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According to the Smoluchowski-Kramers ap-
proximation the solution of the S.D.E.:

b(qt) — 4 + o(q )W (1)
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converges in probability as 4 — 0 to the solu-
tion of the following S.D.E.:

b(gt) + o(qr) We (2)
q € R1
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More precisely, one can prove that for any 6,7 >
0 and ¢,p € R,

lim P( max |gt' — ) =0 3
an (O§t§T|qt qt| > 9) : (3)



LLangevin process with elastic reflection
on the boundary

Define the process (g)'; pi") as the solution of
the following S.D.E.:

@ = py
upl = —pi +b(g") + o(g )Wy (4)
@G = q,ph=n

for ¢ € [0,71), where 7{' =inf{t > 0 : g}’ = 0}.

Then define (q}';p}’) for t € [74,75) as the so-
lution of (4) with initial conditions (qﬁu;p’lju) =
1 1

(O; —IimtTT{Lpf). Here 5 = inf{t > 7{ : ¢}’ =

0}.

If 0 < Tf’ < 7'5 < ... < Tl'g and (qf;pf’) for t €
[0, 7]") are already defined, then define (q}’; p}’)
for t € [t 7,41) as solution of (4) with initial
I mo. N . ; K
conditions (qT]g,pT]g) = (0; — |ImtT7_£apt ).



This construction defines the process (q}'; p})
in IR{?I_ for all ¢ > 0. This follows from:

Proposition 1. The strictly increasing se-
quence of Markov times {Tl'g} converges to +oo
as k — oo, i.e.

P( lim 7 =4o0) = 1.

k——+oc0

We will refer to the Langevin process with re-
flection as I.p.r.(q}"; p}").

Proposition 2. Let T' > 0. The Markov pro-
cess I.p.r.(¢}"; p}’) does not reach the origin,
O = (0,0), in finite time T, i.e.

P(3t < Ts.t.l.p.r.(q;p))=0)=0.



Consider the following S.D.E. in R2:

g = i

ppy = —pt + sgn(gf)b(|q']) + san(g)o (gt )Wy
@ = q,Py =D (5)
Define:

(qt P ) — (q » Pt ,p) for 7'2]{<t<7'5];_|_1 (6)
(@) = (a7 %pt™") for g <t <7hi s

(i). (g';p}) is a process with reflection on 8Rﬁ_.

(i). (g p; ) defined by (6) and l.p.r.(¢!; pi') =
(Iqt | dtht ) coincide.



Then Proposition 2. follows from:

Lemma 3. Let T > 0. The process (q}’; p})
does not reach the origin, O = (0,0), in finite
time T, i.e.

P(3t < Ts.t.(q';p)) =0O)=0.

Proof. Let d < 1 be a small number. Define
the rectangle A = {(¢,p) € R xRl : |¢| <
d2—2, Ip| < %} and suppose that the trajectory
starts from some point outside the rectangle
A, say from (gq,0) € R2\ A.



If we assume that the process (q;'; p}) will reach
(0,0) before time T with positive probability,
one can show that

T
Bd? < E(¢0) /O XA (gl pds < Ad3,  (7)

which cannot hold for constants A and B and
small enough d.



Convergence of the Langevin process
with reflection

Consider the following S.D.E. in R!:

san(g:)b(|g:|) + san(qt)o(|gt]) Wi
q, (8)
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Theorem 4. For the time interval [0,T]

l.p.r.(¢") — |q.|, weakly as u — O. (9)



Proof. Consider first the following S.D.E.s in
R2 and R! respectively:

@ = P
upy = —py +o(jg Wy (10)
iy = 4,05 =n,
and
g = o(|g|)Wy (11)
gQ = q,

where W, is the standard one-dimensional Wiener
process.

Lemma 5. The following hold:

(i). For every 6 > 0 we have that

T
B | x{a|<ads < b

where ¢ is a constant.

(ii). g}’ — @ uniformly in [0,T] in probability.



Consider now the following S.D.E.’s:

Gt

2

—p + sgn(@Hb(|g") + o (|g )W+
q, P =D (12)

san(@)b(a]) + o (|a:) W
q (13)

Then by the Lemma above one can show that:

Lemma 6.

For the time interval [0,T], g —

g., weakly as u — 0.



Consider lastly the solution of the following
S.D.E.’s:

@ =
ppy = —pt + sgn(g)b(lq}'|) + san(ai)e(lq)' ) Wy
@ = 4¢Py =p (14)
and

¢ = san(qe)b(|qt]) + san(aqr)o(|g:|) We

% = q, (15)

Now by the observation that W} = [ san(¢)dW's
and Wt = fo san(gs)dW s are again Wiener pro-
cesses and by Lemma 6, it follows that:

Theorem 7. For the time interval [0, T],
lg"| — |q.|, weakly as u — O , or otherwise that

l.p.r.(¢") — |q.|, weakly as u — O. (16)



