WEB-BASED SUPPORTING MATERIALS FOR ”A FAST
ASYNCHRONOUS MCMC SAMPLER FOR SPARSE BAYESIAN
INFERENCE”, BY YVES ATCHADE AND LIWEI WANG

APPENDIX A. PROOF OF THEOREM [I]

Throughout Cy denotes a generic constant whose value may change from one ap-
pearance to the next. We shall write II(-) and TI(-) instead of TI(-|D) and II(-|D)
respectively. For any two Markov kernels P; and P, and for any integer k > 1, it is

easily checked that
k

Pf=Pf+Y P (P - PP (1)
j=1
Using this identity, for any bounded measurable function f : A x RP — R, writing
f = f —TI(f), we have for any k > 0,

k

(f) = 1) = T(f) = (KR f) = IR F) + 311 () = R)RIF)

j=1
k—1

(K - K) ( KJ f)
j=0

=I(K*f)+11

Define
k .
j=0

It follows from that for all (6,0) € A x RP,

Collfl!oo 1/2
— 5 V0.0 (3)

k—
195(5,0)| < Col| flloV'/?(5,6) Z
j=0
Recall that
-1
. _ p
K((5,0);(d0',d6")) = K5(0,d0') > (J) Qo 4(5,dd"),

3=

where

K5(0,d0") < py([0 5) [T N, ppt)(a8)).
j:0;=0
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K has the same expression, but with Q replaced by Q. Therefore, using the fact that
K has invariant distribution II(-|d), we have

I ((K - f()gk)
J:%, (f;)_l/mw 1H{de, de) { ] @06.08)9:5.0) = | Gus(6.08)(5" e)}

Without any loss generality we shall assume now that ||f||cc = 1. Using the last
display and , we get that

() = 1) < Codt

~1

b ) /
+J:|JZ:J<J> /AXRP (do, d6) ‘/ Q9J5d5)9k5 /Q9J5d5)gk(5 9)‘

(4)

We split the integral [ Axpre OVer B and over B¢. For the part over B, we use the
Cauchy-Schwarz inequality, and to write

/ 11(d5,0) /A Qo.s(6,d5")gu (&, 9)’

H(BCW?\/ [ 1@s.a0)jg.0)2 < 1) 2LV D)2

Similarly,

/ T1(d5,0) /A Qo.5(6,d8)gu (8, 9)’

6 105.0) Qoo < e snvipy

using . Finally, since g, is bounded on B by Cy/(1 — )), we have

/B T1(ds, do) ' / Qo.3(5, d6")gu (5,0 / Qo.3(6,d8") g1 (&', 9)\

< 1%’5\ /BH(d(S, do) HQG,J(57') —Qo.4(5,)

tv

It follows that

107) ~ )| < ot o+ VD 4 0 1108,00) [ Qna(6) — Gats ),

1— A 1—X\
The result then follows by taking k& — oo. 0
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APPENDIX B. PROOF OF PROPOSITION [2

Throughout Cjy denotes a generic constant. The Markov kernel of Algorithm [2]is

-1
R(6.0) (05',00) = Kst0.00) Y (1) Goato.a0),

3 J|=J

where

K5(6,d0') < Py([65,dl6'5) ] N(0. pg ") ().

j:0;=0

Recall that V(4,0) = >_;6,;V;(0;). Given a selection J = {j1,...,js} € {1,...,p},

and j; € J, we have

/A Q~97ji (57 d(;/)V((S,, 9) = V(579)_‘_%1%1(931)_5]2‘/31(9]1) < V(57 0)"’(1_535)‘/]'1 (eji)’

where ¢; = ¢;(v,0). It follows that

J
/A Qo.0(5.d0 )V (5,0) < V(6,6) + D V5 (6;,) L5, ~0y- (5)
i=1
Note that in deriving we did not use any specific information about the probability
¢;- In particular the kernel Qg j also satisfies . Using we have

Ks(0,d0") / Qo 3(5,d8"\V (5,6
RP A

J

= /]Rléo Fs([Bls, du)Vs(w) + Z/ Vji (2)N(0, pg ') (da)

i=1 "R

< )\5V(5, 9) + bs + CoJ,

where the first inequality uses the fact that under K5, when ¢; = 0 we update 60; by
drawing from N(0, p, 1). With A = maxgs A5, we conclude that

/ R((5,0); (40", A0V (&, 0') < \V(6,0) + Co. (6)
AxXRP

Furthermore, K is phi-irreducible and aperiodic by assumption, and the level sets
{(8,6) : V(8,0) < b} are petite sets for K. Therefore, by Lemma 15.2.8, and Theorem
15.0.1 of Meyn and Tweedie, (2009) K admits a unique invariant distribution II, and

10)) holds.
]



4 ASYNCHRONOUS MCMC SAMPLING FOR SPARSE BAYESIAN INFERENCE

APPENDIX C. PROOF OF COROLLARY [
Throughout the subset J is fixed. Given 8 € RP, and 1 < j < p, we recall that
Qo(5.0") = 4;(8,0) (1 = ;(5,0)' 5 [ [ Lpsimarys 6.6 € A,
i#]
and we define ngj as
Qo,;(6,8) o 3 (9,0)% (1 — G;(9,0)) H1{5 —5}s 0,0" €A,
i#j

where 9 = 9(J, ) is as defined in @ in the main document, and depends on §. As
Bernoulli updates, it is easy to see that total variational distance between Qg ;(9,-)

and Qg ;(6,-) is
1Q0,3(8,-) = Qa(6,*)lev = lgj — ;| < min (min(q;,q;),1 — max(q;,q;)), (7)

where ¢; (resp. ¢;) is a short for ¢;(6,0) (resp. ¢;(¢,0)). An analogous application of
then gives

