp. the total variation metric).
Hence for the purpose of approximating II, IZL, and ﬂy are roughly equivalent when
v is small, since the two are within O() of each other and within O(,/7) of II. More
broadly, the main feature of our proposed method is that its variational nature leads
to a good mathematical control of its approximation errors, and this makes a detailed
analysis of f[7 possible, as we do below (and also as in |Atchade and Bhattacharyya,
(2018).

4.2. Approximation bounds. We will now derive a result that bounds the -
distance between 1:[7 and II. We recall that l:I7 denotes the posterior distribution
defined in ([15)). We define

0,(2) ¥ log / e OO (ds, df|z), (16)
where
r2(6,0) & (VE(0) = VE(05),0 = 05)) + 30 (0) + 5 - g (0510) 1>

For simplicity, we shall omit the dependence of 7(d,0) on z (same with £(f) and
Ve(6)). We note that by the convexity of ¢, r,(6,6) > 0. Hence o,(z) > 0.

Theorem 7. Assume for some fized data z.
(1) For any v > 0, we have

d (11 (12),11(12) ) < /7.

(2) Suppose that there exists o > 0 such that Il (-|2) is well-defined. Then for

all v € (0,7)], IIy(+|2) is well-defined and

doy (ﬂ7(~|z),ﬁ7(-|z)> <2 (1 - 6_97(2)) .

Proof. See Section [7.2] O
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Combining the two parts of the theorem yields for all v € (0, ]

ds (I, (-|2), T1(-]2)) < \F+2(1—e @v()). (17)

Notice that 1 — e™ < x for all x > 0. Therefore, the convergence to zero of
dg (IL,(+|2),1I(-|2)) would follow if the term g, (2) converges to 0 as v — 0. We
show how to obtain such result below. To save space we focus on the linear regression

model, although more general result is possible along similar lines.

5. APPLICATION TO BAYESIAN LINEAR REGRESSION WITH SPARSE PRIORS

As an application we consider a high-dimensional linear regression problem, with
dependent variable z € R”, and design matrix X € R"*¢. The variance term o2 is
assumed known. The negative-log-likelihood function £ for this problem can be taken
as

(0) = X0, 6<cRY

ﬁ”z -
We will set up the prior distribution of 6 using § € A, and using an auxiliary variable
0] def (g9, A1, A2), where q € (0, 1) is a sparsity parameter, and A; > 0, Ay > 0 are regu-
larization parameters. Given ¢, we assume that the components of § are independent
and identically distributed, with distribution Ber(q). Hence 75 = q”5”0(1 — q)d*”fwo.

Given ¢ and J, the components of # are independent, and for 1 < j <d,

0.5 Dirac(0) if 6, =0
J| >¢'\‘ EN()\l Ag) lf(S]:l )

where Dirac(0) is the Dirac measure on R with full mass at 0, and EN(\1 /02, Ay/c?)
is the (elastic-net) distribution with density given by

exp <a2;|xl —(1- a)ﬁ 2> , TR, (18)

252"
r)
)\1

by setting o = 0, and we recover the Laplace (double-exponential) prior Laplace(})

1
Z(9)

for a parameter a € [0, 1], assumed known. We recover the Gaussian prior N(0,

by setting v = 1. The normalizing constant Z(¢) can be written as

21 all :
2(6) = O\ ey, erfex <U 2(1a)/\2) if a €10,1)

2 .
2/\% fa=1

)

where erfcx(x) is the scaled complementary error function, which can be written as
erfex(z) = 2¢” ®(—+/2x), where ® is the cdf of standard normal distribution. The
prior density is a reparametrization of the elastic-net (Zou and Hastie (2005))
prior used by |Li and Lin| (2010). Notice that & = 1 makes Ay inactive, and setting
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a = 0 makes A1 inactive. With this parametrization of elastic net prior , the
proximal function Prox,(0|0) can be computed as

Prox,(6]6) = § - sy(8),

where
sign(6;) (10,1 - av%>+
1+ 7%(1 — )

(s4(0)); = ) (19)

and for x € R, =4 o max(z,0), sign(z) is the sign of . In the next result, we derive
an approximation bound. For a matrix A, let Amax(A) denote its largest eigenvalue.

