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1 What derivatives tell us

Briggs—Cochran—Gillett §4.3, pp. 257-270

1.1 The first derivative test, continued

Example 1 (§4.3, Ex. 46, 51, 52). For each of the following functions:
(a) Locate the critical points of f.
(b) Use the First Derivative Test to locate the local maximum and minimum values.

(c) Identify the absolute maximum and minimum values of the function on the given interval
(when they exist).

1. f(x)=—a® — 2 +2on [—4,4]
2. f(z) = 2*3(z —5) on [-5, 5]

2

3. f(z) = = on [—4,4]

Solution. 1. We have f'(z) = —2x—1, so f has a critical point at —1/2. Since f’ changes
sign from positive to negative as x increases through this critical point, f has a local
maximum at —1/2. Evaluating f at the critical point —1/2 and the endpoints —4, 4,
we see that f(—1/2) = 9/4 is the absolute maximum value, and f(4) = —18 is the
absolute minimum value.

2. We compute the derivative

2 2x — 10 3z 5z — 10
! _ =, -1/3 . 2/3 __ _
f(x) = 3$ (x=5) + 27" = 31/3 + 3pl/3 313

This is zero exactly at x = 2, and is undefined at x = 0, so the critical points of f
are at 0 and 2. Since f'(x) is positive on (—o0,0), negative on (0,2), and positive on
(2,00), the first derivative test tells us that f has a local maximum at 0 and a local
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minimum at 2. To find absolute extreme values, we evaluate f at the critical points
and endpoints:

f(=5)=-10-5*3~ =34,  f(0)=0, f(2)=-3-2"3~—-48,  f(5)=0.

So the absolute minimum value is f(—5) = —10-5%2, and the absolute maximum value
is 0 and occurs at both x = 0 and x = 5.

3. The derivative is 2 (z? ) 2(22) )
z(x®—1) —2*(2z —2x
f'(w) = 2 2 2 2
(2 —1) (2 —1)
This is zero at x = 0, and is undefined at x = +1. Note that f itself is undefined at
x = +1, so only x = 0 is a critical point.

We have f’(x) > 0 on the interval (—1,0), and f’(z) < 0 on the interval (0,1), so f has
a local maximum at 0 by the first derivative test. As for absolute maxima and minima,
there are none on [—4, 4], since lir{l f(z) = —o0 and linqur f(z) = oc.

r—1— T—

Recall that the Extreme Value Theorem guarantees absolute extreme values of continuous
functions on closed intervals. What can be said about absolute extrema on intervals that are
not closed? The following theorem gives a helpful test:

Theorem 2 (One local extremum implies absolute extremum). Suppose f is continuous on
an interval I that contains exactly one local extremum at c.

o If a local mazximum occurs at c, then f(c) is the absolute maximum of f on I.

o If a local minimum occurs at ¢, then f(c) is the absolute minimum of f on I.

Example 3 (§4.3, Ex. 56, 58). Verify that the following functions satisfy the conditions of
Theorem 2 on their domains. Then find the location and value of the absolute extremum
guaranteed by the theorem.

1. f(z) :43U+\/1E

2. flx)=2V3—x

Solution. 1. The domain of f is (0,00). We have f'(z) =4 — 12732 so f'(z) =0 if and
only if 23/? = 1/8, which has unique positive solution z = 1. Since f(z) < 0 on (0, 1)
and f'(x) > 0 on (i, 00), the first derivative test implies f has a local minimum at i
This is the only local extremum, so by Theorem 2, f has an absolute minimum at i,
- 1y _ 1
with value f(3) =1+ T 3.
2. The domain of f is (—o0,3]. We have

1 2(3 —x) x 6 — 3z
() =3 — e (=1) = — = ,
f@) HIREE NV S S Rl NV e Wy Y
so f'(z) = 0 if and only if x = 2. Since f'(z) > 0 on (—o0,2) and f'(z) < 0on (2,3), the
first derivative test implies f has a local maximum at 2. This is the only local extremum,
so by Theorem 2, f has an absolute maximum at 2, with value f(2) = 2/3 —2 = 2.
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1.2 Concavity and inflection points

Just as the first derivative is related to the slope of tangent lines, the second derivative also
has geometric meaning.

Definition 4 (Concavity and inflection point). Let f be differentiable on an open interval
1. If ' is increasing on I, then f is concave up on I. If f' is decreasing on I, then f is
concave down on I. If f is continuous at ¢ and f changes concavity at ¢ (from up to down,
or vice versa), then f has an inflection point at c.