HQ&,J(& —Qo.(0 = Z/ (Qojy X -+ x Qo) (6,d8") |q;(6",0) — G;(0,0)],

where for £ = 0 the product Qg ;, ., def Qp,j; X -+ X Qg j, is the identity kernel. Note
that if (6,6) ~ II(:|D), and ¢'|0 ~ Qg j,., (0, ), then (¢, 6) ~ II(-|D). This implies that

/ 11(ds, d6) / Qo0 (6,48") |4;(5',0) — (9, 6)| < TI(BY|D)
B A

+/H(d5, d9)/ Q0.5 (6,dd") |qj(6’,9) —q;(v, 9)‘ 1g(d,0).
B A

It then follows that

|@ou(6.) = Qusto.), < 1(BID)

+J max Sup / Q6,51 (6,40") (&', 0) — (0, 0)| 18(8",6).  (8)

Define ¢ % (Y — X0,)/o. Using the sub-Gaussianity of the regression error term
in (2), and by a union bound argument, we can choose ¢ > 0 depending solely on
the absolute constant ¢; in H2}(2), such that

P, ( max [(X;,6)| > \/enlogp) ) < - ()
( )

1<5<p p
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Take (6,6) € B, and (¢',0) € B, and suppose that € satisfies maxi<j<, [(Xj,€)| <

enlog(p). We show below that

— nfs— S nlo 1 —(u—
|4;(8",0) — 4;(9,0)] < max (e O (nf - (1s2) lg(”)),\/ﬁe (u C<1+8*>>1°g@>>. (10)

The corollary then follows by combining and . It remains to show . We
consider separately the cases 6, ; = 1 and d,; = 0.
First, we suppose that d,; = 1.  We note that for all (9, 6),

1
1+ exp (a +5(p1 = p0)03 + L(0500)) — 5(950,1)))

1
> >1-— +0(056.0)) — £(05.1))) -
2 T oxp (a + W) — (o)) =~ P (@t lsun) = 00m))

q; (57 9) =

Using in the main document, we have

9j 0in
L(0s56.0)) — L0s56.0)) = ——5 (X, Y — X0s56.0) + 52
0; 0, 9*1” RS (.0) 0in
= (Xj,€) — + 3 1;:1 =0 0ur) (Xi, X5) + 552" (11)

For (0,0) € B, and under we have

0,0m  Oin
UB500) = Ubs00) < =% + 254 € (Vnlog(p) + 611016 = ]l e/ 108(p))

and
92 nb?

I /)
—0;0.5n + 2 5 +C (log(p) + nlog(p)) .

Combining the last two inequalities yields,

2

nb* .
L(O56.0)) — L(Bs56.)) < —T*J +C (W + 810%(P)> ,

for some constant C;. We conclude that for n > s%log(p),

q](é, 9) Z 1 o eafcl <TLQ3* nlog(p))

)

for some constant C. Similarly, for (4,60) € B, and ¥ as in of the main document

gj(9,0) > 1 —exp <a - % (X;,Y —X019>> )
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As in (1),

0; 0; 0:0,.n
— 5 (X5, Y = Xby) = == (Xj,6) = =3

9. L .
+ ?Jz S (Wbr — 8990, .) (Xi, X;)

2
(o3
k=1

né?zj
< - +C ( nlog(p) + (s — s,) log(p) + s« nlog(p))
nQEj
— 5 T C(1+5)v/nlog(p)
We conclude that

G;(0,6) > 1— (a=C(ng2~(145.)y/log(v))

)

and since e = \/np" /o, we get

10:(6,8) — 450, 0)] < YT O (n2=(rs)/mlox(e))

g

)

for some constant C'.
Suppose now that é,; = 0. The we use

pob?
q;(6,0) <exp | —a+ . (L(056.00) — £(056.0))) | -

Starting from , we obtain
U(056.0)) — L(B56.1)) < Clog(p).

It follows that

ogeC log(p)
qj(6,0) < —=——
J( ) \/ﬁp“
Similarly,
202 2
- pot;  nb; g,
;(9,0) < exp (—a + % + o5+ o5 (XY - X919>> :
and
0.
(7]2 (X;,Y — X0y)| < C(1+ s,)log(p),

which leads to
1

<7
— /np¥

1g;(8,0) — G;(0,0)| oC1+s.) log(p)

Combining the two cases proves .
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APPENDIX D. PROOF OF THEOREM [

We recall that P and E denote the probability measure and expectation operator
of the Markov chains defined by Algorithms (1| and [2 (more specifically their coupling
distribution as constructed below), and P, and E, denote the probability measure
and expectation operator of the data Y as assumed in

Throughout we will use C' to denote a generic constant that depends only on the
constants appearing in (02, ]|04]|00, co, c1 and c2). The actual value of C' may vary
from one appearance to the next.

We use a similar argument as in De Sa et al| (2016). Let {6(), & > 0} denote
the d-marginal chain of Algorithm [2, and let {6(*), k& > 0} be the d-marginal chain
of Algorithm These processes are also Markov chains because in both cases we
have taken Ps = ]55 to be an exact draw from the posterior conditional distribution
of 0 given §. We construct a coupling of {5(k), k > 0} and the stationary version of
{6®) k> 0} as follows. First take (9 as the null model, and draw 69 ~ TI(:|D),
the marginal distribution of ¢ in . For each k > 0, given (6(k),5(k)), we do the
following.