Corollary 8. Suppose that (1 — a) 2 < Amax(X'X), and suppose that v > 0 satisfies
gAmax(X’X) <1 (20)
Then for all z € R™, T1,(-|2) is a well-defined probability measure on A x R, and
dy (I, (-|2), T1(-|2)) < v/7d +2 (1 - 6_9“’(2’)> :
where 0(z) satisfies

] . (1)

Proof. See Section [7.3 O

2 3 , |22
2> d+ S Amax(X'X) [d(3+10gz(¢))+ 2
p 20

The bound in provides some guidelines for choosing ~, as it suggests that one
can choose v as
(1 o’
= - | s € (0,1/4]. 22
y=min (5 M%) we 0.1/ (22)
As we show in the simulations setting o € (0.1, 1/4] works well. We cautious against
setting ~g overly small, since in that case the mixing time of the MCMC sampler

proposed below to sample from l:[7 increases.

5.1. Dealing with the hyper-parameter ¢. We use a fully Bayesian approach for
selecting the hyper-parameter ¢ = (q, A1, A2). We assume independent priors such
that q ~ Beta(1,d") for some constant u > 1, A\ ~ U(a, M), and Ay ~ U(a, M) for
some small positive constant a (we use a = 107" in the simulations), and for a large
positive constant M such that (1 — a)M < Apax(X'X).

5.2. Markov Chain Monte Carlo. We propose a Metropolized-Gibbs strategy in
order to draw samples from IZIV.
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5.2.1. Updating 6. Given 0 and ¢, it is easy to see that h.(6]0) depends on §; only
through the expression

§; [(VE(9));d; + log Z(¢) + ) 2y

ai|d;j| +0.5(1 — o) Apd? . d? — 20jdj]

where d; is the j-th component of s, (0 — YV{(0); \1/0?, \2/0?). Hence, we update
jointly and independently the §; by setting §; = 1 with probability e”/(1+¢"), where

1
r=log 7 LR 5 log(2m7)

(VL(0));d; + log Z(¢p) +

o? 27y

aXild;] +0.5(1 — o) Apd? . 2 — 29jdj]

5.2.2. Updating 0. Given ¢ and ¢, we update the components of 6 using a mix of an in-
dependence Metropolis sampler, and a gradient-based Metropolis-Hastings algorithm.
The function 6 — h.(0|9) is differentiable and its gradient is given by

Vil (616) = = (1a =79 O1(6)) (6= 1,(016.).

To avoid dealing with second order derivatives, and since v is typically small, we
approximate Iy — yV(?¢(#) by I;. This implies that we can approximate Voh(0)9)
by

def 1

Go(016) < = (0= J,(019)), and G, (019) o : (G (00), (23)

c Vv [[G4(0]9)
for a positive constant c. The function G, is introduced for further stability, in the
spirit of the truncated Metropolis adjusted Langevin algorithm (see e.g. |Atchadé
(2006)). Hence, given § and ¢, and given the non-selected components of § we update
each selected components of § (one component at the time) using a gradient-based
Metropolis-Hastings algorithm where the drift function is given by the corresponding
components of G. As in |[Atchadé (2006) we adaptively tune the variance of the
proposal distribution (we use the same value for all components) to automatically
yield a 60% acceptance probability. This update is similar to the proximal MalLa of
Pereyral (2013)).

However, when §; = 0, the corresponding component of G,(6|6) is #;/y and is
typically very large and not very informative (particularly for 4 small). To deal
with this, we use the following strategy. We update the components 6; for which
d; = 1 — one component at the time — using the gradient-based algorithm outlined
above. Then, we group together all the components for which J; = 0 and we update
them jointly using an independence Metropolis sampler. The proposal density of the
Independence Metropolis sampler is built by approximating J,(0|0) by Prox, (6 —
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yVL(0-6)|0) in h,. This approximation comes from the fact that for v ~ 0, J,(6]6) =
Prox, (6 —yV£(0)|0) ~ Prox, (0 —yV£(6 - 6)|5). The resulting proposal density is the
density of the Gaussian distribution

.,
N (52X X [Prox, (0 = V(0-)[8) 6 -0] 7%) .

