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Introduction and Motivating Examples




KPP wave fronts in reaction-diffusion equations

Consider the problem

o D H2
a_? - Ea—g c(u)u, t >0,z € R! (1)
xZr
’U,(O,QU) — Ia;SO)

where D > 0, c(u) is Lipshitz continuous in
u, positive for v < 1, negative for v« > 1 and
c = ¢(0) = maxg<y<1c(u). It was proven in the
paper of K.P.P. (1937) that for m(t) such that
u(t,m(t)) = 5 we have u(t,m(t) +z) — v(2) as
t — oo, where v(-) satisfies the equation

gvzz(z) +ava(2) +c(w()v(z) =0 (2)

lim v(z) = 0, Zli)r_noov(z) =1,v(0)=1/2

Z—r 00

for a = /2c¢D.

Thus u behaves like v(x — at) for large t.
3



Definition. We say that a* is the asymptotic
speed as t — oo for u if the following conditions
are satisfied for every h > O:

lim sup u(t,z) = O
t—=00 p>t(a*+-h)
lim inf  w(t,x) = 1

t—o0 g<t(a*—h)

Actually the convergence u(t, m(t) + z) — v(z)
IS a corollary of the asymptotics of the proba-
bilities of large deviations for the Wiener pro-
cess.



Sketch of the proof

By Feynman-Kac formula the solution to (1)
IS:

efg c(u(t—s, x4+ DWs))ds
(3)

Now setting * = at and taking into account
that c(u) < c¢(0) = ¢ we get:

’U;(t,&?) — EIQS-F\/EWtSO

2

0 < u(t,at) < exp (t(c — ;—D» (4)

Thus lim¢_ e SUP, < 4(/3eD+h) u(t,z) = 0, which
implies that a* < v/2c¢D.

Using large deviations estimates for the one-
dimensional Wiener process one can prove a
lower bound for a*. More specifically one can
show:

lim 1 Inu(t,tvV2cD) = 0. (5)

t—oo t



Lastly it remains to show that

lim inf t,x) = 1. 6
t_>oozc<t(\/2c:D—h)U( ©) (©)

First maximum principle implies u(¢t,z) < 1. It
remains to show that

lim inf u(t,z) > 1. (7)
t—=00 p<t(v/2¢D—h)

The proof of this goes as follows. Assume
that there exists A > 0O, arbitrary large ¢t and
x* < (vV/2cD — h)t such that u(t,z*) <1 — .

Then Feynman-Kac formula and strong Markov
property imply that

3\
u(t,z*) > 1 — - (8)

for t large enough. The latter contradicts the
assumption u(t,z*) <1 — .



Using similar techniques one can consider wave
front propagation in more general situations.

Consider the problem in the tube Rl x G:

ou(t,z,y) D ou
Y EAx,yu — bc’?—az + c(u)u, t >0
U(O, L, y) — ]:Ugo (9)
t
au(,x,y) O,t>O,x€R1,y€8G
on(y)

If b =constant then by following the same steps
as before we can conclude that a* = b+ +v2c¢cD.
Moreover using the action functional and its

properties one could also consider the case
where b = b(y).



KPP fronts in slowly varying media.

Consider the problem:

ou’ eDO%uf 1
5% = 5 a2 + Ec(az,ue)ue, t>0,zeR!

u®(0,z) = g(x) with spt(g) = G, (10)

Feynman-Kac formula implies that

t
u(t,@) = Eag(X{) exp(e™! [ e(XE, ut(t—s, X$))ds)

(11)
Let X; = veDW; and c(z,u) < c(x,0) = c(z).
Define also the following:

o Soi(¢) = [§ D?¢Tdsds for absolutely contin-
uous functions ¢ : [0,t] — R".

* Roi(¢s) = [§c(¢s)ds — Sot(9).

¢ W(t,ib‘) — SuD{ROt(¢S) : ¢O — £13‘,¢t S G}
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Then one can show that

t
lim eln Epg(X$) exp(e—lf c(XE,0))ds = W (¢, )
e—0 0
(12)

In particular we have the following theorem

Theorem. Suppose that for any (¢,z) € {(¢t,z) :
Wi(t,x) =0} :

W(t,x) = sup{Rot(¢s) : ¢po =1x,¢t € G, (13)
(t —s,0s) € {(t,x) : W(t,x) < 0}}.