(1) Given 6% §*) we independently draw %) ~ TI(-|6), D), %) ~ T1(-[§*), D),
and we select a random subset J(*) = {Jgk), - ,Jsk)} of size J from {1,...,p}.
(2) We define ¥ € A as 9; = 0if i € J®) and 0; = 5§k) otherwise. We also define
90 = 55 and 9O = §*). For each r € {1,...,J}, given Jﬁk) = j, we then
do the following.

(a) We draw (d,ﬁ’“),dﬁ’“)) from the maximal coupling of Ber(g;(¥,0*))) and
Ber(qj(ﬁ("*l), 9(k))), where g; and ¢; are given by (4] and (6]) respectively.
(b) Weset 0\ = di"), 0\ = d™ and 0\ = iV, ) = 97, for i # j.

(3) Set 61D = 9()) and ¢+ = H(/),

By construction, the marginal chain {§() k& > 0} (resp. {6®) k > 0}) from the
above construction is the asynchronous sampler from Algorithm [2| (resp. a stationary
version of Algorithm . By the coupling inequality

E. | max_[P(8\") =1) —II(6; = m))@ <E, [.Iglaxl P(s'") # 5](.’“))} . (12)

J: 0uj=1 G 0uj=

Hence the main part of the proof consists in bounding the right-hand side of the
last display. We do this in paragraph (e). Paragraphs (a)-(d) collect some needed
implications of

(a) Restricted eigenvalues. Given s > 0, Let § € A be such that 0 < ||d]p < s,

and let u € RI%lo. Using | (X;, X;)| < /conlog(p) from (1), and || X2 = V/n,
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we have

o/ (X5 Xs)u = nlully — VVeonTog(p) Y- luius| > (n— sv/conlog(p) ) ull:

i#]

We conclude that if the sample size satisfies n > 4cgs? log(p), then

Amnggn)zg,mnmaeA,&t.0<nw0§& (13)
where Apin(A) denotes the smallest eigenvalue of A.
(b) Implications of the sub-Gaussian regression errors. For d € A, we
define

1
Ls def I, + fZX(sX(/;.
g

We convene that Ls = I,,, for § = 0. Clearly, ||L;'|2 < 1. Given s > 0 (here we allow
s to be 0), and for some constant ¢ > 0, we set

def -1 -1
= R™ : L X y— X0, < 1 1 .
e {veR: e o7 (05— X00) < VT I
Using the sub-Gaussianity of the regression error term in (2), and by a union

bound argument, we can choose ¢ > 0 depending solely on the absolute constant c;
in H2}(2), such that for all s > 0,

s 1
p c(l+s)nlog(p)\ _ cip®™' _ 1
]P)* (Y ¢ 55) S pjz;) (]) C1 €xXp <_ m S pc(12+s) S 5

;o (14)

where we use the fact that ijo (?) < 2p®. Throughout the proof, whenever we use
the event &, the constant c is always taken as above.

(c) Sparse MCMC output. It will be important in the proof to guarantee that the
Markov chain {6®), k > 1} remains in the set A, e {6 € A: ||0]lo < s} for some
small value of s. The following result may be improved, but will serve the purpose.
Let

519 s, + 21og(p).

We show in Lemma 1| that under the sample size condition , and u taken large
enough as in , it holds

(k)
Ley (V) max B (500 > 1) < . (15)

D=
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(d) Posterior contraction. Weshow below that the posterior distribution II(-|D)
puts most probability mass on sparse super-sets of d,. More precisely, by Lemma [3]
we can find constants C7,Cy that depends only on the constants appearing in
(02, |0xls0, co,c1 and o) such that for n, p such that n > C1(1 + s3) log(p), it holds

2
E. [1e,, V)II(C|D)] > 1 — >
where
cY5en: 626, and ||0]o < Ca(l +5,)}.
We set

59 Y Co(1 + 8y).

Furthermore the linear regression setting implies that the conditional posterior dis-
tribution of 0|0 is given by
j.id. - A -1
05 15 X N(0,p5"), and [0l |8~ N (5,0% (2 prljsy, + X5X5) ), (16)
where

o def 1 Pl -1
05 = Argmax, gsi, [—%ZHZJ — Xsul)3 — 2||u||%} = (X5Xs5 + p1o°Lis),) X5

Therefore, if for some M > 0 we set

M1 R
0 and o5 — 5l <

Mol
B; 4f {eew: 10 — 05|00 < “;g@)}

then, provided that n > C's?log(p), for some constant C, by the restricted eigenvalue
bound in , and by Gaussian tail bounds and a union bound argument, for all
0 € Ag, we have

4 1
C
I1 (B[, D) < oM < >’ (17)
by taking M > 2 appropriately.
(e) Main arguments of the proof. With s; as in Paragraph (c) and sy as in

Paragraph (d), we set
s max(s1, $2).