-1
where X dzef (I”éc” - %X(I;CX(SC) R

where §¢ % 1 8, and for any § € A, X5 € R™ 9l denotes the sub-matrix of X

obtained by selecting the columns for which ¢; = 1. Notice that under the assumption
2

VS Do (0K

sampler to be extremely efficient, with an acceptance probability typically above 90%.

the matrix ¥ is always positive definite. We found this independence

5.2.3. Updating ¢ = (g, \1,A2). We update q ~ Beta(||d]|1 + 1,d + d* — ||J]|1), and
we update (A1, A2) jointly using a Random Walk Metropolis algorithm with Gaussian
proposal. For improved mixing, we adaptively tune the scale parameter of the pro-
posal density to give an acceptance probability of 30% (for more details on adaptive
MCMC, see for instance |Atchadé et al|(2011) and the reference therein).

5.3. Simulation results and comparison with STMaLa. We illustrate the method
with a simulated data example. All the computations in this example were done using
Matlab 7.14 on a 2.8 GHz Quad-Core Mac Pro with 24 GB of 1066 DDR3 Ram.

We set n = 200, p = 500 and we generate the design matrix X by simulating the
rows of X independently from a Gaussian distribution with correlation pl/ ~il between
components ¢ and j. We set p = 0.9. Using X, we general the outcome z = X0, + oe,
with ¢ = 1 that we assume known. We build 6, by randomly selecting 10 components
that we fill with draws from the uniform distribution €U(v/2,3v/2), where ¢ = +1
with probability 1/2, all other components being set to zero. We consider two cases
for v: v =1 (SCENARIO 1), and v = /log(d)/n =~ 0.18 (SCENARIO 2).

We set v = 7002/ Amax(X'X) as prescribed by with two choices of vp: 79 = 0.25,
and 9 = 0.01.

We compare these two samplers to the STMalLa sampler of [Schreck et al. (2013]).
In our notations, the target posterior distribution of STMalLa is

1 d 02 —a—%
T§ €XP (‘MHZ - XGH%) H (1 + 2aJK> ps(do),

j=1

for positive hyper-parameters a, K, where w5 = q||5H0(1 — q)d*”‘SIIO The comparison
is slightly tricky because STMal.a uses a different prior, namely a scale-mixture of
Gaussian as slab density. However, we expect both posterior distribution on (4, 6) to
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be close, and we expect the true value (dy,0,) to be close to the center of both dis-
tributions. For the STMalLa, we use the Matlab code provided online by the authors,
with the default setting. Unlike our approach, this sampler requires the true value
of the sparsity parameter q, which we provide. We also edit their code to return the
summary statistics presented below.

We evaluate the mixing of these samplers by computing the following two metrics
along the MCMC iterations: the relative error and the F-score (to evaluate structure
recovery ), defined respectively as

clk) _ 16%) — 6,
28—

#) _ 2 x SEN®PREC(k)

and F == )
SEN®) + PREC()

where

d
2j=1 1150950y 118..51>0)

d
ijl 1{|5§,k>|>o}1{|5*,j|>0}

SEN®) — , PREC(k) =

d d
S5t Lo, ,1>0) 25=1 1150950y

In stationarity we expect values of £#) (resp. F(*)) to be close to zero (resp. one).
In the absence of a better metric, we will graphically access the mixing time of the
samplers by looking at how quickly the sequence &*) (resp. F (k)) converges towards
zero (resp. one). In order to account for the computing time, and for better compar-
ison, we plot these metrics, not as function of the iterations k, but as function of the
computing time needed to reach iteration k. For further stability in the comparison,
we repeat all the samplers 30 times and average the two metrics and the computing
times over these 30 replications.

All the chains are initialized by setting all components of (%) (and 6(°) to zero.
We run the samplers for a number of iterations that depends on 6. In SCENARIO
1, we run the newly proposed sampler for 10,000, and we run STMalLa for 120, 000
iterations. In SCENARIO 2, we run our proposed sampler for 40,000, and we run
STMaLa for 250,000 iterations.

Figure 2| and [3| present the results. First, we observe that that 79 = 0.25 mixes
significantly better than vy = 0.01. We notice also that ﬁw approximates (6, dx)
only slightly better when ~y = 0.01 compared to vy = 0.25. Overall, we found that
v € (0.1,0.25) produces a very good approximation.