T hen we have

limu®(t,z) =

1, W((,z) >0
it { (14)

0, Wi(tz) <O.



Action functional and its main properties.

Let (X, p) be a metric space. Consider £€ to be
a family of random variables on the probability
spaces (2°¢,5¢ P¢). Let also A(e) be a positive
real-valued function such that A(e) — 40 as
e — 0 and let S(z) be a positive function on X.

Definition. We say that A(e)S(x) is the ac-
tion function for P¢ as ¢ — 0O if the following
assertions hold:

(i). The set ®(s) = {z : S(x) < s} is compact
for every s > 0.

(ii). Vd >0,y >0 and z € X, Je, > 0 s.t.
P{p(£5,x) <6} > exp(=A(e)[S(z)+v]) Ve < eo.

(iii). V6 >0,y >0 and s > 0, Je, > O s.t.
P{p(&5,d(s)) > 0} < exp(—A(e)[s—]) Ve < eo.
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Below are listed some of the properties of the
action function.

Property 1. Let a family of Markov pro-
cesses X; with infinitesimal generator A¢ =
0 2 2 :
> bi(x) gfc‘f) 5 i aij(a:)gx{égg for functions
f e 2. Then it can be shown that for abso-

lutely continuous ¢, T1 <t < T2

1 T2 . o
Stira(®) = 5 |3 aij (90 (Si-b'(60) (] ¥ (60))at
ij
Property 2. For any continuous function F

im A" H(e) In EMOFX) = sup{F(z)-S(z) : v € X}.
(15)
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Property 3. Let P¢ be a family of probabil-
ity measures on R" and let us define H¢(a) =
In E€(exp{(a,z)}) and assume that the limit
H(a) = limeX(e)"1HE(A(e)a) exists for all a.
Then for x € R" we have that

S(z) =supl(a,z) — H(a)].

Property 4. Let \(€)S¥(z) be the action func-
tion for a family of probability measures P¢ on
a space (X,px) as e -+ 0. Let ¢ be a contin-
uous mapping of (X, pyx) into a space (Y, py)
and let a probability measure Q€ on (Y, py) be
given by the formula Q¢ = P¢(¢—1(A)). Then
the action function for Q€ is A(e)S¥(z), where
S9(z) = min{Sf(z) : z € s 1(y)}.
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KKP Fronts in Thin Layers

and Narrow Tubes
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Let D¢ = {(z,y) € R*"T™ 1 —ek;(2x) < y; < ehy(x)
zERYi=1,---,m}.

-ek(x)

Figure 1.

Consider the quasi-linear parabolic P.D.E.:
out 1 .

= S0u in (0,T) x DE16)
u®(0,z,y) = f(x) , on {0} x D°
ou®

+ ec(x,y,u)u* =0, on (0,T) x 90D°

0¢

where ~¢ is the inward normal vector to 0DF¢.
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Remark: If n = 1 the domain D is a tube in
R1+™ and if n > 1 then it is a layer in R*+m,

Assumptions:

(i). The initial function f and the boundary
function ¢ are smooth and bounded. More-
over c is assumed Lipshitz continuous in u®
variable.

(ii). Function c is decreasing and of KPP type,
l.e., it is positive for u < 1, negative for u >

1 and C(:U7y) — C(ZU,’y, O) = MaXp<u<1 c(m,y,u)

(iii). DI = {y € R™ : (z,y) € D'} is a bounded
connected domain and that the normal vec-
tor to D! is not parallel to R".

(iv). 8D € C3T2(R™) where a € (0,1).
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Main result

Define S(x) surface area of 9D, V(z) =
volume of D, and &(x,u) = 5((?)c(x,0,u).

Let also u be the solution to:

up = %Axu + %V(Iog V(z))Vzu 4+ ¢(x, u)u,
in(0,7) x R"
u(0,z) = f(x), on{0} x R"™. (17)

Then we have the following theorem:

Theorem 1. If u(¢,z,y),u(t,x) are the solu-
tions to (16) and (17) respectively, we have

u®(t,z,y) — u(t,z) as e — 0, uniformly in compacts.

Remark: Using now Theorem 1, we can study
wave front propagation for u¢ for small enough
e > 0.
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Sketch of proof of Theorem 1.