FixY € &, , and fix some arbitrary component j such that d,; = 1. We first note that

5§k+1) # SJ(-HU if and only if 5 € J®) and the corresponding Bernoulli’s (d$’“),d£’“))
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are different, or 5]@ #* Sj(k), and j ¢ J®) We write this as

P {5§k+1) ” Vj(k+1)’5(k)7 5(k)]

:1{5;_/@)7&5;1@)} <1 )—I—ZP[ k)—j’ k)7édk)‘5 )]
1{5<k>¢5<k>} < ) ZP[ Ik = 5, 5(k)75(k)} :

where we use the fact that IP(J = j]6®) ) = 1/p. With s1, sy as above, we

introduce the set T % Asl x Cs, where,
def def
Ay, ={0€A: ||6lo<s1}, and Cs, = {0€A: 6§D, |00 < s2}.
It follows that

P[5§k+1) 4§D 5(8) 5(k)]

J
J < . .
< § _Z (k) 3(k) E (k) Ky (k) — 5 s(k) 3(K)
> 1{5;k)7é5§k)} <1 p) +1T(5 75 ) r:1]P)[dr #dr Ur ])5 >5
+ L a6, 500y,
p
Let us set

Ak )defP(( 55 5 )gZT) (0 9) def ( 7(4]4) #dgk)’Jgk) :j’(g(k)’g(k)’a,é).

Taking expectation on both sides of the last inequality, we get

(k+1) , s(k+1) J k) , x(k) JAK)
IF’((S]. £ 5 ) < (1-)&»(@ # 5 >+T
E

_ I\ p (509 2 500) . JAY
= <l—p>P<(5jk 5&5/“)4_7 (18)
N ® 5k [ 70
+];§ :E[mak .0 )/In (6,6)T1(d6|s )Y IL(dO|6 )}
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We establish the following claim below

7
+ Tol{(sj(_k)#(;;k)}. (19)
Using in , we obtain
(k)
(k1) 4 54D o (7 _ 7 k) k), JA
P (50 £ 5 )_(1 p)[@(&] #50) + ;
I evmo, 1\ LTI (k) 4 50
—i—p(e +p>+10pp<5j # 5 )
3 J < J 1
(-0 ) Lo )

Iterating yields

k
B L 50\ o (13 100 com, 1
e P (0 #57) < (1-57) + 3 ()

Recall that
AW P ((50,509) ¢ T) < P16 o > s1) +TI(CE, D),

where Cg, ©A \ Cs,. By Lemma|l| and Lemma [3| below, we have

1 1
k c
1e, (V) rilgéd[”(Hd( Nio > s1) < 5 and E, [1g,, (Y)II(CE,|D)] < >

Taking the expectation over the data Y in , and using the last display and
, we deduce that

E. |1e,, (V) max ]p((sJ(.’“) — 1) II(8; = 1|z>)” <
J: 0x5=

It remains only to establish the claim .
Proof of Claim (19). We consider two cases.
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Case 1: (5 7é (5(k Since 6) € C,, (which implies that Sj(k) = 1), we must then
have (5J(. ) = 0, and 5](. )= 1. Set

def 1 . 4
S = 0.0 RPxRP: 6B 0 € B; d < 0.5)0; < .
{( ) € X € Bsw,0 € By, an 000, = sign(6s;) \/ Po}

It follows from 1.) and the fact that 6? ]{6 =0} ~ N(0, py ") that for (6(),5*)) €
T,
4 3 7
(k) _g(k) (k) _§(k) 2
IP((H L0y ¢ s|6®) 5 ) SEts ST (23)
First we note that for (6,60) € S, |0;| < 2/,/po < Cn~ /2. Whereas for i # j and

5§k) = 0, we have |6;| < /M log(p)/n, and if 51@) =1, using , and Lemma (1),

o 1 1
10 = 0; — 03] + 105 — Osi] + 0] gc\/ og(p )+c\/ og(p) 1[040 < C,

under the sample size condition (19). Using the expression ¢; in @, and since py > p1,
and ignoring the nonpositive quadratic term, we have

- 0,;
q;(0,0) < exp <a - U% (Xj,y— X919>) :
We write
(Xj,y — XOp) = [(Xj, XOs00) — (X, XOg)] + (X, y — XOsw)) -

Since |0;] < C, for 5§k) = 1, we have

(X, XOg) — (X, XOsr))| = > (Xj, Xr) 0,
red®) £ 58 =1

< C'min(J, s1)y/nlog(p).
We can rewrite the last display as
X,y — X0y) — (Xj,y — XOs))| < Cmin(J, s1)v/nlog(p).
We further expand the term (X;,y — X6s4)) as
(Xj,y — XOs00) = (Xj,y — X0,) + (X, X0, — Xy [0x]50m))
+ (X, X5 ([0u] 5000 — 0] 54)) -
Note that

<Xj7 X0, — X&[e*]a(k)> = 77,0*]‘ + Z Osr <Xj7 Xr) -
r: 5*7-:1,6£k):0
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For 6 € Bsa),

(X5, X500 ([0x)s0) — [0]50))| < 514/ conlog(p)||[0«] 50 — [0] 500 |00

A lo
SC&7WMMQW%M—%MM+ g@>

n

< C(14m(6™))s; log(p),

where the last inequality uses Lemma Q Using this, and since d,; = 1, for 6 € By

we have

(X, y — X0y) —nby;| < Cmin(sy,J)y/nlog(p) + | (Xj,y — X6,)|

+ Y 100 (X5, X))+ C(L 4 m(6™))s1 Tog(p)
T 6*7»:1,5£k>:

< C (s +min(J, s1)) v/nlog(p), (24)
using the sample size condition n > s? log(p). Since |6;] < Cn~1/2, we conclude that
10511 (X, y — X09) — nbyj| < C (54 +min(J, 51)) /log(p)-