We also look at the usual sample path mixing of the proposed sampler by plotting
the trace plot, histogram, and the autocorrelation plot from a single run of the sampler
(Figure ). Here, we consider only SCENARIO 1, and we modify the true parameter 6,
to have one significant but small component. All other parameters are as above. We
look at the MCMC output {Gj(k), k > 0}, for one component j for which ¢; = 0, for
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FIGURE 2. Relative error and structure recovery as function of time
in SCENARIO 1. Based on 30 MCMC replications. The curves are
sub-sampled to improve the readability of the figure.
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FI1GURE 3. Relative error and structure recovery as function of time
in SCENARIO 2. Based on 30 MCMC replications. The curves are
sub-sampled to improve the readability of the figure.

the weakly significant component, and for one significantly large component. From
this sample path perspective, the plots suggest that the proposed MCMC sampler
has a good mixing, except in the second case where the marginal distribution of the
parameter is a bi-modal distribution and the sampler needs to switch between the

two modes.
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FI1GURE 4. Trace plot, histogram, and autocorrelation plot, from one
MCMC run, using 79 = 0.25. Top row: a strongly significant compo-
nent j; middle row: non-significant component; bottom row: a weakly

significant component.

5.4. Empirical Bayes implementation and further experimentation. A lim-
itation of the methodology is that ¢? is assumed known, which is rarely the case
in practice. We explore by simulation an empirical Bayes solution whereby o2 is
estimated from data. Following Reid et al.| (2013) we estimate o2 by

2 I 52
Op = . Z (yz - xzﬂ/\n) )
where BA,\ is the lasso estimate at regularization level A\, and A, is selected by 10-
fold cross-validation, and where §), is the number of non-zeros components of B,\n.
In the cross-validation, we choose A, as the value of A that minimizes the MSE.
This leads to the empirical Bayes Moreau envelop posterior approximation that we
denote TL,(-|z,42). We do a simulation study using a semi-real dataset to compare
the distributions I1,(-|z,62) and IL,(:|z) (with the true value of o2 set to one). We
use the colon dataset (Buhlmann and Mandozzi (2014)) downloaded from

http://stat.ethz.ch/"dettling/bagboost.html. The data gives microarray gene

expression levels for 2,000 genes for n = 62 patients in a colon cancer study. We
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randomly select a subset of p = 1,000 variables to form a design matrix X € R62x1,000,
Following Buhlmann and Mandozzi| (2014)), we normalize each column of X to have
mean zero and variance unity. We simulate a sparse signal vector 6, € RP with
s = 5 non-zeros components, and where the non-zeros components are drawn from
U(—v—1,—v)U(v,v+1). We consider two scenarios: v=1 and v = 3. Using X and
0, we generate z = X0, + oe, with 0 = 1, and € ~ N(0, I,,).

We set v as in with 79 = 0.25. We evaluate the samplers along the same
metrics £ and F. We average the results over 30 replicationsﬂ of the samplers, where
each sampler is run for 50,000 iterations. The result is presented on Table We
notice that the recoery of 6, is poor in both cases when v = 1. When the signal
is strong (v = 3), the empirical Bayes posterior distribution performs well, but as
expected, under-performs the posterior distribution with known variance.

Weak signal (v=1) Strong signal (v = 3)

EB True o EB True o
Relative error (in %) 97.3 91.7 124 9.4
F-score ( in %) 14.5 25.1 79.6 88.5

TABLE 1. Table showing the posterior estimates (N — B)™! ZQ;B_H gk,
and (N — B)~! ZQLBH F®) - averaged over 30 MCMC replications, each
MCMC run is 5 x 10 iterations.

6. FURTHER DISCUSSION

We have proposed a forward-backward approximation for spike-and-slab posterior
distributions. The methodology can be applied more broadly to statistical models
with smooth and concave log-likelihood functions, and for several classes of slab den-
sities. Several theoretical issues remain. One interesting problem that we did not
directly address concerns the mixing properties of the proposed MCMC algorithms,
and the trade-off inherent to the methodology between good approximation proper-
ties of ﬂw and good mixing of gradient-based MCMC simulation from ﬁv- Another
potentially interesting direction of research is the idea of treating ﬁv itself as a quasi-
posterior distribution, and investigating directly its posterior contraction properties.

7. PROOF OF THE MAIN RESULTS

For convenience, we introduce the product space © A x R? that we implicitly
o . 7 7\ def = .
equip with the metric dg(61,02) = /][01 — 0212 + [|61 — 6212, 6; = (6;,0;), j = 1,2.

