MAT76 - Fall 2025 Homework 2 - October 10th at 11am on Gradescope.

Please scan or type your homework and upload to gradescope. Homeworks will be graded electron-
ically on gradescope.

Evans Problems

Chapter 2:

9, 15, 24

Additional Problems : Problem 1: (Comparison Principle) Let U C R™ be open, bounded, and
Cr. Let u,v € C}(Ur) N C(Ur) satisfy

u — Au < f, (J?,t)EUT

u<g, (l"t) el'p
(0.1)
so that v is a subsolution and
vy — Av > f, (x,t) € Ur
v Z g, (.’E, t) € FT
(0.2)

v is a supersolution. Show that u < v on Ur.
Problem 2:

Let U C R™ be open, bounded, and C*!, and u € CZ(U x (0,00)) N C(U x [0,00)) be a solution of
the heat equation

up — Au = f, (z,t) € U x (0, 00)
u =0, (x,t) € U x {0}
u=0, (z,t) € OU x (0,00) (0.3)

with f € C(U) depending only on z. Further, let us, be a solution of the Poisson problem

— Aue = f, zelU
Uso = 0, x € JU. (0.4)

Show that lim;_,oo u(z,t) = Ueo(x) uniformly in x.

Hint: Fix s > 0 and set C := % where ® is the fundamental solution of the heat equation.
Define vy (z,t) = uso £ CP(z,t + s) and show that vy is a supersolution to (0.3) and v_ is a
subsolution. Then use a comparison principle, taking the limit of v+ as t — 4o0.

Problem 3: (Moments):

Consider the heat equation u; = Au with domain U = R" and initial data u(z,t) = g(z) with
g € C*°(R") and both g(z),|z|?g(x) € L}(R™).
(a): Show that the “mass” My(t) := [p, u(z,t)dz is conserved for all time ¢t > 0.



(b): Now consider the “second moment” Ma(t) = [p. |z|*u(z, t)dz. Calculate an explicit form of
M>(t) in terms of M5(0) and M.

(c¢) (optional): Use the expression from (b) to try to describe how the distribution of mass of the
solution (i.e. the regions in R™ where u(z,t) is most non-zero) evolves over time. For example, try
to get a bound for the mass outside the ball B(0,r) with » > Ct/2, for C > 0 large using your

expression for Ma(t).