It follows that for (0,6) € S,

0 nb, .0, .
—5 (Xjy = X0g) = —5= = C (s, + min(J, 1)) v/log(p)
0. . 0.
> PV o, tmin( ) Viog®) > IV 0 og(p),

under the sample size condition (19). Hence, since a = ulog(p) + log(po)/2, for
0,6) €S

1-G;(9,0) < exp <u log(p) + 3 Tos (1) - éﬁﬁ) < e (~C1vinl, + o iog(n))
(25)

We handle 1 — ¢; (971, 0) similarly: since py > p1,

(r—1) 77,92 é]
1—q(19 ,0) < exp a—|—2——U—<XJ,y X9(79(r 1))(]0)>

The inequality remains valid when applied to § and (9~1)@9) (but with
min(.J, s1) replaced by J), and yields

‘<Xj’ y— Xé(ﬁ(rfl))<j,0)> — Nl

< C (s + J)+/nlog(p),
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leading to
g, v
T2 <Xj73/ - X9(1§<r—1>)<j,o>>
n Nl ~
< —;93]- + U;J 10; — 0,51 + C (s« + J) \/nlog(p)

n
< 505+ C(sx + J) V/nlog(p),

where we use Lemma |2 to derive the bound |9j — 0] < <|9] — é]\ + |é] — 9*j|> <
C'\/n/log(p). The same bound implies that

N2 2 N2 2 2

1 = < C+v/nl .
202 202 + 202 — 202 + n log(p)

We conclude that
néz é )
5o~ o8 (X5 = X0y

o2
nb>?

; nb,>
< - 20*23 + C (s« + J)/nlog(p) < _T:*? + CJ+/nlog(p),
under the sample size condition . Hence

nb,>?

2
9(r—1) p —= n&
1—g;(0"1,0) < exp (a - 40_2> < exp <_802 +CJ\/M>
< exp (—C’l\/ﬁel—l- CQJ\/@) . (26)

using again the sample size condition 1} Since the Bernoulli random variables dgk)
i) i i (k) §(k)

and d; are maximally coupled, (25) and (26 imply that for (6'%),6\")) € T, and

5(]9) £ S(k)

J k>

v N 7
285160110015, D) 11015 D) < exp (~Cu/mb. + oo p)) + 75 21

Case 2: 5§k) = 5](-k). Since 6*) € C,,, we must then have (5](-k) = VJ(.k) = 1. Here we
define the set S as

g def (H,Q)ERPXRP: 9655(k),9685(k)}-

It follows from that for (§(®),5®) e T,

P ((9<k>,é<k>) ¢ S|5(k),5(k)> < 1_4M - (28)
p

For (5(k), S(k)) €T, and (8,6) € S, the calculations on 1 — qj(ﬁ(’"_l), 0) remain valid,
and we have
1— Qj(ﬁ(r_l),é) < e—CnQE—l-CJ nlog(p).
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For 6]@ =1, and 0 € By, it follows from 1} that

nb?. 2
0; (Xj,y— X0yg) > T?J = O (s« +min(J, 51)) V/nlog(p) > o

— CJy/nlog(p),
under the sample size condition . We deduce that
0;
1—q;(9,0) <exp (a - 5 (Xj,y— X0g>) < exp (a ;* + CJ+/nlog(p )
o2
< exp (—01 Vit + C3J\/10g(p) )

The last two majorations on 1 — g; (=1 6) and 1 — q;(9,0), and implies that
for §F) = §(F)
J J o

. . 4
/ 7(6,6) 11(a9]6®, D) 11(a15, D) < =7 4 S (29)
’ p
The claim follows from and together.
O

D.1. Technical lemmas.

Lemma 1. Assume b@ and let & as in . Let {6®) k > 0} be the §-marginal
chain generated by Algorithm | for the linear regression posterior. There exists a
constant C > 0 that depends only on ¢ (in the definition of &) and the constants in
H3 such that for
2
uzC+sd), and n= ([0 + 5.+ 2l0g(p)) log(p), (30)

it holds

D — Sy S H5 >||0 Sx 1

16, (VP (1690 > 169 + 5. + 2106(0)) < (257 <l
Proof. Fix Y € &. Set s; ¥ 16l + s, + 2log(p). Referring to the coupling
construction at the beginning of the proof, the event {||6¥)||g > s;} means that we can
find at least s; — ||6(?||o — s, terms among {(5(t),J7(~t),d7(f)), 1<t<k-1,1<r<J}

where ||(5(t)||0 < s1, J7(«t) €{j: 0,;=0, and (5J(-t) =0}, and dﬁt) =1.

P (Jf«t) €{j: 6, =0, and 5§.t) — 0}‘5(25)) <1- %

We show next that on the event ||§®)||g < s1, and I e {j:6,=0, and (5](-t) =0},

IP( — 1|6® g) 5 (31)
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to conclude that

NI
P (1610 > ) < (255 < exp (=51~ 090 — ) log(2)) <

S8

2p

which would end the proof. In order to prove , for some absolute constant m > 0,

let
Sdﬁf{a €RP: 0 €Byy, and |9j\g,/zl}.
0

As seen in , we can choose m such that II(6 ¢ S|6(), D) < i. Fix j such that
J

dx; = 0 and jt = 0. Recalling the expression of ¢; in @), it follows then that

P (d@ =140 = j, 5“)) <

=
+

2

92 0,
— — X X0
/SGXP< at = (Po P1)+G (Xj,y — X0y) + 20

Then we write

<X]7y _X019> = <X]7y - X9*> + <X]7X9* - X919>

= (Xj,y — X0.)+ Y (X, X;) (0 — 0:0,.).
r#j

(t)