2here only X and 6, are kept fixed. For each replication, the dataset z is re-simulated, and o2 is

re-estimated.
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7.1. Proof of Proposition (1} For all z € R% and v € (0,7¢], e ") < e M@ <
e~ 0@ Hence Z < Z, < Zy, < oo. Since p is the Lebesgue measure on Rd, we shall
write it as dz. For any bounded measurable function f: R? — R, we have

_ 1 o) (e~ @ _ o=h@) g
-1l < 5| [ s )d
(Zy—2)

Zy

My 4) —h(z)
. [ @l
2Hf||00 —h(z) —h(x)
727 /Rd (e T—e ) dx

Z
= 2 flle (1= =) .
I1£1l ( Zw)

The fact that Z, — Z asy | 0, follows from Lebesgue’s monotone convergence applied
hy

IN

to e Mo — e~

7.2. Proof of Theorem We work on the product space © = A x R? introduced
above. Throughout the proof, we assume that z is fixed, and at times we write II(-|z)
simply as IT. Same for IT,(+|z) and IL,(-|2).

We prove the theorem in two steps. First in Lemma [0 we bound the Wasserstein
distance between the distributions 1:[7 and II by showing that for all v > 0,

do(TL,, 1) < /7d. (25)

Then in Lemma we bound the total variation distance between fI7 and ﬁ7 by
showing that for all v € (0, o],

dy (TL,, T1,) < 2 (1 -~ e—gv('z)) . (26)

It is clear from their definitions that both the Wasserstein metric and the total vari-
ation metric are upper bounds for the metrix 3, and the Theorem [7] follows by com-
bining and . The proof of Lemma [11] relies on a comparison result between
the functions i and h, established in Lemma [10| that is also of independent interest.

Lemma 9. Let ﬂv be the probability measure defined in . For all v > 0,

V2V (1= i) < dutin, i < v o)

Proof. For all 6 € A, and v > 0, by integrating out the non-selected components we

have
d—|8]l1

1 2 _ 19—
(m) /Rde 10051 ~n0519) g = /R e O 15(d6).
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This implies that the distributions TI(-|2) and TI,(-|2) have the same normalizing
constant given by

def _
C =) mC(s), where C(5)= /R K h019) 15(d6). (28)

Using this notation, we can write

11(6,d6|z) = ”5g<5)ﬂ(d9\5,z), where T1(d6|5, z) & Céé)e_h(“)u(g(de),
and and
it,(6,012) = 1, (. 2),
d—|8lly

2

- o 1 1 e
where T, (d9]0, z) f e <2M> 0=, g,

We build the following coupling of II and f[ First we generate n € A from the

distribution ¢ — ﬂ‘sgw) and we generate 9| ~ I1(df|n, z). Hence clearly, (n, ) ~ IL

Given (n,ﬁ‘), we generate U as follows. If n; = 1, we set 1§j = 1§j. Otherwise we
generate independently Z; ~ N(0,1), and set 1§j = /7Z;. It is also easy to check
that (n,9) ~ IL,.

For any Lipschitz function on © with Lipschitz constant less of equal to 1, we have

[ 16600 @s.00) - [ 566, 0p115.00)| = [E [100.9) - s3]

<E (19— 91] < Va1 - gBdlnlo) < v,

and this proves the upper bound. For the lower bound, consider the function fy(d,6) =
ﬁ Z;l:l |6;|. It is Lipschitz with Lipschitz constant 1. Hence

(e, 1) [& [1on. ) - fotn. ]| =22 [ 3 12

J: 77]—

SNENCT (1= 3Edal)).

and the result is proved. O
Lemma 10. Assume and fix § € A. For all § € RY,
1 1

h(05]0) + 5”0 —05]1° = hy(66) > h(65]0) + 5”9 — 051> =, (6,8),  (29)

with
2 (6,0) ' (VE(0) = VE(05),0 = 05)) + 25 VE(0) +5- 9 (6310) |,



ON THE FORWARD-BACKWARD APPROXIMATION OF POSTERIOR DISTRIBUTIONS 23

and where g(05]0) denotes a sub-gradient of P(:|0) at b5. It follows in particular that
for all € R, h.(6]8) 1 h(0]5), as v | 0.