Theorem 5 (Test for concavity). Suppose that f” exists on an open interval I.
e If f" >0 on I, then [ is concave up on I.
o If f" <0 onl, then f is concave down on I.

o Ifcis a point of I at which " changes sign at ¢ (from positive to negative or negative
to positive), then f has an inflection point at c.

Here are some examples:
.‘F A } &

Concave
up

¥ = flx)

up
Concave

down

Mot an inflection point:
concavity does not

Inflection point:
concavity changes

|
|
|
|
|
I
T
C

at . change at c.
0 / x 0 x
(a) (b)
} i } '
¥y =fix) [(e) does y=fx
() does not exist
not exist Concave Concave Concave
™, down down down
Concave Inflection point: I Not an inflection point:
up : concavity changes : concavity does not
|| ate. I| change at c.
| |
| |
| |
f - } >
o c X a P x
(c) (d)

Example 6 (§4.3, Ex. 64, 68, 74). Determine the intervals on which the following functions
are concave up or concave down. Identify any inflection points.

3
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1. f(x) = —a* — 223 + 1222
2. f(z) =2z*Inx — 52
3. h(t) =2+ cos(2t) for 0 <t <.

Solution. 1. The derivative is f'(z) = —4x3 — 622 + 24z, and we want to find where f’
is increasing and where it is decreasing. To do this, we compute the second derivative:
f"(x) = —122% — 122 + 24 = —12(x + 2)(2 — 1). This splits up the domain into three
intervals:

e On (—o0,—2): f” is negative, so f’ is decreasing and f is concave down.
e On (—2,1): f”is positive, so f’ is increasing and f is concave up.

e On (1,00): f” is negative, so f’ is decreasing and f is concave down.
Thus, the inflection points of f occur at —2 and 1.

2. The domain is (0,00). We have
2

2
f(z) =4xInx + e 8z,
T

4
1" (x) :4lnx+§ —8=4lnz—4=4(lnz —1).

So f” is negative (and f’ is decreasing, and f is concave down) on (0,1), and f” is
positive (and f’ is increasing, and f is concave up) on (1,00). Thus 1 is the only
inflection point of f.

3. We have h'(t) = —2sin(2t) and h"(t) = —4 cos(2t). The second derivative is negative
(so f is concave down) on (0,7/4) and (37/4, ), and positive (so f is concave up) on
(w/4,3m/4); the inflection points are at 7/4 and 37/4.

1.3 Second Derivative Test

Theorem 7 (Second Derivative Test for local extrema). Suppose that f” is continuous on
an open interval containing ¢ with f'(c) = 0.

o If f"(c) >0, then f has a local minimum at c.
o If f"(c) <0, then f has a local maximum at c.

o If f"(c) =0, then the test is inconclusive; f may have a local mazimum, local minimum,
or neither at c.

Example 8 (§4.3, Ex. 78, 84). Locate the critical points of the following functions. Then
use the Second Derivative Test to determine (if possible) whether they correspond to local
maxima or local minima.

1. f(x) =62*—2°
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eac

:x+1

2. p()

Solution. 1. The first derivative is f'(z) = 12x — 3z% = 3z(4 — z), so the critical points
are at 0 and 4. The second derivative is f”(x) = 12—6x, so f”(0) = 12 and f"(4) = —12,
so f has a local minimum at 0 and a local maximum at 4.

2. We have
by ef(x41)—e”  we”
ple) = (z+1)2  (z+1)%
") = (" +ae”)(x+ 1) —2ze(x+1) (" +ze”)(x+1) —2ze®  e(2? 4 1)
P (v + 1)t - (z + 1) S

So the only critical point of f is at 0. (Note that f is not defined at —1, so this is not
a critical point.) Since p”(0) = 1, this is a local minimum.



MA 123 (Calculus 1) Lecture 22: October 25, 2021 Section A3
Here is a recap of derivative properties:
y =fix)
y=f(x) ¥ =f(x)

[fis differentiable on an interval
== fis a smooth curve

f' = 0 on an open interval ==
fis increasing on that interval

f' = 0 on an open interval ==
fis decreasing on that interval

f' changes sign ==
fhas local maximurm
or local minimum

ff=0andf" <0 ==

fhas local maximum

ff=0andf" >0 =>
[ has local minimum

N\

f" = 0on an open interval ==
fis concave up on that interval

J7 < 0 on an open interval ==
Sis concave down on that imterval

-+

f" changes sign ==
S has inflection point
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