Steps:

(i). Using Feynman-Kac formula we write the
probabilistic representation of the solution

u® to (16).

(ii). Consider the limit of the underlying stochas-
tic process as € | O.

(iii). Using the compactness of the family {u¢}
we prove the claim.

17



Underlying stochastic process.

Let W}! be a Wiener process in R?, W7 be a
Wiener process in R™ and (x,y) a point inside
De¢. Consider (X5,Y,) to be the solution to the
stochastic differential equation with normal re-
flection on D¢ :

t
X{ = o+ W+ [ (X5 Y)dLs
t
Y = y+ W2+ [ 5(XE YL, (18)

where if v¢ = (7{,75) is the unit inward normal
vector to 9D¢, then ~3 is the projection of ~¢
on R"™ and 5 is the projection of v on R"™.

Moreover L§ is the local time process for the
process (X§,Y,f) on 9D¢, i.e. it is a continuous,
non-decreasing process that increases only when
(Xt, YS) € 0D such that the Lebesque measure
Nt >0: (X, Yf) eoD} =0.
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We need a preliminary result, concerning:

averaging of stochastic integrals in local time:

Lemma 2. Let Q(z) = V(lx Jap, P(z,y)dSe.
T hen under the above hypotheses we have that

as e — 0:

t1
sup E| eP(X y;/e)dLg_/ ~Q(X)ds|2 — 0.
0<t<T 0 2

(19)

Sketch of proof of Lemma 2.

We consider the following elliptic problem:

Ayv(y) = Q(x), y € Dy CR™
33/0(19)

on(y)
A necessary condition for the solvability of this

problem is that

Q) =

_P(:U7y)7 Yy c aDiB (20)

1
V(z) JoD,

P(x,y)dSy, (21)
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The solution to (20), v(y), also depends on
x and we will write v(z,y). However the exis-
tence, uniqueness and the differentiability in x
of the solution to problem (20) is not imme-
diate since v depends on x not only through
functions P and @ but also through the vary-
ing boundary 0D,. They follow however from
the main result of:

M. Bochniak, 2003, Linear elliptic boundary
value problems in varying domains, Math. Nachr.
250, pp. 17-24.

The discussion above implies that we can apply
Itd formula to the function ev(z,y/e). Doing
so and using the fact that the local time is of
order 1/e as e — 0, we get the desired result.
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Let the triple (X€, Y€, L) in Ranme}'_ satisfy
(18). Then we have the following Feynman-
Kac representation of wue:

Proposition 3. Problem (16) has a unique
classical solution in [0,T) x D¢ which satisfies:

i € € € € € €
WSty @,y) = Bay f(Xf)elo COXGYEut = X0Y AL 50

We want to consider the limit as ¢ | 0O of
us(t, z,y).
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We need first to examine the asymptotic be-
havior of X as ¢ — O.

Using Lemma 2, it is not difficult to see that
Xy converges as € | 0 to X;, where X; is the
solution to

1 t1
X; =z + W, +/O ~V(log V(X:))ds.  (23)

More precisely we have the following lemma:
Lemma 4. For any 7' > 0 we have

sup Ez|Xf— Xi|° - 0ase— 0. (24)
0<t<T
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The next step now is to show compactness for
the family {u€} of solutions to (16).

By maximum principle and standard techniques

for parabolic type equations we can derive the
following:

Proposition 5. Let us define U = (0,T) x D¢
and U = [0,T) x D¢. There is a constant C,
independent of ¢, and an open set I C (0,1)
such that for any a € I:

lullge + 1H%u lge. + lugllze (25)
T T T
€Nl 2 € .
+ [|Dulge + D%y < C

where u€ is a classical solution to (16).
For more details see for example:

A. Friedman, 1964, Partial Differential Equa-
tions of Parabolic Type, Prentice Hall.
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Therefore Proposition 5 and the well-known
Ascoli-Arzela theorem imply the compactness
of {u¢}.

Using now again Lemma 2 and taking into ac-
count Proposition3, Lemma 4 and Proposition
5 we derive the desired result, i.e that u® — u
uniformly as e — 0, where u is the solution to:

1 1
uy EAxu + EV(IOQ V(z))Vzu 4+ e(x, u)u,
in(0,7) x R"

f(ib‘), on {O} x R™.

u(0,x)
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KPP Wave Propagation for u¢ for small e > 0O
in Slowly Varying Tubes.