Proof. From the definition we have

1
ho(06) = min |£(0) + (VL(),u — 0) + P(uld) + — |lu — 0]*
uERd 2y

1
< 000)+ (VH0).05— 0) + P(3s13) + 510 — b4
By convexity of ¢, £(8) + (V{(8),05 — 0) < £(6s), which proves the first inequality in

(29). To prove the second inequality, we start by using again the convexity of ¢ to
write for all § € R,

0(0) = £(05) + (VL(65),6 — 05) -
Hence for all § € R?, adding (V£(6), J,(0]6) — 6) on both sides and rearranging, we
get

U0) + (VU(0), J,(810) — ) = £(05) + (VL(05) — VE(0),0 — )
+(VE(), J,(015) — 05), (30)

where we recall that J,(0|9) = Prox, (0 —yV{(6)]6). By P(-]6) is convex, and if
g(05]9) denotes a sub-gradient of P(-|d) at 65, we have

P(J5(016)[6) = P(6516) + (g (056) , J5(0]6) — b5) - (31)
— together with the expression of h, from the main paper imply that
B (616) = h(8515) — (VE(8) — VE(85),6 — 0y)
1
+(VLU(O) + g (05]5) , J(6]0) — b5) + 5\\9 — J5(019)]%.

Since J,(0]6) € RY, we can split |6 — J,(6]8)||? as |6 — Os]|* + [|05 — J(0]5)]|2. We use
this in the last inequality to conclude that

m(018) = h0515) + 516 — 05| = (VE(O) ~ Ve(65).0 — 63

+(T00) + g (051) , Ty (016) — b5) + ;rww) o)

Y

(0516 + 510 — 05| = (V£(6) = V(85).0 — 0

— 2118 VE©) +3- g(6519) |1,

as claimed. In the last inequality, the 0 appearing in front of V£(0) + ¢(0|0) comes
from the fact that .J,(0|6) — 05 € RE.
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It is obvious from its definition that h.(0|d) is non-decreasing as v | 0. If § ¢ R,
then ||§ — 6 - 6|| > 0, and then both extreme sides of converges to +oo = h(6]9)
as v 1 0. If 0 € RY, then ||§ — 0 - 6|| = 0 and both extreme sides of converges to
h(6 -5|6) = h(6]6) as v | 0. O

Lemma 11. Assume . Suppose that there exists 79 > 0 such that 11, (-|z) is
well-defined. Then for all v € (0,70], IL,(+|2) is well-defined and

(1T, T1,) <2 (1= 70, (32)
where g,(2) is as defined in (16]).

Proof. For all v > 0, we define

1510

C,(0) dof /]Rd e M 0946, and C, = Zm(Qﬂ’y)TC,Y((S).
1

The term C, is the normalizing constant of 1:[7. The function h. is nondecreasing as
v 1 0. Hence, if C,, < oo, then C < oo for all v € (0,7], which guarantees that IZLY
is well-defined for all v € (0,7p]. For the remaining of the proof, we fix v € (0,7o].
To derive the total variation majoration, we start with a bound on C,. Using the
second inequality of , we write

d—ll5llo

1 2
2my) Y20, = 5 () /eh7(0|6)d6?
e ie, = Su(yn)
1 d*HjHo
<3 r(8,0) ,— 35 11005117 ,~h(0516) 39
< T (27T’Y) /Rde7 e 2v e dé

where
72(6,0) = (VA(8) = Vi(03),0 = 05)) + 2113 - VE(0) +6 - g (0510) ||

We recall from the proof of Lemma |§| that the normalizing constant of I:I7 is given by

=151y

_ 1 2 — 5= [16—6511% —h(0515) 19 _ —h(619)
C—Zﬂ'(s <27T’Y> /Rde 2y e MY dG_ZTr(; Rde ps(d).
dEA dEA
In view of the last inequality, and the definitions of 1:[7, C, and o,, we get
—d/2
(2”7)0/07 < (), (33)

The total variation bound between IL,(8,d0|z) and II,(d,df|z) now follows from a
comparison of the two measures. Indeed, Using the first inequality of , and for
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v € (0,7], we deduce that

_ lIsllo
I1,(5,d6]z) = Cim; <27r17) e gg
v
Loy
— 551600511 ,—h(05]6)
> — - 2
> Cwﬁ6<27r’7> e 2 e do
C ~

= ——11,(6,d0]z)

(2my) 2 Cy
> e @I (6,d0)2), (34)

using . By a standard coupling argument (see e.g. |[Lindvall (1992) Equation 5.1),
the minorization implies . O

7.3. Proof of Corollary |8, The function ¢ is clearly convex and V{(0) = —U%X "(z—
X6). Hence HI|(1) holds. The elastic-net density in is log-concave and contin-
uous, which implies that P(:|d) is convex and lower semi-continuous for any given