The last summation does not include j because 0,; = 0, and J,
that ¥J; = 0. Since 6 € S, we see that |0, — 6,0,| < C for all r, for some constant C'.
If 04 = 0, then |0,| < Cy/log(p)/n. It follows that for Y € &,

= 7, which implies

log(
105 (X, y — X0g)| < 105] (x/cnlog(p) + Cse/conlog(p) + Csy e(p \/c nlog(p )
< €16 (s.v/nlog(p) + 51 1og<p>) < Cs.\/log(p),

under the sample size condition n > s?log(p). Hence taking u > C(1 + s4)? large
enough, it follows that

IP’( = 1J® 5<t>)

<Ly
4
—ul _,1 (ﬁ) ()
exp | —ulog(p) og ( — 1+ 5,)2log(p) | IL(8|6Y), D)do+
S

B~ =
INA
e
e
IN
l\D.\}—t
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Lemma 2. Assume b@ and let & as in . Fiz 0 < s1 < p. Then we can find
constants C, C' that depends only on 02, ||0s||c, co, and c (in the definition of &) such
that for n > Cs?log(p), the following holds. For all § € A such that ||6]o < s1,

105 — Blslloe < € (1 + m(8)) 1) 252 (32)

n
where m(J) & {k: 6 =1, 6 = 0}], and 05 as in (@

Proof. The proof follows (Lounici (2008) Theorem 1). Fix Y € &. The first order
optimality condition of 5 is given by —plég + X5(Y — X(;@(;)/o'2 = 0, which can be

rewritten as
1 A 1 1
(Plflléllo + UgXéX6> ([0:d5=05) =1 [0u)s5+ —5 X5(X 0= Xs[0]5) + —5 X5(Y = X0.) =

We deduce that

1 R
H (Plf||50 + 02X§X5> ([0«]s = 05)|| < p1llOsllco

1
+§kn§a§1 5 21:5 0|«9*]||(XJ,X1€ |+ — \/cnlog
J: *j—1,05=

< C(1+m(d))v/nlog(p).

Using this conclusion and the restricted strong convexity in , for n > C’s% log(p),

we have

n 1 5
21105 = [0.3513 < (05 — [0.]5)" (mf||ao+2XéXa) (05 = [01s)
< C(1+m(8))y/nlog(p)]|fs — [0:]s]1
ng}/Ql—i—m 8))y/nlog(p)l|0s — [0.]s]l2,

which implies that

165 — 1851l < C(1 + m(5))y/ 2108 @)

n

On the other hand for j such that ; = 1,

(it + 23 ) (15 = 8)) = (o1 + 25) (65 - m)j,

J
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which we use to deduce that

2
A g
9*0* oogi
[165—[04]5l -

1 A 1 R
(oafio + 553 ) (8. = 05)| +/eam o115~ .1l

< 1+ mie) Ly a2 [0y _ig),

< +m@E)/ 2P L o4 m(5))\/10g(p) \/8% log(p)

n n n

< €1+ m() AL,

under the stated sample size condition. O

We show in the next result that the posterior distribution puts most of its proba-
bility mass on models that contain the true model J.

Lemma 3. Assume P@ and let &, be as in . Then we can find constants C1, Co
that depends only on a2, |0]|00, co, c1 c2 and ¢ (in the definition of Es, ) such that for
n > C10;%(1 + s2) log(p), it holds
3
E. [1e,, V)II(C|D)] > 1 — >

where

CY i sc A 626, and ||6]lo < Ca(l + s4)}.

Proof. By Lemma [5] there exist positive constant Cy, Cy that depends only on cg, c2,
and ¢ such that for n > Cys2log(p),

By [1e, (V)T ([[0]lo > Co(1 +54) [ D)} <

SN

We set
def
s = Co(1+ sy4),
def

and A= {6: 6 2 0., |d]lo < s}, so that
A=CUAU{§€A: ||6]lo > s}.
Therefore,
E. [1e,, (V)I(C.[D)] 21— ~ . [1e, (V(AD)].

To finish the proof we will establish that for Y € &, II (A|D) < ]%. To that end, let
P def {5(0) eA: 60 cyg,, 60O # 04}, and for each 60 ¢ P, we set

A(6©) % {5 eA: 6259, |5]lo < s, and &,; = 0 whenever (§; = 1, and 61" = 0)} .
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We then write
(6| D) 5 D
I(AD) =T1(5,|D) > 0 |‘ Z |
5O ep * A5

For any subset §,9 € A, we have

Sllo—||¥
neD) (1 Fm) Iollo=lo” - 151 exp (= ullf = sk llY = Xoul3) du
I(J|D) pV 2w Jrnono exp (= Z[ull3 — 5= 1Y — Xpul3) du

We calculate that for any 6 € A,

by N o o e (k)Y
X ——ulls — = |IY — Xsu du = .
/]R||5|0 P ( 2 lulf2 252 I ”2> < >

. \/det (n + 5k X5 X5)

And we deduce, using p; = 1, that

11(5| D) ( 1

11(9|D)

ll6llo—lI%llo _
u> ez (VLY =YL 1Y) det (Ly) (34)
p

det (Ly) ’

where

1
M@I+ = X5X}.

Suppose that ¥ D §, and [|J]|o < s1. In that case
1
Ly = Ls+ ﬁXﬁ_(;X{g_(g.

