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Künneth formula for π1

For topological spaces X ,Y , recall we have

π1(X × Y ) ≃ π1(X )× π1(Y )

We may understand this as the Künneth formula for topological

fundamental group π1.

If instead, X ,Y are varieties over a field k, the étale πét
1 usually

does not satisfy Künneth formula.

Example

X = Y = k = Spec Fp. Then we have X ×k Y ≃ Spec Fp.

However, the natural map

Ẑ ≃ π1(X × Y ) → π1(X )× π1(Y ) ≃ Ẑ× Ẑ

is far from an isomorphism.
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Drinfeld’s lemma: idea

Let X ,Y be two varieties over Fp. Recall any variety X over Fp

has absolute Frobenius FX : X → X . It is the identity map on the

underlying space |X | and f 7→ f p for any section f ∈ OX .

On X × Y , we have partial Frobenii

FX := FX × IdY FY := IdX × FY .

If we have finite étale covers X ′ → X and Y ′ → Y , then we get

finite étale X ′ × Y ′ → X × Y . Furthermore,

F ∗
X (X

′ × Y ′)
∼−→ X ′ × Y ′ F ∗

Y (X
′ × Y ′)

∼−→ X ′ × Y ′

Question

If pullbacks of a f.ét cover Z → X × Y under FX ,FY are

isomorphic to Z , does Z decompose into a product X ′ × Y ′?
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Drinfeld’s lemma: statement

Consider the category of such covers Z , i.e., Z → X × Y equipped

with commuting isomorphisms

αX : F ∗
XZ

∼−→ Z , αY : F ∗
YZ

∼−→ Z

such that αX ◦ αY = FZ/X×Y : F ∗
X×YZ

∼−→ Z . This is a Galois

category, and we denote the Galois group of this category as

π1(X × Y /p.Fr)

Theorem (Drinfeld’s lemma)

π1(X × Y /p.Fr) ≃ π1(X )× π1(Y ).

Thus the answer to the Question is ”Yes, every such Z

decomposes”.

This is an important tool in the Langlands program over function

fields and Fargues–Scholze’s geometrization of local Langlands. 4



Some Observations

For a single variety X over Fp, any fintie étale cover X ′ → X has a

canonical isomorphism F ∗
XX

′ ∼−→ X ′. Thus π1(X/FX ) ≃ π1(X ). So

what Drinfeld’s lemma says is really the following

Proposition (Drinfeld’s lemma recast)

π1 satisfies Künneth formula for the quotient stacks [X/FX ] and

[Y /FY ], i.e.,

π1([X/FX ]× [Y /FY ]) ≃ π1(X/FX )× π1(Y /FX ).
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Scholze’s analytic geometry

We now move our attention to our main theme: cohomology in

rigid-analytic geometry. Over the past decade, Scholze has

developed an extremely successful framework of rigid-analytic

geometry by using perfectoid spaces.

Table 1: Analogy between algebraic geometry and analytic geometry

Algebraic Analytic

algebraic varieties rigid-analytic varieties

schemes adic spaces

affine schemes Spec R affinoid space Spa(R,R+)

algebraic spaces diamonds

fpqc topology v-topology

fpqc stacks v-stacks
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Some examples

To give a quick sense of the analytic theory, we mention some

basic examples of v-stacks.

Example

1. SpdFp is the final object in the category of v-stacks. As a

sheaf, it is very simple: for any test (perfectoid) space S ,

(SpdFp)(S) is a point. Its role is similar to Spec k for

varieties over field k .

2. Let G be a p-adic group, e.g. GL2(Qp). We can form the

classifying stack BG = [SpdFp /G ]. Its étale ℓ-adic sheaves

are the ℓ-adic representations of G .