Let us in addition assume that the functions
c(-,u), f(+), h;(-) and k;(-) (¢=1,...,n) depend
on ox where 4 > 0 is a small parameter, i.e.
they are slowly varying in z-variable.

This is a natural assumption for the domain
D¢, since we do not expect it to have rapid
changes. Moreover we take T' increasing to
infinity and obviously Theorem 1 still holds. So
if we set w(¢,z) = u(t/d,x/d), then w’ is the
solution to the following parabolic problem:

u? — gAu(S + gv log V(:I:)V’u,‘S +
+§a<x, uO(t, 2))ud
w’(0,2) = f(z) >0, on{0}xR"™ (26)
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Let us now define €(x) = ¢(x, 0).

Consider a function ¢s € R™ and introduce the
functional

T 1 .
Ror(¢) = [ [e(os) — = Y |#41%1ds,  (27)
0r(#) = [ >
and the function

W (t,z) = sup{Ro+(¢) : ¢ € Cot(R"), 90 = z,¢: € Fo}.
(28)

Definition. We say that the condition (N) is
satisfied if for any t > 0 and (t,z) € {(t,x) :
Wi(t,x) =0} :

W(t,z) = sup{Rg(¢) : ¢g = z,¢: € Fo,
(t —s,¢s) € {(t,x) : W(t,z) < O}}.

This definition is not empty, as the following
lemma shows:

Lemma 6. Assume that ¢(x) is an increasing
function. Condition (N) is fulfilled for ¢(x).
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Under the assumptions above, the following
theorem states that W (¢, x) determines the mo-
tion of the wave front for u°(¢,z) under condi-
tion (N):

Theorem 7.[M.F.] We have:

{1, W(t,z) >0

0, W(t,xz)<O. (29)

lim ul (t, z) =
5'?8’“’(’““’)

Let us consider now equation (16) when € is
small and let u®°(t, z,y) = uc(t/d,x/8,y). Un-
der the assumptions above, Theorems 1 and 7
imply that W (¢, z) will determine the behavior
of the wave front in this case too, as follows:

Theorem 8. The following statement holds:

1, W(t,xz) >0

0, W(t,x)<DO. (30)

lim lim w0 (¢, z,y) =
3]0 €l0 ( y) {
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Jumps of the Wave Front of uF.

It is easy to see that W (¢, z) is an increasing
function of t. The domain Gy = {z € R" :
Wi(t,x) > 0} may not expand in a continuous
way though. In such case have "ignition” of
new sources ahead of the wave front.

Define the following quantities:

T . [T dy _
* s Jgg V(@) —2e(y)

x dy
Jo V2e(z)—2e(y)”

o 1)t =

o Rp (%) = [to[2e(¢7)]ds — e(z)Ls.
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In particular we have the following proposition:

Proposition 9. Let x > 0 such that ¢(z) >
¢(w) for all w € (0,z) and ¢1% be the extremal
such that W(t1,z) = Ro gy, (¢1*) = 0 for some
t1 > 0. Assume that

Rog(6") <0 = [“[2e(e9)]ds <e(a)tf (31)

IS satisfied. Then for small enough ¢ > 0 new
sources will be igniting ahead of the position
at = of the wave front of u® from points z €
(, Maxg<s<t, S5®) such that

c(z) > e(w) for all w e (0, z).
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Sketch of the proof for the case x & R1

The Euler equation of the extremals of the
functional Rg () in the case ¢ € Rl is

¢s = —¢ (¢s).

This equation has first integral
1.
5(,53 + ¢(¢s) = K4 = constant. (32)

Let now a point z > 0 be such that e(x) > c(w)
for all w € (0,x). Consider the extremal ¢f
starting from point = with zero initial veloc-
ity, i.e. ¢g = 0. This extremal satisfies (32)
with Ky = ¢(x). We easily derive that ¢7 is

determined by the integral equation:

(33)

L st
— S.
#% \/2e(x) — 2e(y)
Moreover ¢% reaches the point = 0 at time:
z v dy
a=| |
0 \/2e(z) — 2e(y)