and by the determinant lemma (det(A + UV’) = det(A) det(I,, + V' A~U) valid for
any invertible matrix A € R™*" and U,V € R™™), and using the lower bound on
the smallest eigenvalue of Ly resulting from ([13)), we have
< det (ng)
~ det (L(;)

We use this to deduce from that when 9 O 0, and [|¢]|o < s, it holds

1 - f—
= det (Iﬂ—é + 5 XosLs 1X19—6> < (1429 = §jo)!" =M.

pl9=dllo 572 L (YLy'Y-Y'L;Y) I1(6|D)
~ 1(@[D)

<pu||19 8llo (1+28)||19 3llo o5 ('L 1y—y/L6—1Y). (35)

By the Woodbury formula which states that any set of matrices U, V, A, C' with match-
ing dimensions, (A +UCV)™ 1 = A~ — A7'U(C~' + VATU) 'V AL, we have

-1
Y'L'Y —Y'L; lY———yL Xo_s (Iw sllo + = Xﬁ sLs ' Xo- 6) Xy_sLs'y.



20 ASYNCHRONOUS MCMC SAMPLING FOR SPARSE BAYESIAN INFERENCE
It follows from Equation of Lemma [4| that for any non-zero vector u € RII?=dllo,
-1 2 2< o2
WXy 515 Xo-su> 5 ull3  Cov/mioa(p)ull > 7l

for some absolute constant Cy, provided that n > 4C3s?1og(p). We deduce that for
5 C 9, ||9]]o < s, it holds

IY'L5" Xo-sl3 - 1y AY'Ly X3
<YLY -Y'L;"Y < .
a2(1+ [|0 = d]lon) — J o= a’n

We put and to write the second summation of as

(36)

s=115lo
I1(5|D) I1(6|D)
Z (D) ~ Z Z (50| D)
S€A(5() k=0 §€A8©®): [|5]lo=]16( |0+

s=116lo
2

2
N 2 HY'L;(}D X550
<X > () e | =00

k=0 €AY ||8]lo=16) ||o+k

We can write Y = oV + 3, 5 _y 0k Xy, where V = (Y — X6,)/0. Fix a component
i such that (6 — 6(®); = 1. Note that we have 52(0) = 0, and d,; = 0. We can then

write
Y'LioXi=0oV'Lig Xi+ Y. 0uXpLio X
k: 0, =1
Therefore, by from Lemma 4] we have
V'L Xi| < Civ/(1+ si)nlog(p) + Ci(s. — [[6©]0) v/ log(p).

It follows that

2
rr—1
H YL o) X550

2 < Cuk(1 4 82) log ()
for some constant C. Therefore,
s=1181lo 2
Z HEID) < pOrelits) Z P =150 r < 9pCrs(i+s)
(6O D) — k ) ’
SEA(5(0) k=0
by choosing u > 2, assuming p > 2. The last display, with and yield

(59 |D)
TI(A|D) < 2pCrs(i+s2) i e
(AD) <2p Z 11(3,D)
50 ep
1 HY’L—1 X ?
. (0) 25, —5(0)
< 2pC1s(1+sz) Z Z pkU(l + 25)kexp _ 5t 2

204(1 + kn
k=0 60 ¢cP: ||60)|o=sx—Fk ( )
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As above, given i such that &,; = 1, we write
-1
Y'Lig X =0V'Lig Xi+ 0 X[ Lob X+ Y 0uXiLb X,
k}#l *xk— 1

and using Lemma [ we deduce that

O/ s nlog(p) > "]

under the sample size condition n > Cy(1 + s,) log(p)/62. Hence

YL Xi| >

50

2

HY/L(;(O)X(s —5(0) 2 ngz
2041+ kn) = 640t
so that
2 nQi Sl S
TI(AD) < 2p015(1+s*)6*64g4 Z <];> (1+ 25)k
k=0
92 S*_l
< 2p015(1+5*)e 640‘4 Z (Cl(l + S*))k
k=0

< 2p015(1+5*)e ()40' (Cl( + S*))s*
2

644

§2exp< + C1 (1 + s2) log(p ))

n? 1
< exp 12851 S]o’

for n > Co0;%(1 + s3)log(p), for some constant Cy. This ends the proof.

g

Lemma 4. Assume HZ, and fir s > 0. There exist constants C1,Cy that depends
only on o, k,co and ||0x||s such that for n > C1s?log(p), the following holds. For all
0 € As, and for all pair j # k, such that 6; = 0, it holds

1/2
’X]/-L(S_IXM < Oy ( H H 1{ Sp= 1}) nlog(p), and XJ/'LEIX]' > g (37)
Proof. Applying the Woodbury identity to Lg, we have
-1 1 1 / ! /
L5 =1, — ;X(; I||5HO + ;X(;Xg X(;. (38)

It follows that

_ 1 1 -
AXJIL(S le = <X],Xk> - ?X]/X(S <I5||0 + 02X3X5> X:;Xk
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Under the sample size condition, by , we have

< 2XEX 2] X5 Xk 12

o?n

1 1 -
;X]/-X(g (I|5||0 + O_2X(/5X5> X:;Xk

By assumption 6; = 0. If §;, = 0, then

IX5X; 1211 X5Xk[l2 < V/eolldlonlog(p) v/ col6]lon log(p),

and we deduce that

_ 2¢od1lo 1o
)25 < Valogp) + 22V BE) < o g ),

provided that n > s?log(p). Suppose now that &, = 1. Note that starting from

we can also write
I r—1 1 / - /
XsLs Xj = I||5H0 + ;X(;Xg X5X;.
This implies that if d; = 1, then

