MA 123 (Calculus 1) Lecture 39: December 8, 2021 Section A3

Dr. Daniel Hast, drhast@bu.edu
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Reminder: The final homework assignment is due this week Friday, not next Monday.

1 Substitution rule for definite integrals

Briggs—Cochran—Gillett §5.5, pp. 388-398

Theorem 1 (Substitution rule for definite integrals). Let u = g(x), where ¢' is continuous
on la,b] and let f be continuous on the range of g. Then
b , 9(b)
|| Fong@ydr = [ ) du
a g(a
Example 2. Compute the following integrals.

2 2z . 9
1. /0 mdx (hint: try u =z + 1)

4
2. /0 \/%172 dp (hint: try u = 9 + p? or u = /9 + p?; either will work)

3. /xcosz(xQ) dz (hint: try u = 2% and use cos®(u) = 3 cos(2u) + 3)
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4. /(x3/2 + 8)°/w dz (hint: try u = 2%/2 + 8)

w/4 .
5. / " * gin(2z) dz (hint: try u = sin?z and use sin(2z) = 2sin x cos z)
0

x
Example 3. Find the area of the region bounded by the graph of f(z) = and the
Va?—9

z-axis between £ = 4 and x = 5.

(Vr —1)*

Example 4. The area of the shaded region under the curve y = ? on the interval
x

[4,9] in (a) equals the area of the shaded region under the curve y = x? on the interval [1, 2]
in (b). Without computing areas, explain why.

yi ¥y

4 4+ y = x?
31 3T

2+ . (Vx -1 2

(a) (b)
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1.1 Further examples

Example 5. Evaluate the following integrals:

L[ (552@) + 772 @) + J (@) f(@)da
(hint: using u = f(x) and du = f'(x)dz, we get the integral of a polynomial)

2. / f'(x)f"(x) dx, where f'(0) =3 and f'(1) =
Solution. Using the substitution v = f’(z) and du = f”(x)dx, we get
@) S | 1 -5
/f dlE—/ u—/udu—— 3:5-22—5.32:7.
Example 6. What is /tan(:r) dx?
Solution. Using the substitution © = cosx and du = — sin x dz, we have

i —1
/tan(x)dx:/smx dx:/—du: —In|u| + C' = —In|cos z| + C.
u

COS T

Note that —In|cosz| = In|cosx|~! = In|secz|, so you will sometimes see this written as
[tan(z) dz = In|sec x| + C.
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Here is a table of integrals you should know:

d
—F(u) = f(u) [ fwydu = Fu)+cC
d n+1 ( +1) n / nd un—l—l +C # 1
—U =(n U U auw = n -
du n+1 ’
d 1
—Inu=— /—du:ln|u|—|—C
du U u
d . X
— sinu = cosu /cosudu:81nu+0
U
d . .
— Ccosu = —sinu /smudu:—cosu+0
du
itarluzse(:Qu /seCQUdu:tanu+C
du
d
d—secu = secutanu /secutanudu =secu + C
u
d
—e' =e" /e“du:e“+0
du
d . 1 / 1 .
—sin” U = ——— ———du=sinu+C
dul V1—u? V1 —u? !
tan ™ L / ! du = tan tu + C
- n — == il u
dua Y 14 u? 14+ u? Y A

—sec u =

du lu[v/u? —1

du = sec lu 4+ C
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