3. Let K = Fp((u
1/p∞)) be the perfectoid Laurent series field.

The SpdK classifies pseudouniformizers, i.e., topologically

nilpotent units in a perfectoid algebra (R,R+).
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Structure sheaf

For any v-stack X , we have the structure sheaf O♭
X . For a map

Spa(R,R+) → X from an affinoid perfectoid space Spa(R,R+),

i.e., a neighborhood in the v-topology, we define

Γ(Spa(R,R+),O♭
X ) := R

In general, we define sections via descent. For example

Γ(X ,O♭
X ) := lim

Spa(R,R+)→X
R
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Quasicoherent cohomology of v-stacks

Based on recent results of Anschütz, Le Bras, and Mann, we have

proved many good properties of O♭-cohomoogy of v-stacks in the

collaboration with Barthel, Mann, Ray, Senger, Schlank, Weinstein,

and Xu on Hopkins’ splitting conjecture in chromatic homotopy

theory.

Theorem (BMRSSWXZ)

There is a nice theory of the 6-functors (f ∗, f∗, f!, f
!,⊗,Hom) for

cohomology of quasicoherent O♭-sheaves with many nice local

properties. In particular, we have

1. (Poincaré duality) If f : X → Y is a smooth map of

rigid-analytic varieties over a p-adic field of pure dimension d,

then f ! = f ∗[2d ].

2. If G is a compact p-adic Lie group acting on a v-stack X ,

then f : X → [X/G ] is proper.
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Drinfeld’s lemma

Under this framework, I can prove the following version of

Drinfeld’s lemma

Theorem (Z.)

Let K be the maximal pro-p extension of Qp, and φ the

Frobenius on SpdK. Then for any v-stack X , there are natural

isomorphisms

RΓ(X ,O♭) ≃ RΓ(X ,O♭)⊗ RΓ([SpdK/φ],O♭)

≃ RΓ(X × [SpdK/φ],O♭)
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How hard can it be?

The theorem may look innocuous since, after all, this looks like

Künneth formula for quasicoherent cohomology. So how hard can

it be? However, it turns out this is a very subtle problem, and

most of the subtlies come from the final stack SpdFp.

Example (Some peculiarities of SpdFp)

1. We didn’t know what RΓ(SpdFp,O♭) is before my work.

2. We don’t know what D(SpdFp,O♭) is. We know it is not the

same as D□(Fp).

3. SpdFp is not quasiseparated.

We need to (partially) overcome all these difficulties in order to

prove the theorem.
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Study of SpdFp

We very roughly outline our approach to all these peculiarities.

Outline

1. We can show RΓ(SpdFp,O♭) = Fp[0] by using the Čech

complex of the cover SpdFp((u
1/p∞)) → SpdFp.

2. The functor

D(SpdFp,O♭)perf → D□(Fp)perf ,M 7→ RΓ(Spd,M)

between perfect objects is an equivalence.

3. The field Fp((u
1/p∞)) is chosen because it has an explicit

moduli interpretion, making computing the Čech complex

possible. This circumvents the non-quasiseparatedness of

SpdFp.
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Non-quasiseparatedness

The third point that SpdFp is not quasiseparated is a common

feature (or bug?) of analytic geometry. Recall that X is

quasiseparated if for all quasicompact Y ,Z , the fiber product

Y ×X Z is again quasicompact.

Why is SpdFp not quasiseparated

Consider K = Fp((u
1/p∞)). Then SpdK is quasicompact since K

is a perfectoid field. The fiber product SpdK ×SpdFp SpdK is

the perfectoid punctured open unit disk D̃∗
K over K , which is not

quasicompact.

The example also shows we can (in a non-rigorous sense) we can

get a 1-dimensional space from the fiber products of three

points...
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Study of [SpdK/φ]

We are now at the final step of showing the theorem: the study of

the stack [SpdK/φ].

Outline

1. We claim [SpdK/φ] → [SpdQp /φ] is proper. For this, it is

enough to show SpdK → SpdQp is proper. By construction,

Gal(K/Qp) is a compact p-adic Lie group (Demuškin group).

Thus, SpdK → SpdQp is proper.

2. By Anschütz–Le Bras–Mann, SpdQp /φ = Div1 → SpdFp is

proper. Thus, π : [SpdK/φ] → SpdFp is proper.

3. Since π is proper, Rπ∗O♭ is a perfect complex on SpdFp.

Since RΓ(SpdK/φ,O♭) = Fp[0], we deduce Rπ∗O♭ ≃ O♭.

4. Drinfeld’s lemma now is a formal consequence of proper base

change.
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That’s it

Thank you!
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