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1 L’Hopital’s Rule

Briggs-Cochran-Gillett §4.7, pp. 301-312

1.1 L’Hopital’s Rule for oo/oco
Let’s see a few more examples of I’'Hopital’s rule applied to limits at infinity.
Example 1 (§4.7, Ex. 24, 46). Evaluate the following limits:

o 4xd — 22246
1. lim —————
T—00 71-@'3 + 4

We could use the theorem on limits at infinity of rational functions, but let’s see
how we can solve this by repeatedly applying I’'Hopital’s rule:

. 4x® — 22+ 6 . 1227 — 42 . 24x—4 .24 A4

lim ——— = lim —— = lim = lim — = —

z=oo 3 44 =00 3ry? =00 Grr e=o0 G
In(3z + 5e*)

2. lim ¥
w500 In(7z + 3¢20)

Check: lim, o In(3z + 5¢*) = oo and lim, ., In(7z + 3¢?*) = co. So

In(3x + 5e*) ) (34 5€e%)/(3x + 5e*)
im ——————— = lim
e—oo In(Tx + 3e2%)  z— (74 6€27)/(Tx + 3e2)
o 15€3% 4+ 9e2* 4+ 35xe® 4 21l e 37
lim .
z—oo 30e3% + 18ze2* 4+ 35e* + 21z e 3%
15+ 9e™* + 35xe™2% 4 21xe 3 15

im — ——
z—00 30 4+ 18xe~% 4 35e=2% + 21lge=3* 30 2
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We have lim,_,o, €'/ = € = 1, so we cannot use ’'Hopital’s rule here! In fact, the
limit is just 1, since lim,_, €/ = € = 1 as well. But if we incorrectly apply
I’Hopital’s rule, we’d get the wrong answer:

61/:1: ——af_Qel/m 1 61/1‘ 1
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1.2 How to handle related indeterminate forms: 0 - oco and co — oo

Here we consider two other indeterminate forms. Limits of the form lim f (x)g(x), where
lim f(z) = 0 and lim g(xz) = £oo are denoted 0 - 0o, while limits of the form 9131_r>na(f(x) -
g(x)), where lim f(z) = 0o and lim g(x) = oo are indeterminate forms we denote oo — oc.
L’Hépital’s Rule cannot directly be applied to either of these limits! However,
if we can recast these indeterminate forms into the form 0/0 or oco/co, then we
may apply L’Hopital’s Rule.

Occasionally, it helps to convert a limit as x — oo to a limit as t — 0% (or vice versa) by
a change of variables. To evaluate xh_>n<r>10 f(x), we define t = i and note that as r — oo, we

1
have £ — 0%, Then lim f(z) = lim f <t>

t—0t

Example 2 (§4.7, Ex. 54, 57, 61, 64). Evaluate the following limits:

1. lim (1—2x) tan?

r—1—

1 — ) sin(Z
lim (1 —x) fan - = lim (1-2) Trm(Qx)
z—1~ 2 a—1- cos(5x)
T sin(fx) + (1 — x)% cos(5) —sin(%) 9
= lim — _ -
o1~ — 5 sin(§x) —Tsin(Z)

) T
2. lim <2 — x) secx

T—T/27

) T ) 5= ) -1 -1
lim (= —x)secx = lim = lim - = — =1
z—m/2- \ 2 z—7/2- COST z—7/2- —SIin T —sin 5
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1
3. lim <cot:v — )
T

z—0t

We apply 'Hépital’s rule twice:

. 1 . xcosx —sinx . COST —xSInx — CosST
lim (cotx — — ) = lim ——— = lim -
z—0+ T z—0+ rsinx z—0+ sinx +zcoszx
. —xrsinx . —sinx — xcosx
= lim ——— = lim

z—0t+ Sinx + x cosx z—0T COSX + cosx — xsinx
—sin0 —0cos0 —0-0 0
2cos0 — 0sin0 2-0 )

4. lim (x — V2 + 4ZL‘)

T—00

T—00

lim (x — V2 + 41‘) = lim (

1.3 Indeterminate forms 1, 0° and oc®

0

The indeterminate forms 1°°, 0°, oo® arise from limits of the form

li g(z)
x%a,ilolg,la‘*' a~ f (.T)

L’Hopital’s rule cannot be applied directly, but we can rewrite the expression inside the limit

as an exponential:
f(x)g(w) — 9(@)In(f(2))

Using this and the fact that the exponential function is continuous we know that

lim f(x)g(z) — lim 9@ W(f(2)) — plime—a g(z) In(f(2))
Tr—a r—a

So we just need to worry about the limit lim,_,, g(z) In(f(x)). Let us illustrate this in some
examples.

Example 3 (§4.7, Ex. 76, 81, 82). Evaluate the following limits:

1. lim(1 + 42)%®
z—0
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By I'Hépital’s rule,

3ln(l+4 12/(1+4 12
lip S0 +42) 12/ +4n) _ 12
z—0 x z—0 1 1+4-0
So \
lim (1 + 42)%% = lim ex M(1H2) — 12,
x—0 x—0
2. lim(e‘r"” + x)l/x
x—0
. In(e® + ) e 4+1 541
lim ——— = lim = = 6,
z—0 €T z—0 9% +x 1+0
S0 1 5z
lim (e + x)l/x = lim ez (7 F2) — (6
z—0 x—0
10\*
3. lim (1 + 2)
Z—r 00 z
10 In(1+ 12 —20z73/(1 + 1 10
lim 2 In (1+) o POAE) YA 0
200 22 200 =2 200 —22-3 z—o0 | 4+ =

lim (1 + 10)2 — lim €z2 In(1+10/22) _ 10

x—0
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