/ .
X1t < Al 2Vl Tos®) _ [Pl os(p)

f— )

n B n n
which establishes the first part of . When j =k, we get

~ 2¢9|6]]o log(p)

/-1
XiLy'X;>n p

n
255

under the sample size condition n > 2cqslog(p)/o?.
O

Lemma 5. Assume b@ and let & as in . There exist positive constant C1,Co
that depends only on cg, c2, and c (in the definition of &) such that forn > C1s2log(p),

By [1e,(Y)IL([[6]lo > (14 C2)ss | D)} <

[N

Proof. The lemma follows from Theorem 2.2 of |Atchade and Bhattacharyya, (2019),
applied with p = 2\/@ /o, and k = s,n. The sub-Gaussian assumption in

2t (1) implies that Equation (2.1) of |Atchade and Bhattacharyya/ (2019) holds with
ro = n/(20%p) under the sample size condition. Then using the assumption in that
n/p and ||0,]|c0/ log(p) remain bounded from above by co, we checked that Equation
2.2 of/Atchade and Bhattacharyya, (2019) is satisfies for some absolute constant ¢g. [
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APPENDIX E. DESCRIPTION OF THE COUPLED CHAINS FOR MIXING TIME
ESTIMATION

We describe here the specific coupled Markov chain employed to estimate the mix-
ing time plots presented in Section We describe the method for Algorithm
Algorithm [2| proceeds similarly.

We start with a brief description of the method. Let {X®), ¢ > 0} be the Markov
chain generated by Algorithm where X () = ((5(t), G(t)) € X. Let K denote the tran-
sition kernel of the Markov chain {X® ¢ > 0}. The basic idea of the method is to
construct a coupling K of K with itself: that is, a transition kernel on X x X such that
K((z,y),AxX) = K(z,A), K((z,y),Xx B) = K(y, B), for all z,y € X, and all mea-
surable sets A, B. The coupling K is constructed in such a way that K ((z,z),D) = 1,
where D % {(z,z) : = € X}. The method then proceeds as follows. Fix a lag L > 1.
Draw X(© ~ 11O y(© ~ 11O (where II9) is the initial distribution as given in the
initialization step in Algorithm . Draw X(D[(X©) y©)) ~ KL(X© ). Then for
any k > 1, draw,

(X LRy (®)y) {(X(L—l—k:—l)’y(k—l))’ L (X(L)7y(0))} ~ R ((X(L-&-k;—l)’y(k—l))’ ) ‘
Setting
P8 Cing k> p: x0 —y*-D},

it then holds under some ergodicity assumptions on P (see Biswas et al.| (2019)) that

)L —t
max (0, |VL —D] ) (39)

where [2] denote the smallest integer above z. The implication of is that we
can empirically upper bound the left hand side of by simulating multiple copies

HH(t) - 1_[Htv <E

of the joint chain as described above and then approximating the expectation on the
right hand side of by Monte Carlo. We refer the reader to Biswas et al. (2019)
for more details on the construction of such coupled kernels.

We modify Algorithm [1| to construct the coupled kernel P. Let (609, #(1:1)) and
let (63,921 denote the states of the two chains at time ¢. At some iteration t > 1,
given (§(LLHD 9LL+)Y — (5(1) 9Ny and (5D 920) = (§2),02)) we now describe
how to generate the next state of the coupled chain.

In step 1, to update () and 6@, we first make use of the same randomly drawn
subset J. For i = 1,2, drawing 6 ~ QéJ)(é(i), -) is equivalent to let 5(3 = 5(3, and
(@)

for any j € J, draw 5]@ ~ Ber(qj ) which we implement in the following way. We

first draw a common uniform number u; ~ Uniform(0,1), then we obtain 5

A J
l{q](l) <} fori=1,2.
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In step 2, to update #()) and #(), for simplicity, we partition the indices {1,...,p}
into four groups: Gg = {j : 5](1) =a, 5§2) = b} for a,b =0, 1.
To update the components of 0830 and Gggo, for any j € Gog we first draw a common

(s _1
standard normal random variables Z;, and then obtain Hj@ =py > Zj fori=1,2.

To update the components of 0831 and Qggl, Since in linear regression, [f]s | § ~
N(f5,%), where 05 is describled in and ¥ = o%(0?p1l5,)"", we then have
0 | 61 ~ N(OD, xM) and 6@ | 6@ ~ N(®,£3), respectively. Then with the
property of gaussian random variables, we have Ggo)l ~ N(éggl, Eg31)’ where égo)1
are the Gp; components of 6 and Zgo)l is the submatrix of ©(® with Go; rows and

1)

columns. With ‘92‘01 ~ N(0, p, 1 18G4, lo); We draw the maximal coupling of these two

gaussian distributions to update 5831 and éggl. A similar updating procedure is used

for the components of 9_81)0 and H_gl)o.

For components of 0(011)1 and Hgl)l, since we have 9(011)1 ~ N(égl)l, Zgl)l), where é81)1

are the G11 components of 6@ and 281)1 is the submatrix of ©(!) with Gy; rows and

columns, and similarly 9(021)1 ~ N(égfl,zgfl), we could construct another maximal

coupling to update é(Gll)l and é(G211‘
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