(34)
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Equation (32) imply the following chain of equal-
ities:

t%_ T 1 x| 2
|7 le(o8) - S19¢17)ds

o
= | “12e(¢D)]ds — e(a)ts (35)
We see that for £ > 0 such that:

Ro 1z (¢")

Rote(¢") <0 = /Oto [2e(¢5)]ds < c(x)ty (36)

then new sources will be igniting ahead of the
wave front. Indeed, since Rg;z(¢”) < O there
exists a t; > tZ such that W(t1,z) = 0. Let ¢1:*
be the extremal such that Rg;, (¢1%) = 0. Let

now z € (x, Maxg<s<t, qbi’x) and n(z) € (0,t1)
such that:

c(z) > c¢(w) for all w< z

q5717’é) = 2z and ¢1% < z for 0 < s < n(z)]37)
Next we define

2,z_{z7 0 <s<n(z)

— 38
TE b, a() <s<ty, OO
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Then we easily see that

0 = Ro 4, (¢1") < Ry, (6%7).  (39)

Thus there is a t < t1 such that W(t,z) = 0,
which implies that a new source is igniting at

Z .

Moreover one can show that for x > 0O such
that

/Otg 2c(¢3)ds > e(x)ts

the wave front propagates in a continuous way
and thus noO new sources arise.
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A simple example:

We conclude with a simple example that allows
to give an explicit formula for the time that
the jump of the wave front will appear and an
explicit relation for V(z) and V(x).

Let us assume that e(x) = 5((?) i.e. ¢(z,0,0) =

1, is an increasing smooth function such that

o(z) = {cl, forz <z = %(z + Tov/2c1) +6 < 2

c2, X >z,

where co > 2c¢1 are two constants, 0 is a small

enough positive number and T, = Z\/Q(fj_cl).
Therefore ¢(x) is close to a step function. Us-
ing the analysis before, it is not difficult to
see that the excitation reaches the region {z >
x + 6} before it reaches the point x and more-
over the new source arises at point z at time

To.
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W(t,x)>0

x=t\/2c}/ /X:t\/2C2
7 //
// //
7 4
// //
7 4
Ve /
// //
l L7 W(t,x)<O
|
To! - — =L _ _ .

[
I |
: |
, ' X
X z
Figure 2.

34



Let us further assume for simplicity that the
boundary of the tube D¢ satisfies D¢ C R2
and that

hl(aﬁ) = hg(x) and kl(aﬁ) = kg(aﬁ) = 0.

Then it is easy to see that if V(y) = V3 =
constant is the volume of the tube for y < x
and V(y) = Vo = constant is the volume of
the tube for y > 2z, then the relation c» > 2¢q
implies

1
Vo < V1.
2 4_1

Namely the new sources are igniting, ahead of
points x, from points z where the volume is a
quarter of the volume at point .

35



M. Bochniak, 2003, Linear elliptic boundary
value problems in varying domains, Math. Nachr.
250, pp. 17-24.

S.N. Ethier, T.G. Kurtz, 1986, Markov pro-
cesses. Characterization and Convergence, Wi-
ley, New York.

L.C. Evans, P.E. Souganidis, 1989, A PDE ap-
proach to geometric optics for certain semilin-
ear parabolic equations, Indiana U. Math, Vol.
52, pp. 43-80.

M. Freidlin, 1985, Functional Integration and
Partial Diffferential Equations, Princeton Uni-
versity Press.

M. Freidlin, 1995, Wave Front Propagation for
KPP-Type Equations, Survey in Applied Math-
ematics, 2, pp. 1-62.

36



M. Freidlin, 1996, Markov Processes and Dif-
ferential Equations: Asymptotic Problems,
Birkhauser Verlang.

M.I. Freidlin, A.D. Wentzell, 1998, Random
Perturbations of Dynamical Systems, Second
Edition, Springer.

A. Friedman, 1964, Partial Differential Equa-
tions of Parabolic Type, Prentice Hall.

A. Kolmogorov, I. Petrovskii, N. Piskunov, 1937,
FEtude de I'equation de la diffusion avec croissence
de la matiere et son application a un probleme
biologique, Moscov University Bull. Math., Vol.
1, pp. 1-25.

J. Xin, Front Propagation In Heterogeneous
Media, Siam Review, Vol. 42, No.2, pp. 161-
230.

37




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