§. Furthermore, For § € R, sign(f) is a subgradient of x ~— ||z||; at §. Hence
g(019) o O;—’\leign(e) + =924 45 5 subgradient of P(:|6) at 6 € R¢. Hence H1|holds,

g
and the conclusion of Theorem [7] applies. From its definition, we have

d—[3llg
1\ z —L10—05]12 —
S sen s (ﬁ) Jrea o7(8.0) o35 19=95117 ,—h(0519) 49
oy(2) —
€ =13l 19—t
1 2 —35 10=6511% —n(655
Ssea (25) Jra € e—h(0519) 49

From the expression of V/, we have

[VL(02) — VE(0h)|| < L1]|0 — 02 (35)

with L def Amax(X'X) /0. Furthermore, for all § € A and 6 € R¢,

1
16 - VLO)|? = = (2 — X0) X5X}(z — X0) < 2L15 52 - X0||> =2L.14(0). (36)

1
0—4
From the expression of g(-|d), we have
2
2 Oé)\l 2(1 — Oé))\z /\1 )\2 2
lo@oF < (%3] 1o+ 2555222 a2 16l + (1 - a3 2 60
< ¢(8) +2L1P(0)5), 6 € RY (37)

2
where ¢(0) o (%) 10]]0, and using the assumption (1 — a)A2 < Amax(X'X). Using

(B5R37)), we have

3 3
1 (5,0) < Ly (1 n ;L1> 16 — 8512 + 3vL1£(65) + gc(a) 4 3yL P(65)5).  (38)
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We set h., defy 2vL4 (1 + 3%Ll), and a & 3L;. Then 1} gives

/ o75(60) o= 35 10-6511” h(0510) g < ¢ 5e(0)
Rd
X/ o 32 10-05112 ,—(1—ya)£(05)~ (1—va) P(651) . (39)
Rd

Notice that the integral on the right-side of can be factorized as the product
of two integrals, with one integral taken over the components for which é; = 0, and
the other taken over the components for which §; = 1. We introduce some notation
to do this rigorously. Fix § € A, and s = ||0]|g. For a given function f: R% — R, we
define fI¥l : R® — R as fBl(u) = f(u®), where u® € RY, and u¢ = 0 if §; = 0, and
Ul = Uy 5 it 9; = 1. With this notation, and for 4yL; <1 (which implies that

J k=1

hy > 0), the integral on the right-hand side of is equal to

d—s

(2”7) 2 / ¢~ (1= (W)= (1=70) P (ul8) g,
h'y S

A similar calculation on the denominator of e2v(*) gives
/ e*%\\9*95\\26—h(95|5)d9 = (27;7)% / o~ (W)= Pll(ul8) g,
R s

We conclude that

d—s
T [ e -1 P g

S sen moe 20 (%)

S sen s J €T~ PEII) dy !

697(2) <

(40)

For 4yL; < 1, and using the inequality log(1 — 2z — 322) > —6z, valid for all
x € [0,1/4], we have

1\ = d—
() " =ew |- Fos (- m sy seb
Y

Fix ug € R?, arbitrary. Since v > 0 is taken such that 4vL; < 1, we see that
~va = 3vL; < 3/4. Then by the convexity of 718 we have

(1~ 70} () = ~at o) + (1 ~ 70} (w) + 100 (o)
> —’yaﬁ[s}(uo) + ls] (vaup + (1 — ya)u) .
Similarly, by the convexity of PIl(-|§),

(1 — va) PEl(u]6) > —vaP™ (uo|6) + P¥! (yaug + (1 — va)ulé) .
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Using these last two inequalities, and the change of variable (1 — va)u + vyauy = w,
we conclude that

/ o~ (1= (1) —(1=7a) PI (u]3) g,

< a0 o)+ PEI(uol9)) (1 _ gy / o))~ Pl (u]) g,

Setting R(z) def maxgea infyeps [6[5} (u) + P (u[0)], and using the inequality log(1 —
3x) > —6x, x € [0,1/4] we obtain,

/ o~ (1901) () ~(1=902) P() g, < (19R(=) (6L / o~ 1) ()= PO) (uld) g,

s

It follows from this last inequality, and that

3y
0y(2) < 5 1%1632(0(6) +3vL1 (3d + R(2))

Ell&

3y (a2 37
< <a2) d+ ﬁxmax(X’X) [d(3+IOgZ(¢)) T o057 |

2

as claimed.
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